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It is shown that in the random-phase approximation the effect of particle-particle interaction on the 
moment of inertia of a many-fermion system moving under periodic boundary conditions vanishes when 


“ 


calculated on the 


cranking” model of Inglis. This result is obtained by performing a unitary transformation 


on the equivalent Hamiltonian which reproduces the sequence of diagrams given by the random-phase 
approximation. The close resemblance of the general problem to the soluble model problem of a rotating 
dense electron gas is exploited in the calculation. This work extends that of Amado and Brueckner who have 
demonstrated only that interaction effects cancel in lowest order. The nature of their approximations and the 
connection to the problem of collective excitations are discussed. 


1. INTRODUCTORY REMARKS 


HE ‘‘cranking” model of Inglis' has lately been 
studied? in terms of the large, interacting Fermi 
gas with periodic boundary conditions. It was shown? 
that the moment of inertia of this many-body fermion 
system has the classical or rigid value when one neglects 
particle-particle interactions. Further, the interactions 
were found to cause no shift in the moment in first 
order*?; the terms corresponding to a level shift or 
effective mass in first order were just compensated by 
other terms of first order in the interaction. AB remark 
that their method does not lend itself simply to exten- 
sion to even the next order in the interaction. This, as 
well as the conjecture’ that the cancellation of inter- 
action effects persists to all finite orders of perturbation 
theory (assuming the convergence of such an expansion), 
has prompted the following proof independent of per- 
turbation-theoretic considerations. 

At the outset it is worth noting that we make full use 
of the fact that the major contribution to the sums over 
momenta occurring in the perturbation expansion for 
the moment in powers of the particle-particle interaction 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. R. Inglis, Phys. Rev. 96, 1059 (1954); 103, 1786 (1956). 

2R. D. Amado and K. A. Brueckner, Phys. Rev. 115, 778 (1959), 
hereafter referred to as AB; we shall follow their notation where 
possible. 

3A. Bohr and A. B. Migdal (private communication to R. 
Amado and K. Brueckner). 


comes from states very near the Fermi surface; more 
specifically, the propagators involved describe the 
motion of particle-hole pairs with small net momentum. 
Thus we are led to approximating the particle-particle 
interaction by an interaction which “scatters” particle- 
hole pairs.‘ These particle-hole pairs, we shall take to 
have for their unperturbed energy, the “effective”? or 
mass-renormalized value, namely, 


p,q = E*(p+q)—E*(p), 
with 


E*(p)= p?/2M*, (2) 


M* is the usual “effective” mass® and in what follows it 
is essential that p always denote a momentum vector 
inside the Fermi sphere, and p+q one outside (for 
simplicity we ignore spin; the extension of the proof to 
spin-dependent potentials appears to be straight for- 
ward). Finally, only the “principal part’’® of the 
interaction, 


y= -2 farv(nivn 


4In this connection, see Glassgold, Heckrotte, and Watson, 
Ann. phys. 6, 1 (1959). Clearly the previous assertion implies that 
we consider the principal contribution to a shift in the moment due 
to interaction to come from collective (particle-hole pair) excita- 
tion. We shall prove, moreover, that this is just compensated by 
the ‘‘mass renormalization” of these excitations (see Sec. 3). 

5K. A. Brueckner, Phys. Rev. 110, 596 (1958) ; 97, 1353 (1955). 

6G. Wentzel, Phys. Rev. 108, 1593 (1957). 
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is kept in the calculation (we are only concerned with 
the main contribution to the shift). [By “principal 
part” we mean those terms in KX, which create or 
annihilate a particle-hole pair. | We then treat 5C; in the 
random-phase approximation’ in which the coupling 
between excitations corresponding to different mo- 
mentum transfers s and s’ is neglected. 

In Sec. 2 we consider as a model problem, which may 
also be of some intrinsic interest, the calculation of the 
moment of inertia of a degenerate electron gas in the 
high-density limit. In Sec. 3, the theorem that the 
interaction correction to the moment of inertia of a 
many-fermion system with periodic boundary condi- 
tions vanishes in the random-phase approximation is 
proved. This we do by reformulating the calculation of 
AB in terms of an equivalent Hamiltonian,*®:** and 
exploiting the similarity to the problem of the diamag- 
netic properties of a dense electron gas.6 Some addi- 
tional remarks and relevant conclusions are to be found 


in Sec. 4. 


2. THE MODEL PROBLEM: MOMENT OF INERTIA 
OF A DENSE ELECTRON GAS 


Before attacking the model problem, the calculation 
of the moment of inertia of the dense electron gas, let us 
write, in the notation of second quantization (and taking 
h=1), the interaction Hamiltonian for a system of 
fermions enclosed in a cubic box of side L with periodic 
boundary conditions as 


5C;= -2 far V(r) La(r) 


(—1)*' 7k, 
= =p » % — ( Yes 


k rx 1 4 


. (—1)4™ P. 
— 2 ( Jevster}, (3) 
k 8“ 1 Ss 


where @ is the angular frequency for rotation about the 
z axis and c, (c,*) is the annihilation (creation) operator 
for a fermion of momentum k obtained from the usual 
Fourier decomposition of the field operator, 


1 
V(r) =— > Cy ottee**'*. (4) 


ko 


The matrix elements of L, apparent in (3) are given as 
Eq. (6) in AB. For ease in manipulation we have set 
l’—1=Al and m’—m= Am and have also taken 


rt=2(2r/L)Al, 
s=9(2r/L)Am, 


(Sa) 


(Sb) 


where & () denotes the unit vector in the x (y) direction. 


7 Sawada, Brueckner, Fukuda, and Brout, Phys. Rev. 108, 507 
(1957). 

8K. Sawada, Phys. Rev. 106, 372 (1957). 

®R. M. Rockmore, Phys. Rev. 114, 941 (1959). 
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The “principal part” of 30; may be written" as 


Py 
: *) (aptly ay!ops) 
p r*0 1 r 


(—1)4"/p: 
ee be ( lata aghapy) . (6) 
i s 

Here our notation and conventions follow those of 
Wentzel® closely. (Some of these conventions have been 
quoted in the introductory remarks.) One makes the 
usual replacement of the fermion pair operator, 
Ap'Ap+¢q (Apsq'@p), by the boson operator Cp,q (Cp, 4!) 
which satisfies the boson commutation relations: 


- - = S —_ | 
[en.aCr'.atJ=Sppbe0, [ep.a€p',¢ J=0. (7) 
Then, on introducing canonical field variables [Eq. (6) 
of reference 6 ], 
; vn tie = 
(2w p,q) *(¢ ye eee )= Pp,qa— Y—p,- os (8) 
ty ae NS == t 
i(wp,q/2)* (Cp, q'—C_p.—q) = p,q=™-p—a', 


one obtains 


y 2 : 
n/-ole x -ne(")(2)'. 
p rx r Ws.¢ 
pz ' 
-EE (-08"( )(—) real. (9) 
p #*0 AY W p,s 


From (8), it follows easily that 3C;’ is Hermitian. Thus, 
the equivalent Hamiltonian for the dense electron gas in 
the rotating coordinate system becomes 


H=HotH/’, (10) 


where 3C,’ is given by Eq. (9) above, and! [see Eqs. 
(5a), (1a), reference 6 ] 
Ho=} ae DX o(® 9,4! pat, a’, 0' Ppa) 

4F chelt on Oe.0) Gr W p',q'P p,q): 


We may eliminate 5C,’ through a translation in m-space 
brought about by the unitary transformation 


U=U,U,, 


(11) 


(12) 
where 


1 


; : ‘ p,’ 2 : 
U,=exp| —i2 >> (—1)4"[ — J - ¢p’.r |, (13a) 
p'r’ r’ Wp’ r’ d 


p’ 


, : p.' ;} 
U =e] ia (-n~(*=)( ) one (13b) 
p's’ “if W p’,s’ 


Then 


p > y 
U By Vey (1) “)(—) , (14a) 
r W pr 


10 See reference 6, Sec. 4. 
1! We have already discarded irrelevant constants in Eq. (11). 
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and 


p:\(/ 2 \! 
Ube pU y= ay. (—1)5"(—)( ) . (14b) 
5 Wp,s 


Thus, there results 


URL { =HRo— 3? 


fb? 1 z\’ 1 
fen) Sve) 
r r Wp,r . ey Wp,s 


with the moment of inertia of the system given by 


mae) so) 


That the expression (16) is indeed the classical rigid 
moment calculated by AB may be easily shown. Since 
the major contribution to the sums in (16) come from 
small r and s, we may write 


na | 


Wy,s 


(16) 


wp, (M)" (Py), (17) 
where” 

P= (2n/L)A. 
Then, by consideration of symmetry, we have 


; m 1 
J w( ) a Se (19) 
4dr? Imn ALO (Al)? AAl 


(20) 


where 


(pz,Py,Pz) = (2x/L) (l,m,n). 


On making use of the additional symmetry of contribu- 
tions from positive and negative Al and, moreover, 
defining the variable of summation q= | A/|, one obtains 


2ML?_ mn A 1 
mw? mn A g=! i ag? 
which is Eq. (11) of AB. 

This result is easily clarified. Interaction effects on the 
moment of inertia vanish in the model problem because 
the pair-pair interaction is expressed in terms of vari- 
ables (¢g,,,) Which commute with those appearing in the 
unitary transformation. This will not be so in the general 
problem under scrutiny in the following section. How- 
ever, it will be found on making use of the same ap- 
proximations as in AB that the modifications in the 
model problem still produce no shift in the rigid mo- 
ment. These modifications are those which perforce 
must be made in order to reconstruct the perturbation 
series (of which the first order terms have been calcu- 
lated by AB) for the general problem. It is perhaps 
instructive to note that the basis for comparison with 
the problem of diamagnetism® rests in the correspond- 
ence (although only for the term in 3C linear in A) 


A(r) — — MQIxr-é. (22) 


(21) 


On setting 
A(r) => a(x) exp(ix: 


K 


2 See AB, Eq. (8). 


MANY-FERMION SYSTEMS 


there results 


. MQ | 
a(x) -” —iH (1—46a2,0)(— 1)45x,, 00x, 0 
Kr 
MQ 
+£ iv = 1 —5am,o) ( = 1)9"3x-, 0Oxz, 0. 


iKy 
Further, a(x) is divergenceless, i.e., 
x-a(x)=0. 


3. THE GENERAL PROBLEM 


We begin our discussion of the general problem by 
writing down the equivalent Hamiltonian which gener- 
ates the diagrams of the random-phase approximation 
in every order of perturbation theory. The diagrams of 
lowest order in v, the particle-particle interaction, are 
exhibited in AB and are labelled Aj, As, and A;. Let us 
comment on them briefly. The occurrence of the mass- 
renormalization term A, in lowest order implies we 
must use the effective mass in the kinetic-energy 
Hamiltonian. Thus, we take 


(25) 


The scattering of a particle-hole pair is contained in A; 
the matrix element of the potential v (which is assumed 
to be repulsive) may be written in this case as 
(pi’pe|v| pipe’), where pi, pe are momenta in the Fermi 
sea and py’, p»’ are momenta outside the Fermi sea. A; 
involves the annihilation of two pairs by the potential v 
with the appropriate matrix element (py’ps’|2| pipe). 
Hence the equivalent pair-pair interaction takes the 
form™ 


ap —_ — ; 
JUK = Le LioVe-< Cp,q “pia 


JC p p=3 a : v1 (p,p’ ; Q)(Cp, 9’, ¢' Fon. ¢'Cp’. 0) 
1 . ,. 
+3 Lee’ Lia (Pp, —p ; 4) 


X (Cp, g- p’ —atly, qlC. P’ a‘), (26) 


where we have made use of the simplifying definitions, 


(27a) 


a Sad cot , \ 
01(P,P ; 4)=(P+4q, P|?! p, p +4), 
oe _— -.. a <= ~—_ = | x _— , 
v2(p, —p’; q)=(p+a, — p’—q|?| p, —P’) 
‘8 One may also extract JCp_p from 
KH, =4 Dk; Cur tcye'(1,2 0|3,4)¢K4Ck35K1 +Ke, ky +k, 
quite straightforwardly by picking out of 5C, the pertinent terms, 
. a oe Ne F : 
+2») alp+q Cp (P+G, P |2| P, P +O)Cptclp 
7 + ’ ss 
t ? Wests Cp+q C-p'—q \P + q, —p’- q\7| Pp, 


where the summations are restricted by |p|, 
p’+q| >Pr, regrouping them into 


. oe Bhs 3 t 
~ p'a Cog Cr P+4, P'|?| P, P+ 4)Cp’ Cp'+4 

. , N\, - - 
+4 Dope Cp+q'Cpp ta, —p’—alv|p, —p’)c-p—q'c-p' +H.c. 


and making the identification (see Sec. 2), 


p’)c_p'Cp tH.c., 
p'\<Pr; |ptal, 


I p_p=4 


10 is eo ri , , 
Wp_p=4 Lpp'a Cr,g (DTG, P |Y| P, P +4)Cp’, 4 
>> t , P I . 
+4 Zpp'e Sp,g' (P+4, —P'—4l2| P, —P)c-p,-¢ tH« 
Each matrix element of v is to represent the correctly antisym- 
metrized combination, direct term minus exchange term. 
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Discarding irrelevant constants as before and rewriting 
in terms of canonical variables, there results 


H=Ket+Kp_ptKH/’, (28) 


with 


KRe=} oe Loli p.e'Fs.ctWr.0 0 n.0'%p.0)) (29) 


and 


i 


Kp_p=} Dopp Leg (P,P 5 G) (Wp, q*p’, 0")! 
XL ep, 0'@ pat (Wp, o* 7,0") ‘t p,q'® p’,¢] 
+4 Lvs’ Le vo(p, — P’; G) (wp, q*wp’,q*)! 
Xp, 0p. a— (Wp, q*Wp',0*) yp, a! pg]. (30) 


It is sufficient to find the unitary transformation, U,, 
which eliminates the terms linear in 7, under a 
translation in x-space. Thus we need only consider 


Kaw =3 LL tye tye 
re 
vi(p’, p’; r’) 
Tp’ ,r’ 


Pg Ss Miner 


Vo 


of (@ pr *W p’, F 
. py’ 
+2 > (-ys"(* 
‘_? U 
p’r 


r 


We shall assume 
U,= exp[— 512 > pr Sv, os %p.r') |, 


where f,,,=f_»,-r. The requirement that U,13,U, 
contain no terms linear in the canonical variable then 
yields an integral equation for f,,,. In detail, from 


(32) 


U tay pU2=t pr —Of pr (33) 
there results 
- 1 J p's’ 
2=KH,-2 > T p’,r’ fe wrtth - a 
p'r’ p’’ (Wp "Wp ,r’*)! 


Us U 


X([o1(p”,p’; r’)+01(—p’, —p”; —r’) 
—p’;r')—2(—p’, pp”; —r)] 


/ 2 } 
som) 
r W p’,r'* 


a vo(p”, 


_ Sor? a 


p’r’ pss" bas, r’ ae *)) 


~}0"| - . Se fv. 
52? 


X[o1(p’,p”; r’)—22(p’, —p”; r’) ] 


+25 (—nae(= ) 


pr’ r’ 


x(— 3) Sour 7 (34) 
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Let us for the moment consider the integral equation 
for fy.»,™ 


ai yar(*)(— ) 
r’ W p'yr’* 


Sor 
—-> cette 


” * *\} 
D”” (Wp ,2*W pr, 7") 


X(Lo(p",p’; 1’) —22(p”, —p’; ’)]. (35) 


Some simplification of (35) can be obtained by defining 


the auxiliary function 


F y= (ap r*) fpr, (36) 


where F ,-,, satisfies the integral equation 


py\ 1 Pye 
rron(-ee()t 
r Wp’, 2" We »* 


X[oi(p”,p’; r’)—22(p”, —p':r 


In the zeroth order approximation to F,,,, one has 


r)(1/w»,r*). 


Fy. =(—1)4"(p,/r 
The moment of inertia is given by 


4 a Sveti 
Iz i as 2 15 is me . 


pr’ p’p’’ 


f l 
i (w pr *W pi’ ,r’*)? 
ae en 
X Lor P ,p 


2 3 
cE” ) z. (— 1)4” Pr se ele, (38) 
p'r’ yr’ W p’,r'® 


which, on making use of the integral equation (35), can 
be further reduced to 


p , 
i om -yr(= . 
p'r’ r’ W p’r™ 


or, in terms of the auxiliary function given by (36), 


2=2 >> or(—1)4"(p,/r)F 9.1 (40) 


(Note that as above we need only concern ourselves 
with 9;.) 

The moment of inertia is seen to satisfy the equation 

44 From the Hermiticity of ICp_p, it follows that (a,b]0| ¢,d) 
=(—a,—b|v|—c,—d), and hence the relations, 2;(p,p’; q) 
=7;(—p, —p’; —q) (t=1, 2). The possibility of exchanging the 
variables of summation according to the prescription: p— —p’, 
p’— —p, a — —gq, results in the additional symmetries, 0;(p,p’; q) 
=27,;(—p’, ;—q) (i=1,2). The latter are most useful in 
simplifying i). 
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wad (-(* “Vis. 
vv? 1 
eae 
pr pp'r ¥ 


Wye" 
x— Py oL0u(8'0; r) — v2( 


Wp,r 


p’,—p;r)], (41) 
with 


g, =(M*/M)(g (42) 


)rigid 


(The factor M*/M occurring in (42) arises from the 
different ways we have treated the effects of particle- 
particle interaction."®) By considering the terms of the 
right-hand side of (41) of first order in 7, the result of 
AB can be reproduced. We have,'® 


oa 1 1 
(Sz)aB= 22 (4 *) - = ji tar( es )| 
r | M M* 


Wp 


(= ) 1 
p'r di Wp,rW p's 


-(p’+r, —p—rivip’,—p)]. (43) 
Since the major contribution to the sums occurring on 
the right-hand side of (43) come from excitations close 


to the Fermi surface, there results [see Eq. (43) 


in AB], 
1 
ra 


; 1 
(52)s0= (8) +( _ 
i M 
mm’ 


Mt 
— 2 LL —L plo p’p) 


Sat! Imn U'm'n’ AA 


1 
+(p’, — pit p’, — p) |p. vore(- ), (44) 
(Al)4 


Nadeete manigaladion of (47) yields 


oz (=) —/z(e); 


From (42), (43), and (45), we have 


+2 


(M*/M)(g 
M/M*. 


it follows that 


1 
me (2)e 
r One 


4. CONCLUDING REMARKS 


Hence, 


? = ( I 2) rigia- 


We have been able to extend to all orders in the 
particle-particle interaction the proof of Amado and 


15 See the introductory remarks on this point. 


/ 
(2 ) 
r° es 


(M*/M)(9;) 


Pp p’r 
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where the symmetry of contributions from positive and 
negative / has not been taken into account. As in AB,'® 
the vector — p occurring in (44) is the vector p with only 
its x component reversed. From AB, Eqs. (48), (49), and 
(39), one finds 


mm’ 


—[(p’,p|t 
AA 


1 
+01, ~plolp’, ~p)}p.»"=re(—) 
(Al) 


M sdV 
— (g Dei 7s (—) | 
_ pr dp p=PPr 
1 1 
(8) (- “ ) 
M* M 


Thus the theorem of AB is reproduced. 

We proceed now to the solution of the equation for 
$2, making the following Ansatz for F,,,, valid in the 
neighborhood of the Fermi surface (p= Pr): 


'| p’,p) 


Imn Um'n!’ 


1 


. Ps ‘ 
F ys=—(—1)* o(p). (46) 
* 


r Wpr 


We assume for simplicity that ¢(p)=, where @ is a 
constant"’ determined by substituting (46) into (41) and 
solving for @. Thus we have 


y\? 1 
22 (7) o 
prXP ees 


Wp, 


2y (= ) Q 
“g PF NOT FWa Opie 


<[o1(p’,p; r)—v2(p’, —p;r)]. (47) 


(48) 


[v1(p’,p; r)—v2(p’, —p; 4) } 


rigid 


z) rigid — (M*/M)?(9 2) rigiaM (1/M*—1/M) 


Brueckner in first order only by noting several salient 

features of their calculation. Briefly recapitulated, they 

are: (1) that the principal contribution to a shift in the 

moment from particle-particle interaction originates in 

mass-renormalized excitations (particle-hole pairs whose 
6 See the discussion following Eq. (43) of AB. 

7 The less restrictive assumption that #(p) is a slowly varying 
nanan of the magnitude of p, is also possible. As the summations 
in which @(p) occurs are sharply peaked about the Fermi surface, 
we may set @(p) =¢(Pr) and factor it out. One then has (Pr) =¢. 
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mass is the ‘‘effective’’ mass) with small net momentum 
in the neighborhood of the Fermi surface; (2) the 
coupling to the angular momentum is very analogous to 
the interaction with an external vector potential. 
Methods®** appropriate to problems involving collec- 
tive excitations of the above type then proved adequate 
in its solution. 

Apparently, then, collective excitations produce no 
effect in the rigid moment of inertia. On the other hand, 
it has been shown by Belyaev'* that an interaction of the 
type resulting in the superfluid behavior of a many- 
electron system at low temperatures can appreciably 
affect the rigid moment as calculated on the “cranking” 


18S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). 
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model of Inglis. It is possible that collective excitations 
of the type considered here will produce no additional 
shift in the moment in this case as well, the argument 
going through much as in the analogous problem of 
gauge invariance in superconductivity.”® This last con- 
jecture is to be investigated in a subsequent paper. 
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Spectral and Angular Distribution of Cyclotron Radiation 
Emitted by Colliding Particles* 


Lupwic OSsTER 
Laboratory of Marine Physics, Yale University, New Haven, Connecticut 


(Received June 3, 1959) 


An attempt is made to describe the cyclotron radiation of colliding particles in close analogy to optical 
theory of line formation. If the velocities are small compared with the velocity of light and the collision 
frequency is not too high, simple expressions are derived for the frequency and angular distribution of the 
radiation in terms of the basic physical properties of the plasma, such as temperature, density, and collision 


parameters. 


1. INTRODUCTION 


N recent years, the radiation of charged particles in 

magnetic fields, the so-called cyclotron radiation, 
has been of increasing interest. From the start, it was 
realized that the energy losses of particles in accelerators 
are caused to a large extent by this type of radiation 
process. It also occurs, when plasmas are heated to 
temperatures where nuclear processes are expected to 
start while the plasma is confined by means of a mag- 
netic field. 

On the other hand, several observed radiations in the 
radio-frequency range coming from outer space are 
currently suspected to be caused by particles moving in 
large-scale magnetic fields. Additional interest in the 
problem was generated, when nuclear devices were ex- 
ploded in the outer regions of the earth’s atmosphere, 
giving rise to artificial clouds of electrons and ions 
moving and radiating in the earth’s magnetic field. 

Special consideration will here be given to the colli- 
sions of the radiating particle with other particles, since 
the collision probability and the random velocities de- 
termine the observable radiation pattern. Some of these 
effects have been calculated by Beard! for the case of 


* Supported by the Office of Naval Research. 
1 }—), B, Beard, Phys. Fluids 2, 379 (1959). 


observation along and perpendicular to the magnetic 
field. The influence of inhomogeneities of the magnetic 
field together with random velocities has been considered 
by Trubnikov.* 

We restrict our study to particle velocities small com- 
pared with the velocity of light, since this is true for the 
most part of observed radiations in nature. Our analysis 
breaks down, when the magnetic fields are so strong 
that the thermal motions of the particles are of minor 
interest compared with the orbital motion. 


2. THE MOTION OF CHARGED PARTICLES 


A charged particle moving in an external magnetic 
field is forced into a circular orbit with an angular 
velocity determined by the magnetic field and inde- 
pendent of its velocity: 


wo= |e) H/me. (1) 


wy is called the gyrofrequency; m is the mass of the 
particle; ¢ is the velocity of light; e designates the 
electric charge. 

The absolute value of the velocity component 7% 
perpendicular to the magnetic field determines the 


2B. A. Trubnikov, Doklady Akad. Nauk U.S.S.R. 118, 913 
[ translation: Soviet Phys. Doklady 3, 136 (1958) ]. 
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radius of curvature Ro=wov, while the velocity com- 
ponent 2 parallel to the magnetic field is arbitrary. The 
particle, therefore, moves on a helical path along the 
magnetic lines of field. The “longitudinal” velocity 7, 
affects the emitted radiation insofar as it may give rise 
to a Doppler shift. We first assume 2, to be zero and 
calculate the radiation field for an observer at right 
angle to the magnetic field. Later (Sec. 11), we discuss 
the effects of longitudinal motions. 


3. THE TOTAL EMITTED ENERGY 


Schwinger* derived the radiated power per unit time 
and its spectral as well as its angular distribution. He 
made full use of the relativistic formalism, but did not 
consider the effects of collisions. We shall evaluate their 
effects, but confine ourselves to the nonrelativistic case 
vo/c=BoK1. Under conditions of thermodynamic equi- 
librium, this inequality holds for electrons when the 
temperature is below ~(107)°. We also neglect the 
energy loss due to radiation itself, thus assuming 2 to 
be constant during the time of radiation. In fact, it is 
easy to show that the amount of energy lost by radiation 
is a negligible fraction of the kinetic energy, as long as 
the radiating particles do not have relativistic velocities. 
However, we shall return to the question of how the 
frequency distribution is affected by this energy loss. 

Under these conditions we may apply the classical 
formula for the power radiated at any instant by an 
accelerated charge 


P(t) = (2e/3e)i* (0). (2) 


The absolute value of the acceleration is constant in our 
case: 
(3) 
so that Eq. (2) yields 
Pp = (2e?, '3c*)arp?09?. (4) 


4. THE SPECTRAL DISTRIBUTION OF EMITTED 
RADIATION IN THE ABSENCE 
OF COLLISIONS 


It is clear that the emitted radiation would be an 
infinitely sharp line at the gyrofrequency, if (1) m%<c; 
(2) the energy loss by radiation is neglected; (3) the 
orbit of the radiating particle is stationary with respect 
to an observer; and (4) if there are no collisions, i.e., the 
particle emits an infinitely long wave train. 

According to Schwinger,‘ the ratio of the energies 
which go into the higher harmonics n+1 and n is 


Pai = n+2 _— 
P,  2(2n+3) n 


This shows at once that no appreciable amount of 
energy is radiated in the higher harmonics as long as 8» 
3 J. Schwinger, Phys. Rev. 75, 1912 (1949). 

4 Equation (III.13) which is actually an approximation for the 
case that Bo is not close to unity. 
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is not close to unity. The important assumptions are, 
therefore, 3 and 4. We will start with 4 and come back 


to assumption 3 in Sec. 11. : 


5. THE SPECTRAL DISTRIBUTION OF THE 
RADIATION IN THE ORBITAL PLANE 
We account for collisions by supposing that the 
particle is radiating during a definite time interval Af, 
starting with an arbitrary phase at the beginning and 
being abruptly stopped at the end of Af. 
The expression for the total radiation (4) during A/, 


+At/2 2e? 
PAt J [#(t) }edl, (6) 


ay2 3e 


may be rewritten, making use of the theorem of Parseval 
for Fourier integrals, as follows: 


sa) 


2e? a] 0 
PAt= “f [g?(w) +h? (w) Jdw= f Pt(w)dw. (7) 
36° 0 0 


g(w) and A(w) are the Fourier components 


+At/2 


; Weto id 
g(w)= Coswot coswtdt, 
T At/2 


9 


‘i +At/2 

Wolo ; , 

h(w) = } Sinwol sinwld/, (9) 
T At/2 


and belong to the even and odd parts of the total 
acceleration #*: 
(10) 


H(t) = woo Coswel, I/(t) = ao Sinwol. 


Carrying out the integrations (8) and (9), we obtain 
from Eq. (7) the spectral distribution 


P(w)da=— = 


Al 303 Ai « 


P 41(w) 2e? Do°Wo- gat } 


(w+we)? 


sin*[ (w—wp)At/2 | 
T de (11) 
(w—wy)? 
P(w)dw represents the energy per second which goes 
into a frequency range dw centered at w, if the particle 
radiates a wave train of constant amplitude during a 
time interval Af. 

Equation (11) is well known from the work of 
Lorentz,® who used this method to derive an expression 
for the collision broadening of a single spectral line. 

We find the average spectral distribution by averaging 
over all time intervals A/. Let us, for a moment, write /o 
instead of At. The probability that a particle is not 
involved in collisions for time intervals between f and 
lo+dly is 
(12) 


To explL—to/To]. 


5H. A. Lorentz, Verslag. Amsterdam Acad. 14, 518 (1905). 
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7 is the mean collision time. Hence, the mean spectral 
distribution of radiation emitted during the average 
time 7) between collisions is 


0 


P1¢(w) -f Pio(wye tol Todt, / To, 


0 


which results® in 


Py(w) 


1 
x| sis — | (14) 
(w—wyo)?+Ty? 


(w+)? +75? 


P(w) represents the mean frequency distribution of the 
radiation per second. 

Equation (14) is the well-known “‘dispersion distribu- 
tion” which is observed as the shape of the line wings in 
laboratory measurements and in stellar spectroscopy, as 
a consequence of collision or radiation damping. The 
derivation of Eq. (14) involves the assumption that the 
velocity v% is not affected by collisions. We shall come 
back to this question in the next Section. 

The important feature is the mean collision time Ty 
which has to be derived from the general physical con- 
ditions of the plasma in question, such as the number 
and type of radiating and scattering particles, tempera- 
ture, etc. Before we go into a detailed discussion of these 
factors we derive from Eq. (14) the absorption coeffi- 
cient. 


6. THE RADIATION OF AN ASSEMBLY 
OF PARTICLES 


Thus far, we have only dealt with a single particle of 
a definite velocity v1. We found the spectral distribution 
of the emitted radiation between two collisions and 
calculated the mean distribution as a result of a large 
number of collisions, assuming implicitly that the colli- 
sions are not accompanied by a momentum loss; this is 
obviously not true. 

However, if we look at an assembly of particles with a 
certain mean velocity, resulting from a certain distribu- 
tion function of velocities, we may expect that a single 
particle of this assembly, in the course of a large number 
of collisions, acquires different velocities with the same 
distribution of probabilities which is valid for the 
velocities of the many particles of the assembly at a 
given time. 

In a first approximation, we may therefore obtain the 
mean spectrum with respect to the velocities by multi- 
plying Po(w), Eq. (14), with the distribution function 
and integrating over all velocities. Assuming that the 
distribution of velocities among radiating particles is 


6 In spectroscopy, the line width Aw is usually negligible com 
pared with the frequency wo itself; hence, it is customary to omit 
the antiresonant first term. This also holds for cyclotron radiation 
in most cases met in nature or experiment. 
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Maxwellian and that the magnetic field does not change 

it significantly, we must average Eq. (14) over the 

velocity components perpendicular to the magnetic field. 
Our distribution law has the form 


1 
f(v2,v,)dv dv,=— exp 
T 


V2°+0,7)d0,d0, 
| (a2) ‘ 
(007) av (107) ay 
with 
vy? =0,°+0,7, 


and a root mean square velocity 
(06?)wt= (2KT/m)}. 


Integrating Eq. (14) over v, and v,, we obtain 


+20 
P(w)= f Po() f(02,0y)dv dv, 


1 2? 2aT 1 


meme ——., 
m (w—w)?+To 


= (18) 
aly 3c 


In carrying out the integration (18), we have assumed 
that the mean collision time 7» is velocity-independent. 
This also is, strictly speaking, incorrect, but corresponds 
to the degree of approximation retained throughout this 
section. 

The emission Py (w) of NV particles which have a mean 
velocity do resulting from a distribution law of the form 
(15) is then simply 


Py (w)=NP(w). (19) 
7. ABSORPTION COEFFICIENT AND 
OPTICAL DEPTH 


Thus far, we have calculated the features of the 
radiation emitted by a particle or by an assembly of 
particles. On the other hand, there is always absorption 
connected with the emission process; this may be 
described in the classical manner by assuming forced 
oscillations of a particle in the radiation field, repre- 
sented by its electric vector E. Introducing a velocity 
proportional damping term y in the equation of motion 
of the oscillator, one finds for the absorption coefficient 
per cm (|w—wo| Kw, y¥Kwo) 

me’>N ay 
eh " (20) 
mc (w—wo)?+ (sy)? 


where y is connected with the collision time by 
Y coll = 2 6: (21) 


A detailed discussion of these problems can be found in 
books on optics.’ 
Comparing Eq. (20) with the spectral distribution of 
7See, for instance, M. Born, Optik (Verlag Julius Springer, 
Berlin, 1933), Chaps. 85 and 87, or W. Heitler, Quantum Theory of 
Radiation (Clarendon Press, Oxford, 1936), Chap. I, 4.5. 
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the cyclotron radiation (14), we find the absorption 
coefficient to be® 
2r’e?* Py (w) 
= —— —————, (22) 


Integrating the absorption coefficient along the line of 
sight yields the optical depth 


r= f h(h)dh. 


For a uniform plasma, the absorption coefficient at the 
center of the “line” is 


(23) 


2re? 
To= To—NAh, 
mc 


(24) 


where Ah is the length of path inside the plasma. From 
here, the analysis proceeds along lines well known from 
optical spectroscopy. 


8. THE RADIATIVE ENERGY LOSS 


In very dilute plasmas, where there are but few 
collisions, the “radiation damping” resulting from the 
radiative energy loss of the circulating particle replaces 
the role of collision broadening, even if the energy loss 
by the radiation is very small and negligible for the 
calculation of the /ofal radiation. 

The energy of the particle is 


Eo=3mv¢?, (25) 


the energy loss by radiation, according to Eq. (4), 


dE y= — (2e/3c) wordt, (26) 


and hence 
dE o/ Eo= — (4e?/3mc*) werd. (27) 
Equation (27) leads to an oscillation with expo- 
nentially decreasing amplitude which again may be 
interpreted as the result of a damping force in the 
equation of motion. The analysis furnishes a damping 
constant 
VY rad = (2e?/3mc*)w.. (28) 
As mentioned above, this takes the place of the collision 
damping (18), if there are no collisions or only a few 
ones. The resulting spectral distribution is again a 
dispersion distribution of the form (14). If both effects 
are small and of the same order of magnitude, one may 
write with sufficient accuracy 
Yott= Yeo FY rad: (29) 


§ In spectroscopy one has to apply a quantum mechanical cor- 
rection which leads to replacement of the number-density N by the 
product of N and the oscillator strength; for our present problem 
we may set the oscillator strength equal to unity. 
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9. THE MEAN COLLISION TIME 


We represent the collision time 7) in terms of cross 

sections Q by the relation 

Tot= QL. tp Op.s 
and insert for the Q’s the scattering cross sections. Here, 
the index s refers to the scatterers, p to the radiating 
particle; v», is the corresponding relative velocity. 

As a practical example we first consider a completely 
ionized gas, where the radiating electrons are scattered 
by heavy ions, and use as approximation for Q in Eq. 
(30) the scattering cross section derived from calcula- 
tions of the electrical conductivity by Spitzer and 
Harm’: 


(30) 


w\/n Le! 
4\/6 (KT)? 


04: In(bo/h). (31) 


K is the Boltzmann constant as before, 4 the Debye 
shielding distance for V, electrons per cm?: 


h=(KT)4/2(m)seLN (1+Z) }}. (32) 


by is the collision parameter for the case of an electron 
scattered through an angle of 90°: 


bo=Ze2/2KT. (33) 


In Eq. (30), a numerical factor which describes the 
effects of electron-electron collisions has been discarded ; 
the effects of electron-ion and electron-electron collisions 
in the case of radiation processes are not additive. 

The suggested treatment has several serious defects. 
First, Eq. (31) is derived under the assumption that 
there are no external magnetic fields which enforce the 
circular motion. This motion certainly changes the 
chances of an encounter of the different charged par- 
ticles.!° 

The second objection is that the scattering cross 
section is different from the “optical cross section” for 
phase-disturbing collisions in the case of cyclotron 
radiation. This is obvious, since the scattering cross 
section derived from calculations of the electrical con- 
ductivity" is slightly different from the one derived from 
values of the thermal conductivity. However, it can be 
shown that in the case of free-free radiation of electrons, 
i.e., in the case of the radiation which is caused by the 
interaction of a free particle with other particles, where 
the emission behavior is rather accurately known, the 
use of scattering cross sections leads to an error of only 
a few percent.” 

In plasmas with a low degree of ionization, collisions 
with neutral particles become important. Here the 
scattering cross sections are less well known and, 


®L. Spitzer, Jr., and R. Hirm, Phys. Rev. 89, 977 (1953). 

10 However, large deviations from the normal Coulomb scatter- 
ing seem to occur only in very strong fields; see the recent article 
by L. M. Tannenwald, Phys. Rev. 113, 1396 (1959). 

1 L, Oster, Z. Astrophys. 42, 228 (1957). 

2 |,, Oster, Z. Astrophys. 47, 169 (1959). 
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probably, will furnish a much poorer approximation of 
the actual cross sections for the radiation processes. 
Different quantum mechanical calculations have shown 
that for some simple neutral atoms such as hydrogen 
and helium the scattering cross sections are of the order 
of a few percent of the cross sections for ions. Hence, we 
expect to obtain with these values the right order of 
magnitude also for the present problem of collision 
broadening of cyclotron radiation. 

As a numerical example for the calculation of absorp- 
tion coefficient and optical depth we consider the upper 
atmosphere of the earth, where relatively few atoms are 
ionized. Assuming a common value Q for the cross 
sections of all neutral atoms (.V,,,), we obtain from 
Eq. (30 

To =ter.V neQ, 34) 


since the contributions from ions are negligible. Also 
negligible is the influence of random thermal motions on 
the line contour. We then obtain from Eq. (23) for the 
optical depth in the line center 


2re? N., Ah 
mo Nout dei 


With reasonable values of Vii/Vit, (107%), 2 (6% 10° 
cm/sec), and Q (10-" cm?) we find that an optical depth 
of unity is reached after 10~* cm. Hence, the actual line 
width will be much greater than the (total) half-width 
Yeol) Which in our case would be of the order of magni- 
tude of kilo VC les per second. 


10. THE ANGULAR DISTRIBUTION 


To obtain the angular distribution of the total radia- 
tion (2), one has to use the well-known expressions for 
the electric and magnetic field vectors associated with 
an accelerated charge. Denoting the actual acceleration 
by ao, we find the field components in an arbitrary 
direction defined by the unit vector n to be 

E=(e 


c*)nXnX ap, (36) 


H= (e/C)ayXn. (37) 


Equations (36) and (37) are valid in the nonrelativistic 
case ByK1, at unit distance from the source." 


Fic. 1. The polar system 
of reference. 


183See W. Panofsky and M. Phillips, Classical Electricity and 
Magnetism (Addison-Wesley Press, Cambridge, 1955), p. 301. 
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From Eqs. (36) and (37) we find for the rate of 
radiation which escapes into the unit solid angle located 
in the direction n: 


P(n)dQ= (c/4r) EX HdQ= (e*/40c*) 


X[ac?— (m-ay)? JndQ. (38) 


We now define a special system of polar coordinates, 
in which @ is the angle between the orbital plane and the 
arbitrary direction n; @ is the azimuthal angle between 
the projection of n on the orbital plane and the velocity 
vector Vo. Details are pictured in Fig. 1. When the 
direction of the actual velocity vo corresponds to an 
azimuthal angle ¢, the acceleration vector corresponds 
to @+7/2; see Fig. 2. In this system of reference, Eq. 
(38) becomes 


P (0,0) = (e?/42rc3)v?wo? (1 — cos”6 sin’). (39) 

However, we are not interested in the attual rate of 
radiation, but in the average over a cycle. Since the 
polar angle 6 is constant, we define the average by the 
relation 


1 
P(6)= 


2r 


$ P0.9)io (e?/4mc*)vy7wo?(1— 3 cos*6), (40) 


and thus have for the total radiation 


7/9 


i 2 f P(6) cos6dé. 


Introducing, instead of 6, the angle y between the 
magnetic field and the direction n, we obtain 


(41) 


2/Are)vewe?(1—3 sin’y)dQ. (42) 


P(p)dQ 


The radiation of an “average particle’? may be ob- 
tained by replacing the velocity v by its rms value (17). 
Multiplication by .V finally yields the emission from an 
assembly of .V particles. 


11. EFFECTS OF LONGITUDINAL 
RANDOM MOTIONS 


In Eq. (11), we derived an expression for the spectral 
distribution of the radiation emitted by a single particle 
moving on its circular path during a time Af. We as- 
sumed that the particle does not have a gross motion, 
i.c., that the time average of its velocity is zero. Since 
the particle moves along the magnetic field line with the 
same velocity component 7 as in the field-free case, this 
spectral distribution and, moreover, the average distri- 
bution (14) applies strictly only to the case, where an 
observer looks along the orbital plane. We have to find, 
therefore, an expression which takes care of the angular 
distribution (42) and at the same time of the distribu- 
tion of velocity components 7; caused by the random 
thermal motion of the particles along the magnetic field. 

In Sec. 2 we considered a particle with velocity com- 
ponents v perpendicular and 9; parallel to the magnetic 
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field. For the Doppler shifts, only the component 2, is 
important. An observer in a direction n making an angle 
y with the magnetic field receives a frequency which is 
shifted by an amount 


(43) 


@— Wy = wy? COSP/C. 


We now suppose that the velocity components are 
distributed according to a Maxwellian law, so that the 
number of particles d.V in the velocity range 0, v:+d0, 
can be written 


dN 1 v;" dry 
\ V0 (017) av (17) av? 


\ is the total number of particles per cm’, (0;°)y! the 
“mean” velocity. As a first approximation we substitute 
the mean value for a one-dimensional gas: 


(vy?)=KT/m. 


(44) 


(45) 


This procedure corresponds to the one used in calcu- 
lating the mean spectral distribution in Sec. 6. 

With the help of Eqs. (42) and (43) together with 
(44), we find the distribution in the absence of colli- 
sions! (w varies, as before, between 0 and « ) 


e- 
P p(w)dw = (v0?) -V(1—3 sin*y) 
2rc3 


(46) 


we” (w- wo)? dw 
x exp| - ; 
a 


\ (Awo)? Aa 
Here, the average frequency shift is defined by the 
relation 


Aw» = (Wo, €){017) ay? cosy. (47) 


12. THE DISTRIBUTION LAW FOR AN ARBITRARY 
ANGLE BETWEEN OBSERVER AND 
MAGNETIC FIELD 


As a last step, we take account of the collision 
broadening which has been neglected in deriving Eq. 
(46) for an arbitrary angle between observer and mag- 
netic field. Physically the intensity in each frequency 
interval of the Doppler distribution (46) is spread out 
once more according to the dispersion distribution (14). 
The resulting pattern is a so-called Voigt function, 


” exp[ — (y/c1)*] 
V (x)= const f - dy. 
0 c+ (x—y)? 


(48) 


Denoting w—wo by Aw, we find from Eq. (46) for the 
frequency distribution in question 


‘Tn deriving expression (46) from Eq. (42), we have retained 
wo” instead of replacing it by w*. As one may prove by integrating 
over dw, the difference turns out to be of the order 2;2/c?, i.e., a 
relativistic quantity which must be discarded in our nonrelativistic 
treatment. The factor 2 which enters Eq. (46) as compared with 
Eqs. (42) and (44), finally, results from the restriction of w to be 
positive. 


FROM C 
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Fic. 2. Velocity, ac- 
celeration, and magnetic 
field. 





P (ww )dwdQ 


———(11y”) 4vo2V (1—4 sin2p) 


“~ 2 1.3 
wa y 2 
xf exp -( ) 
0 Aw 


X(T? 


dwdQ 
(Aw— y)*] ‘dy— 
T Aw 


(49) 


Equation (49) involves again the assumption that the 
interaction of particles is isotropic in spite of the 
presence of the magnetic field ; the mean velocity may be 
approximated by the value (17). Finally, we have 
neglected the contributions of the negative values of w 
in (14) which was justified in Sec. 5 for the case that 
wo>>T>!. Also discarded are terms which arise when the 
spectral distribution (14) is derived directly for an 
arbitrary angle y and then averaged over the azimuthal 
angles. The calculation shows that these additional 
terms are smaller by a factor wo/To™! 

We find the absorption coefficient ky by dividing 
Eq. (49) by the corresponding total energy (42) for the 
radiation of V particles in the direction y. Noting the 
normalization of ky, 


D 


2n’e* 
i kydw N, 


we have 


4(m)}e" i yes 
vf exp| ~( ) | 
Mc 0 Aw 


X[To?+ (Aw—y)*}'dy——. 
T Ate 


kydw 


da 


(51) 


The representation of absorption coefficients by Voigt 
functions is well known from spectroscopy and astro- 
physics; for details, literature, and useful numerical 
tables see Unséld.!®> Here, we merely recall the main 
features. If the ratio 
(52) 


a= (TpAw) 


165A. Unsdld, Physik der Sternatmosphdren (Springer-Verlag, 
Berlin, 1955), second edition, Sec. 73 and Secs. 106-109. 
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is large compared with unity, the collision broadening is 
the predominant phenomenon and, therefore, the spec- 
tral shape is essentially the dispersion distribution (14), 
only slightly changed in the very center of the line by 
the Doppler effects. On the other hand, if the Doppler 
broadening is the essential feature (a1), the intensity 
decreases very rapidly outside the line center according 
to the exponential law (46), and the collision broadening 
affects only the outer parts of the line. 

From this close analogy between emission of atomic 
lines and cyclotron radiation, there follows at once that 
in the case of an optical thickness comparable to unity 
(the radiated energy per unit frequency becomes com- 
parable with the black body radiation per unit fre- 
quency), the well-established theory of the curves of 
growth may be applied. For details see, e.g., Aller’® and 
Unséld."® 

There is, however, one interesting difference between 
atomic line spectra and cyclotron radiation : the Doppler 
broadening depends in our case on the angle between the 
line of sight and the magnetic field, even in the case of 
very weak fields. The basic reason is, of course, that the 
cyclotron radiation ifself is a consequence of the random 
motion of particles. 


13. THE RADIATION OF A GAS MIXTURE 


We now discuss briefly the radiation pattern if the 
emitting plasma is a mixture of electrons and ions. 
From Eqs. (1) and (4) we see that the total emitted 
power (Z is as before the electric charge of particles in 
terms of the unit charge) for a given magnetic field 
strength varies in the following way: 

P« Z‘m, (53) 


16 L., H. Aller, Astrophysics. The Atmospheres of the Sun and the 
Stars (Ronald Press Company, New York, 1953). 
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if all particles have equal amounts of kinetic energy. 
The frequency itself has the proportionality 

wox Zm™. (54) 
In general, one expects to find, therefore, the radiation 
of the electron alone even in the case of a gas mixture, 
since the protons will emit a completely negligible 
amount of radiation. The same is true for highly ionized 
nuclei, since their mass ratio cannot be compensated by 
their higher electric charge. 

Different results could be obtained only if the heavy 
particles had a much higher energy than the electrons, 
but this type of deviation from thermodynamic equi- 
librium is very unlikely to occur. 


14. INHOMOGENEOUS MAGNETIC FIELDS 


Underlying our discussion was the assumption of a 
strictly homogeneous magnetic field. It is obvious that 
this condition cannot be fulfilled in laboratory experi- 
ments. However, if the main field is homogeneous, the 
deviations in the thin bordering layers are of no im- 
portance for the radiation pattern. 

Generally speaking, inhomogeneities will cause an 
additional broadening of the emission pattern which 
depends on the geometrical conditions and which cannot 
be derived in a straightforward manner. The procedure 
to be followed in an actual problem is to integrate the 
absorption coefficient along the line of sight. 
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Measurements were made of the rate of buildup of an electrical discharge in argon in the pressure range 
from 5 to 60 cm Hg. The results are interpreted on the basis of a secondary mechanism due to delayed 
photons. The photon delay times which fit the observed data are in the neighborhood of five microseconds 
over the range of pressures investigated. These photon delay times are compared with (a) calculated im- 
prisonment times for resonance radiation, and (b) delay times for molecular radiation as observed by Colli. 
Considering the uncertainty in the calculations and the lack of knowledge about the energy distribution 
between the two main resonance lines, the imprisonment times are of the right magnitude to explain the 
observed buildup rates. The Colli-process delay times are in fair agreement with the data at the higher 
pressures; at the low pressures they are definitely too slow to explain the observed buildup rates. 


INTRODUCTION 


OR many gases the uniform field electrical break- 
down near threshold is at present satisfactorily 
explained by a Townsend type of buildup.' The details 
of the secondary mechanism active in this Townsend 
buildup depend upon the particular gas and the 
pressure. In air at atmospheric pressure the secondary 
mechanism appears to be electron emission from the 
cathode by ultraviolet radiation created in the dis- 
charge.” Since the speed of propagation of the ultra- 
violet radiation is extremely high, the rate of buildup 
of the discharge is controlled by the electron velocity. 
In argon in the low-pressure range (less than several 
mm Hg), investigators have concluded that the 
secondary mechanism is due mostly to electron emission 
by positive ions.’ Under those conditions the rate of 
buildup of the discharge becomes controlled by the 
positive-ion velocity and is, therefore, relatively slow. 
Formative time-lag measurements by Kachikas and 
Fisher in argon in the pressure range from several cm 
Hg to atmospheric show that neither of the two 
secondary mechanisms described above control the 
discharge-buildup rate.’ The formative time lag of 
breakdown is the time between the application of 
voltage to the gap and the establishment of a large gap 
current; it is thus inversely related to the rate of 
buildup of the discharge. The formative lags measured 
by Kachikas and Fisher were too short to be ascribable 
to a positive-ion secondary mechanism, but were too 
long to be due to a simple photon process. Kachikas 
and Fisher suggested that the data might be explained 
by a delayed-photon mechanism. The 
buildup rate of the discharge would then be controlled 


secondary 


by the delay time. Several possibilities for such a 
delayed-photon mechanism exist. Colli observed a 
delayed emission of ultraviolet light from a discharge 


1 For a review of the situation see, for instance, Handbuch der 
Physik (Springer-Verlag, Berlin, 1956), Vols. XXI and XXII. 

*L. H. Fisher and B. Bederson, Phys. Rev. 81, 109 (1951). 

3H. L. von Gugelberg, Helv. Phys. Acta 20, 307 (1947). 

4J. A. Hornbeck, Phys. Rev. 83, 374 (1951). 

5G. Kachikas and L. H. Fisher, Phys. Rev. 95, 892 (1954). 


in argon.® This light is believed to be emitted by the 
radiative decay of a relatively long-lived excited 
molecular state which is formed by three-body col- 
lisions from metastable atoms created in the discharge. 
Another possibility for a delayed-photon mechanism is 
the imprisonment of resonance radiation. Since a large 
fraction of the radiation emitted by excited atoms 
created in the discharge is resonance radiation, the 
phenomenon of imprisonment may be expected to play 
an important role. 

The present experiment covers much 
pressure range as the investigations of Kachikas and 
Fisher. The rate of buildup of the gap current was 
measured rather than the formative lag, since the former 
quantity is somewhat simpler to interpret. In addition, 
measurements of gap current during the final stages of 
buildup (just before gap breakdown) were made to 
investigate the mechanisms active during that phase of 
the discharge. 


the same 


THEORY 

The theory used to analyze the results is essentially 
the simple exponential buildup theory due to 
Bartholomeyczyk.’ Consider a plane parallel gap of 
spacing d (cathode at x«=0, anode at x=d). As a result 
of the applied field E=V/d, electrons have a drift 
velocity v_, positive ions have a drift velocity 24, and 
an electron multiplication coefficient a exists giving the 
number of new electron—positive ion pairs created per 
electron per cm drift. The continuity equations for the 
electron and positive-ion currents are: 


1 f/di di 
( )- _ +at_, (1) 
v\dl dx 


Fic. 1. Apparatus schematic. 


®L. Colli, Phys. Rev. 95, 892 (1954). 
7W. Bartholomeyczyk, Z. Physik 116, 235 (1940). 
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1 /di, di, 
( ~)- —-+-at_. 

v%,\ dl dx 

The secondary mechanism, which creates new electrons 
at the cathode, and thus allows the discharge to build 
up, is contained in the boundary conditions. The 
secondary mechanism is denoted by a coefficient ¥ 
which gives the number of secondary electrons emitted 
per incident ion or photon. (This y includes the effect 
of back diffusion.) We will treat only the cases where the 
secondary mechanism is either due to positive ions, 7;, 
or where it is due to a simple delayed-photon process, 
Yp- For 7; we have 


i,(x=d)=0, (3) 
i_(x=0)=7,(x=0). (4) 


For a delayed-photon y, we assume that the photons 
are emitted from an excited state having a mean lifetime 
r and that they proceed unhindered, a fraction g ar- 
riving at the cathode. The number of excited states 
created in the discharge is given by a coefficient 6 
(similar to the ionization coefficient a) giving the 
number of excitations per electron per cm drift. This 6 
includes not only excitations by direct impact, but also 
excitations due to decay from higher excited levels. We 
then have for the cathode boundary conditions, instead 
of (4), 


d t 
i_(x=0, )=v,dg f f e--17j_(x,t")dt'dx. (5) 


We assume solutions exponential in time of the form 
i(x,t)= j(x)e, where \ is the growth constant of the 
discharge. Solutions have been published which do not 
make this simple assumption, but instead consider the 
initial conditions under which the buildup is started.® 
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Fic. 2. Paschen curves for argon. Threshold breakdown voltage 

vs product of pressure and gap spacing. Pressures are reduced to 
0°C. Curve 1—results of Penning and Addink ; curve 2—this work ; 
curve 3—results of Kachikas and Fisher. 
8 P. L. Auer, Phys. Rev. 111, 671 (1958) ; 98, 320 (1955); 101, 
1243 (1956). Dutton, Haydon, Jones, and Davidson, Brit. J. Appl. 
Phys. 4, 170 (1953). P. M. Davidson, Phys. Rev. 99, 1072 (1955) ; 
103, 897 (1956); H. W. Bandel, Phys. Rev. 95, 1117 (1954). 


These detailed solutions, however, are mainly of interest 
during the initial stages of the buildup; at later times 
these solutions tend to reduce to simple exponentials. 
Also, the experimentally observed gap currents showed 
an exponential increase in time as long as space charge 
effects were negligible. 

Substituting these solutions, we obtain time-inde- 
pendent equations: 

dj. nN 


—=——j_+aj., 
dx v_ 


dj+ A ; : 
—=—j,—aj_, 
dx % 


j(d)=0, 


J-(0) =YiJ4, (9) 


; Y pf . ae 
j-@)=— f 4-(x)dx. 
1+A Yo 


Equation (9) is the cathode boundary condition for a 
positive-ion , while (10) is for the case of a delayed- 
photon y. Integrating (6) and (7) and satisfying the 
appropriate boundary conditions, we obtain for a 
positive-ion ¥: 


(10) 


ae 
1= = —[e' A/o d—1], (11) 
a—d/v 
where 1/v=1/0,+1/v_. 
For a delayed-photon y: 


1986 —— ea A v-)d_ 1], 


arrears (12) 
(1+Ar)(a—d/v_) 
Setting 7=0 gives the case of an undelayed-photon y. 
Equations (11) and (12) are implicit equations giving 
the rate of buildup A in terms of the parameters of the 
discharge. 
EXPERIMENTAL APPARATUS 


The experimental apparatus consisted of the dis- 
charge chamber and associated vacuum system, of a 
voltage supply and a voltage step generator for initi- 
ating the discharge, and of an amplifier and oscilloscope 
for observing the gap current. A block diagram is shown 
in Fig. 1. A collimated photomultiplier was also used 
to observe the light emission in the gap, but its useful- 
ness turned out to be limited because of insufficient 
sensitivity. 

The discharge chamber had an internal diameter of 
six inches. It was made of stainless steel and was 
assembled with gold wire gaskets. The electrodes were 
introduced through glass to metal seals. The anode 
could be moved by means of a micrometer and bellows 
arrangement to change the gap spacing. The cathode 
was made from OFHC copper, the anode was nickel. 





BUILDUP OF 
Both electrodes had an overall diameter of 3.5 in.; the 
faces were rounded to a radius of 12 in.; the edges had 
a radius of 0.6 in. 

Both chamber and vacuum system could be baked 
at 350°C. The residual pressure after baking was 
3X10-* mm Hg with a rate of rise upon being shut off 
from the pump of 1X10~° mm Hg/min. 

The gas was Airco reagent-grade argon. It was 
admitted to the chamber through a metal system with 
packless valves and through a liquid nitrogen trap. 
The gas pressure was measured through the inter- 
mediary of a metal diaphragm comparison manometer.’ 

The discharge was initiated by suddenly applying 
the required voltage to the gap. Because of practical 
considerations only a fraction of the full gap voltage 
was switched by the step generator. The remainder of 
the gap voltage was continuously applied from the 
approach voltage supply. The step generator pulse rose 
to within two volts of its steady value in five micro- 
seconds and then showed a slow rise of two volts per 
kilovolt per 100 microseconds. The RC circuit coupling 
the step generator to the gap had R=10’ ohms and 
C=0.03 mf. A resistor of 1170 ohms was in series with 
the coupling capacitor to reduce the energy released in 
the gap during breakdown. 

The gap current was observed by its voltage drop 
across a resistor in series with the anode. This resistor 
ranged from 50 to 1000 ohms, the lower value being 
used to investigate the more rapid buildup preceding 
breakdown. The amplifier was of a nonoverloading type 
because of the sharp spike due to the step voltage 
coupling through the gap capacity. A differential 
amplifier together with a dummy gap capacity was also 
used, but did not give any significant improvement. 


EXPERIMENTAL RESULTS 


Figure 2 shows a comparison of the observed thresh- 
old voltages with those obtained by Penning and 
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Fic. 3. Buildup of gap current for p=181 mm Hg and d=0.99 
cm. Open circles are experimental points obtained from oscillo- 
gram. Solid curve shows result of numerical calculation of current 
buildup including the effects of space-charge field distortion. 

® Alpert, Matland, and McCoubrey, Rev. Sci. Instr. 22, 370 
(1951). 
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Addink” and Kachikas and Fisher.’ The rather large 
difference between the threshold data of this experiment 
and that of Kachikas and Fisher is not understood. 
Because of this difference, no comparison of the buildup 
rates observed in this experiment with their formative 
time lags is attempted. Figure 3 shows a plot of gap 
current vs time after initiation obtained oscillographi- 
cally. The current buildup is closely exponential except 
during the final stage where it becomes accelerated. 
This final increase in the rate of buildup will be dis- 
cussed later. 

The rate of buildup \ obtained from plots such as 
Fig. 3 is shown in Figs. 4-8 as a function of overvoltage 
above threshold (in volts) for several gap spacings and 
gas pressures ranging from 5 cm Hg to about 60 cm 
Hg." Figure 9 shows a plot of observed A vs overvoltage 
together with calculated curves (a) for a positive-ion y, 
(b) for an undelayed-photon y, and (c) for a delayed- 
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Fic. 4. Observed buildup rates vs overvoltage. Argon at 
47.7 mm Hg. Gap spacings as shown. 


photon y with a delay time of 6 microseconds. Curve 
(1) was calculated from Eq. (11), curves (2) and (3) 
were calculated from Eq. (12). The various quantities 
entering into these equations were obtained as follows: 
positive-ion velocity 2 from Biondi and Chanin,” 
electron velocity v_ from extrapolated data of Nielsen,” 
multiplication coefficient a from Druyvesteyn and 
Penning, excitation coefficient 6 from Druyvesteyn 
8) y y 
and Penning. 

Most of the data could be satisfactorily fitted by the 
simple delayed-photon model. Only at the lowest 
pressure, 4.77 cm Hg, was there evidence of an addi- 
tional slower mechanism becoming active. The best fit 
value of 7 was obtained by rearranging Eq. (12) into 
the following form: 

10 F,. M. Penning and C. C. J. Addinck, Physica 1, 1007 (1934). 

"Gas pressures are reduced to 0°C. 

12M. A. Biondi and L. M. Chanin, Phys. Rev. 94, 910 (1954). 

13 R. A. Nielsen, Phys. Rev. 50, 950 (1936). 

‘44M. J. Druyesteyn and F. M. Penning, Revs. Modern Phys. 
12, 87 (1940). 
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Fic. 5. Observed buildup rates vs overvoltage. Argon at 
91 mm Hg. Gap spacings as shown. 
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The quantity in square brackets was computed for each 
voltage and value of \. If one then plots the observed 
value of \ against the quantity in square brackets, a 
straight line should result having intercepts 1/7 and 
1/gy». Figure 10 shows such a plot for a gas pressure of 
47.7 mm Hg and three gap spacings. 

The values of the delay time 7 which give the best 
fit of the data are shown in Table I for the various gap 
spacings and gas pressures. 


—-\= 


(eon «—1)| (13) 


DISCUSSION 


In the spectrum of atomic argon, only resonance 
photons have sufficient energy to emit electrons from 
the cathode. Because of imprisonment the only reso- 
nance photons likely to reach the cathode will be the 
1048 A and the 1063 A lines. (Higher excited states will 
in general decay to one of the 4S states by emission of 
an intercombination photon.) Phelps has considered 
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Fic. 6. Observed buildup rates vs overvoltage. Argon at 
181 mm Hg. Gap spacings as shown. 
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Fic. 7. Observed buildup rates vs overvoltage. Argon at 
273 mm Hg. Gap spacings as shown. 


TABLE I. Observed and calculated photon delay times 
in microseconds. 


Calc. delay 
colli process 
Excited 
Ao decay 


Gap spacing, cm 


P 
mm Hg 048 0.63 0.73 0.99 


47.7 
91 7.0 
181 , . 6.7 
273 3. 39 | 
548 3.0 


1.52 


6.7 


1/11p? 


6.0 


Calculated imprisonment times for 
resonance radiation 


9.0 10.0 11.0 13.0 16.0 
240 CU: 640 


the effect of imprisonment of resonance radiation on the 
buildup of a discharge.!® He has shown that the effect 
of imprisonment upon the rate of buildup can be 
described closely by a relation of the form of Eq. (12), 
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Fic. 8. Observed buildup rates vs overvoltage. 


Argon at 
548 mm Hg. Gap spacings as shown. 


"16 A. V, Phelps, Bull. Am. Phys. Soc. Ser. II, 4, 115 (1959) ; also 
Phys. Rev. (to be published). 
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where 7 is now an effective imprisonment time. Under 
conditions where the imprisonment is controlled by 
dipolar pressure broadening, the imprisonment time is 
independent of gas pressure and varies as the square 
root of the gap spacing.’ Fursov, Organov, and 
Striganov'® estimate the transition probability of the 
1048 A line to be 10° sec~. Calculations by Knox" give 
values for the transition probability of 4108 sec for 
the 1048 A line and 1X10 sec for the 1067 A line. 
Using the values of Knox with the analysis of Phelps, 
one obtains the imprisonment times listed in Table I. 
Considering the uncertainties in the calculations and 
the lack of knowledge about the spectral energy dis- 
tribution between the 1048 A and the 1067 A lines, the 
values of imprisonment times shown are consistent with 
the observed data. 

The mechanism proposed by Colli® is another means 
by which radiation of sufficient energy to emit electrons 
can reach the cathode. This is a two-step mechanism: 


(a) A(metastable)+2 A(atom) 
= A»(excited)+A(atom) ; 


(b) Az(excited)=2 A(atom)+photon. 


The extra atom is necessary in the first process to take 
up the excess energy and stabilize the molecule; the 
rate was determined by Colli to be: rate=11p?, where 
p is the gas pressure in mm Hg. Phelps and Molnar'® 
and Futch and Grant! found a p? term in the de- 
struction rate of the *P2 metastable state which they 
attributed to this process; the rates they obtained were, 
respectively, 12p? and 16.3p?. The value of Colli is used 
since it was obtained from the observed delayed light 
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Fic. 9. Discharge buildup rate vs overvoltage for p=181 mm 
Hg and d=0.99 cm. Points are observed values. Curve 1 is com- 
puted for an undelayed-photon secondary mechanism. Curve 2 is 
computed for a delayed-photon secondary mechanism having a 
delay time of 6 microseconds. Curve 3 is computed for a positive- 
ion secondary mechanism. 


16 Fursov, Organov, and Striganov, Doklady Akad. Nauk, 
S.S.S.R. 101, 453 (1955). 

17R, S. Knox, Phys. Rev. 110, 375 (1958). 

18 A. V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953). 
9 A. J. Futch and F. A. Grant, Phys. Rev. 104, 356 (1956). 
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Fic. 10. Observed buildup rate vs F(E) for p=47.7 mm Hg; 
where F(E)=[6/ pay gs, Seen Mtg )d—1]. Photon delay 
time 7 is the reciprocal] of the vertical intercept. 


emission. The second process is the decay of the excited 
molecular state with emission of a photon of approxi- 
mately 1250 A; the lifetime is pressure independent and 
is approximately 3.3 microseconds. 

At high pressures the three-body collision process 
occurs rapidly enough so that the delay in the light 
emission is due to the lifetime of the molecular state 
3.3 microseconds. This is in fair agreement with the 
observed data at higher pressures, though there is a 
suggestion of a dependence on the gap spacing which 
would not be explainable by this mechanism. 

At the lower pressures the formation of the molecule 
by three-body collisions becomes the slower and thus 
the controlling process.” For po=47.7 mm Hg, the 
delay time r=1/11p?=40 microseconds. As mentioned, 
at that pressure the observed buildup rate appears to 
be controlled by two different secondary mechanisms. 
The dominant one has a time constant, 7, of 6 micro- 
seconds and contributes about 80% of the threshold 
secondary yield, y, for a spacing of 1 cm. The slower 
one has an estimated time constant 7 of the order of 
20 microseconds. It is not possible to decide whether 
this slow secondary mechanism is due to the Colli 
process or to a positive-ion y since both these processes 
have comparable speeds at that pressure. It appears 
fairly certain, however, that the dominant secondary 
process, having a 7 of 6 microseconds, is not due to the 
delayed-photon mechanism of Colli. 


The Later Stages of the Buildup 


At gap currents larger than 10~* ampere the observed 
discharge buildup is no longer exponential, but becomes 


*” In the intermediate region where both times are comparable 
an equation somewhat more complex than Eq. (12) will hold. 
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accelerated. This has been generally attributed to space 
charge distortion of the gap field leading to a greater 
electron multiplication. As a check on this hypothesis 
we computed the discharge buildup by numerically 
integrating the charge carrier equations, taking into 
account the distortion of the gap field by the accumu- 
lated space charge. The numerical computation was 
initiated from a gap current of 5X10~° amp. At this 
value the current buildup is still exponential, and the 
charge distribution at that point was taken accordingly. 
The secondary mechanism assumed was a delayed- 
photon mechanism using the observed value of photon 
delay. 

» Figure 3 shows the results of this computation com- 
pared with the actual gap current buildup. Since the 
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computation depends upon the current density, while 
the total gap current is observed, the effective discharge 
area remains as an open parameter. The computed 
curve shown is for an effective discharge area of 16 cm? 
which agrees quite well with the electrode diameter. 

It thus appears that the acceleration of the discharge 
buildup up to currents of the order of 10~* amp can be 
explained by the space charge distortion of the gap field. 
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Chapman and Cowling have obtained the velocity distribution function of electrons in a slightly ionized 
gas when an electric field £ is applied by assuming elastic collisions and validity of Lorentzian approxi- 
mation. The author has expanded this distribution function, neglecting terms involving fourth and higher 
powers of field and used this expansion to calculate various transport properties, when a magnetic field is 
also applied. To simplify mathematics the relaxation time has been taken as a power function of electron 
velocity. Some approximations have also been discussed. It is seen that at low electric fields the transport 


properties can be expressed as linear functions of EF. 


INTRODUCTION 


N discussions of transport phenomena a slightly 
ionized gas is usually considered as a Lorentzian gas 
consisting of a large number of neutral molecules and 
a small number of electrons. This treatment neglects 
the part played by ions in transport phenomena, which 
is justifiable on account of their heavy mass and small 
number. Electron-electron collisions are also neglected 
because of their small number. 

Numerous theoretical investigations (for partial 
listing see Loeb') of the velocity distribution of electrons 
in the presence of an electric field have been carried out. 
Most of these treatments assume the collisions between 
electrons and molecules to be elastic; the remaining 
ones are at the least very difficult to handle mathe- 
matically in discussing transport properties. However, 
detailed analysis of transport phenomena has been 
made only by assuming a Maxwellian distribution of 
electron velocities in the case of vanishingly small 
electric fields. 

In this communication the author has expanded the 
distribution function, obtained by Chapman and 


* Work supported by Armour Research Foundation. 
1L. B. Loeb, Basic Processes of Gaseous Electronics (University 
of California Press, Berkeley, 1955), p. 270. 


Cowling,’ neglecting terms involving fourth and higher 
powers of electric field. This expansion has been used 
to investigate various transport phenomena in the 
presence of a magnetic field. The analysis is valid in a 
good range, where useful data can be obtained. Results 
have been given in the case when the relaxation time 
rx x", x being the dimensionless electron velocity. 


’ 


VELOCITY DISTRIBUTION FUNCTION 
AT LOW ELECTRIC FIELDS 


Chapman and Cowling? have derived the distribution 
function of electrons in the presence of an electric field, 
which may be written as 


f(€2)= fo(c2)+ezfi(c2), (1A) 


fo(c2)=A exp -f 


files) = (Fol 62”) (0 fo, 0C2), 


where 
MoCod C2 


(1B) 


RT +m FPP /3c2" 


(1C) 


¢, is the electron velocity, cz is the x component of ¢2, 


m. and m, are the electronic and atomic masses, 
2S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (University Press, Cambridge, England, 


1953), p. 350. 
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respectively, k is Boltzmann constant, 7 is the tem- 
perature of the gas, (g/mz2)=F, is the acceleration on 
an electron of charge q, £ is the electric field assumed 
to be along the x axis, and / is the mean free path of the 
electron of velocity co. Putting 


x= (mo/2k T) tes, 
T= I/ 2, 
s= mg l?/3m2kT, 


Eq. (1B) can be expressed as 


Qadx 
fo(x)=A exp( — f iis ). 
1+327° 


For low electric fields z7*«1 and we have 


fo(x)=A exp(—x9)( 1+ f 2srsae ). 


T=0xX", 


If 


Eq. (2B) reduces to 


fo(x)=A exp(—a*) (1+a2°"**), 
where 


zo*>lm, «=g’fo? EF? 


n+1 3m? n+l kT 


a= 
TRANSPORT PROPERTIES IN ABSENCE 
OF MAGNETIC FIELD 


The electric current density J, is given by 


J.= —af f fesleddeateyt. 


Remembering that 7=//c. and using Eqs. (1) the 


/ 


above equation may be simplified? to 


g's = Ofo 
J,=- 4irco3t—dco. 
3 C2 
Integrating by parts the above integral and _re- 
membering that 4mc,? fo(c2)dc2 is the number of electrons 
having their velocities between cy and c2+dcs, we get 


ngie si d 
J«= ( - (red), (3) 
3m Nc? dco 


where is the number of electrons per unit volume and 
( ) indicates average over the whole distribution. (Only 
fo has to be considered.) Equation (3) may be expressed 
in terms of dimensionless velocity x as 


ngki si d 
saat Lion, 
3m \x? dx 


3H. A. Lorentz, Theory of Electrons (B. G. Teubner, Leipzig, 
1909 and O. E. Stechert Company, New York, 1923). 


PHENOMENA IN 


SLIGHTLY IONIZED GASES 
The drift mobility uv is given by 


u=J,/ngk, 


qflid 
eae 
3m \x? dx 


The coefficient of diffusion D of electrons in the gas is 
given by 


whence 


(3B) 


D= (72). (4) 
It may be remarked here that the often quoted result, 
D/p=kT/q, (5) 


is valid only for a Maxwellian distribution and hence 
one needs to treat D and u separately. 


EFFECT OF MAGNETIC FIELD ON 
DIFFUSION COEFFICIENT 

Dingle ef al.4 have shown that it is a consequence of 

the Boltzmann equation that the theoretical effect of a 

steady magnetic field H perpendicular to the electric 
field is to replace the time of relaxation 7 by 

T T wt” 
“ ; (SA) 
Itiwr 1+°7? 1+0°7° 


where w=gH/mc, c is the velocity of light, and 
i= \/(—1). The real and imaginary components of 
transport properties are their values along the direction 
of the electric field and in a direction perpendicular to 
both the electric and magnetic fields. Hence, using Eq. 
(4), the diffusion coefficient in the presence of a mag- 
netic field is given by 


1 T 7 
D= (< “) _ io “y), (6) 
3 1+w*?r? 1+w?7? 


Using Eqs. (2C), (2D), and (6) and remembering that 
the number of electrons having velocities between x 
and x+dx is Bx? fodx, we obtain 


{ 2 


a n+3 3n+5 
D i( )+ai( ) 
RID 2 2 


where 
o°0r* exp (=a) 


I(y ) dx 


1+w°o?x"" 


x? exp(— x?) (1 +ax?"**)dx 


ly 2n+3 
(1 2)+at1( )} 
2I 2 JI 


4 Dingle, Roy, and Arndt, Appl. Sci. Research B6, 144 (1956). 
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oa 


and II(s)=/ z*e 


0 


‘dz=I'(s+1) 


EFFECT OF MAGNETIC FIELD ON 
CURRENT DENSITY 


Sodha and Varshni® have discussed various transport 


phenomena involving a magnetic field using the 
expression 
= (g/mz) ((rx*)/(x*)), (8) 


which is valid only for a Maxwellian distribution. A 
modified version of the treatment, also valid for non- 
Maxwellian distributions, is given below. 

Using Eqs. (3A) and (5A), the current density in 
the presence of a pan field H is given by 


ng hk Le (= =) 
3m» 1+w’r’ ) 
1d 7x3 
et A oy 
x? dx \1+w?r? 


Using Eqs. (2C) and (2D), Eq. (9) 
manipulation can be put in the form 


after some 


J = (2¢°Ena/3mzv)(I,—1woSo), (10) 


where 


n+5 n+3 
we () 
2 2 


tall 


| 4n+7 4n+5 
af 1 )- cantar ‘) : 
| 2 2 J] 


From Eq. (10) we can obtain 


(11) 


and 


where yw’ is the Hall mobility. 


5 E. Jahnke and F. Emde, Tables of Functions (Dover Publi- 
cations, New York, 1945), fourth edition, p. 9. 


6M. S. Sodha and Y. P. Varshni, Phys. Rev. 111, 1203 (1958). 
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is a tabulated function.® 


SODHA 


EVALUATION OF I(r) 

For n=+1, +2, and +3, I(y) can be expressed in 
form of integrals tabulated by Dingle ef al.4:7:5 and also 
analytically evaluated. For n=+3, the integrals can 
be expressed as an analytical function and 


S {exp(—x°)/(x+s)}dx 


which can be calculated from the values of tabulated 


function? 
° 224 exp(-~-2*) 
F(z) -f dx. 
0 (x+s) 


For n=0, I(y)=3(1+°0) “TI (y). 
Some approximations depending on the value of wo 
suggest themselves. 


(i) (wo)?K1.—We get 


I(y)= yre-“dy=I1(y)/2 


We have 


(ii) (wo) 1. 


L 


1 
fo va-wety )\dy= 3 {II (y) —@*o* II (n+y)}. 


I(y)= 


(iii) w’o?>1.—We have 


1 ‘ 1 
I(y)= [ yr "e-“dy= i(y—2). 
2wa" « Jura? 


0 < 


Since a is small, 


a+ba a | b 
= I+a( 
Cit+da Cy | a 


and hence all transport properties can be expressed as 
linear functions of a (« /) for low values of electric 
field. 
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In this paper properties of a boson gas at zero temperature are investigated by means of field-theoretic 
methods. Difficulties arising from the depletion of the ground state are resolved in a simple way by the 
elimination of the zero-momentum state. The result of this procedure when applied to the calculation of the 
Green’s functions of the system is identical to that of Beliaev. It is then shown generally that for a repulsive 
interaction the energy £(k) of a phonon of momentum k, which is found as the pole of a one-particle Green’s 
function, approaches zero for zero momentum, which means that the phonon spectrum does not exhibit an 
energy gap. 

The Green’s function method is applied to the calculation of the properties of a low-density boson gas. The 
next order term beyond that calculated by Lee and Yang, and Beliaev for the ground-state energy is obtained 
and the general form of the series expansion is found to be 

(Eo/Q) = 3n? fol 1 +a (n fo*)*+-b (nm fo*) Inn fo? +c ( fo*) +d (n fo3)} In (nm fo*) +--+], 
where » is the density and / is the scattering length for the assumed two-body interaction between the 
bosons. The coefficients a and 6 are independent of the shape of the interaction, and are the only terms thus 
far calculated. The coefficient 6 is in agreement with the hard-sphere gas calculations of Wu and of Sawada. 

A discussion is given of the intermediate-density calculation of Brueckner and Sawada, and certain 


possible improvements in the method of summing a selected set of higher-order terms are proposed. 


1. INTRODUCTION 


HE realization that there exists a great formal 
similarity between the quantum theory of a large 
number of interacting Fermi particles and quantum field 
theory has led in recent years to the development of new 
methods for the treatment of such a fermion gas,! in 
particular at zero temperature. 

The application of similar methods to a system of 
particles obeying Bose statistics gives rise to two diffi- 
culties of a different nature. The first difficulty has to do 
with the particular role played by the large number of 
particles of momentum zero. In the noninteracting 
system all particles have zero momentum. In the inter- 
acting system the zero-momentum state likewise con- 
tains very many particles, since only a finite fraction of 
these is excited as a consequence of the interaction. The 
fraction of particles of nonzero momentum in the 
ground state of the interacting system is a function of 
the density and is very small for low density. Hence for 
low density this so-called “depletion” of the ground 
state can be neglected, as in the work of Bogoliubov? and 
in the pseudopotential method of Lee, Huang, and 
Yang.’ However, for calculations of the energies of the 
ground state and of low-lying excited states going 
beyond the extreme low density case, the depletion effect 
must be taken‘into account. 

Another difficulty, which also is absent in the fermion 
case, is the fact that even for a regular, repulsive inter- 
action perturbation theory diverges Bogoliubov has 

* Present address: Department of Physics and Department of 
Electrical Engineering, University of Illinois, Urbana, Illinois. 

1 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). N. 
M. Hugenholtz, Physica 23, 481 (1957). V. M. Galitskii and A. B. 
Migdal, J. Exptl. Theoret. Phys. U.S.S.R. 34, 139 (1958) [trans 
lation: Soviet Phys. JETP 7, 96 (1958) ]. See also A. Klein and R. 
Prange (to be published). 

2.N. N. Bogoliubov, J. Phys. U.S.S.R. 9, 23 (1947). 

3 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 


shown how in the case of very weak interaction and low 
density the divergences can be removed by means of a 
canonical transformation. This same procedure was also 
used by Lee, Huang, and Yang in their pseudopotential 
method. 

Recently Beliaev‘ developed a method which enables 
one to take into account the depletion effect rigorously 
and which furthermore leads to a formulation which to 
all orders is free of divergences. In this method essential 
use is made of the Green’s functions, which are well- 
known in field theory. From these functions both the 
phonon spectrum and the energy /“y of the ground state 
can be obtained. 

In the present paper we present in the first place 
another, and to our opinion, simpler and more trans- 
parent treatment of the depletion effect, in which we do 
not make use of any form of perturbation theory. This 
forms the content of Sec. 3, which follows a rather ex- 
tensive discussion of the difficulties in Sec. 2. 

In Sec. 4 we introduce the one-particle Green’s func- 
tions. We follow Beliaev and obtain a closed expression 
for the Green’s functions in terms of two functions 2); 
and X29 which are the analog of the proper self-energy 
parts in field theory. This procedure involves a partial 
summation of the perturbation series expansion of the 
Green’s functions and is sufficient to remove all low- 
momentum divergences. One then has a consistent 
scheme where both difficulties, mentioned above, have 
been resolved. We use this scheme in Sec. 6 to derive a 
quite general relationship between the chemical po- 
tential w=dEo/dN and the functions 24; and X20, both 
for zero momentum and energy. This relation permits 
one to prove that the phonon energy is equal to zero for 
zero momentum. That some calculations give rise to an 

4S. T. Beliaev, J. Exptl. Theoret. Phys. U.S.S.R. 34, 417 (1958) 
(translation: Soviet Phys. JETP 7, 289 (1958) ]. 
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energy gap in the phonon spectrum? is due either to an 
incorrect treatment of the depletion effect, or to an 
inconsistent treatment of some of the terms in the 
interaction. 

In Sec. 
Green’s functions and their significance for treating the 
scattering of neutrons by a boson gas. 

Sections 7 and 8 are devoted to the calculation of the 
properties of the low-density boson gas. In Sec. 8 it is 
shown that, in agreement with Sawada® and Wu,’ there 
exists a term in the expansion for /o/N of the form 
n* fo! In(n fo), the coefficient of which is calculated. 
Finally in Sec. 9, we discuss the general form of the 
series expansion, and, somewhat briefly, the intermedi- 
ate-density theory of the hard-sphere gas due to 
Brueckner and Sawada.’ 


5 we give a short discussion of more general 


2. DIFFICULTIES WITH DEPLETION 
OF THE GROUND STATE 


The system under consideration consists of \V inter- 


acting particles enclosed in a cubic box of volume 2. We 


assume these particles to obey Bose statistics. The 
Hamiltonian can be written as H= Ho+V, in which the 
kinetic energy Ho and the interaction V have the usual 
form in second quantization? : 


Hy 2s kay *dx, 
V=12" SY [o(ki—k;)+2(ki—k,) ] 
kikoksk; 


Kb Kr! k, +k, = k ee k,)ak,*ako*ak sky. 


The operators a,* and a, are creation and annihilation 
operators, satisfying the commutation relations 


[ay*,a,;*]=0; [ay,ar* ]=5x:. 


f i] 
Ld,@, | 


The function o(k) is the Fourier transform of the central 
two-body interaction 


v(k)= fos v(x)e~*k-*, 


The Kronecker symbol 6x, is equal to one if the argu- 
ment is zero, and zero otherwise. 

Since we are interested in the limiting case in which 
both NV and @ are infinite, with a finite particle density 
n= N/Q, we find it convenient to use another notation, 
which is more suitable for that case. We define 


f on 1D, 8(k—k’) = (2n)-*05x,,(k—k’), 
k 


£,=04(29)—!a,. 
The commutation relations for the £-operators are 
Léné:J=Leu*,é:*J=0; (éu,g:*]=6(k—-l). 


5M. Girardeau and R. Arnowitt, Phys. Rev. 113, 755 (1959). 
See also S. Butler and J. Valatin, Nuovo cimento 10, 37 (1958). 

®K. Sawada (to be published). 

7T. T. Wu (to be published). 

®K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117 (1957). 

® We choose such units that h=./ = 1. 
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In the limit of an infinite system, 6*(k—Il) is the Dirac 
6-function and the symbol /; is replaced by the integra- 
tion sign /d*k. In our new notation the Hamiltonian 


becomes 
aes et 
re a 
k 
and 


V =1(2n) f [o(ki—k;) +0(k —k,)] 
kj kok3k, 


68 (Ki t+ ko— ks — kg) Ete *E kc * Exes Ekey. 


It is our purpose to calculate the energies of the 
ground state and of low-lying excited states of this 
system, all at zero temperature. Since practically all 
available methods for the treatment of such problems 
are based on some form of perturbation theory (in which 
the interaction between the particles is considered as the 
perturbation) let us first consider the noninteracting 
system. Here we notice a marked difference with the 
fermion gas, a difference which, as we shall see, gives 
rise to definite complications in any treatment of the 
boson gas. In the ground state |) of the noninteracting 
system all particles have zero momentum. Consequently 
in any form of perturbation theory this zero-momentum 
state will play a role different from the other single- 
particle states. It is therefore convenient to rewrite the 
interaction Hamiltonian in a form in which all terms 
with one or more k’s equal to zero are written separately. 
When we do this, we find 

H=HotVatVitVietVatVe+tV st Vo, 
where : 


f fetish) 40g) 
k} k4 


63 (Ki +k — k;— Ky) E41 *E tc *E tes Etcg, 


/ 


8a9(2r)iQ if [o(k1)+2(k.) ] 
kikok; 


V g=4 (2m) 


% 68(Ki +h — ks) Eker * Eko *Ekes, 


Ud 


Say*(2m)!0 if Co(ks)-+0(k,) ] 
kek3k4 


X 63 (ky — 3 — ky) Eko * Ee EKy, 
%ay?(2r)FQ- [o(k:)+0(ke) ] 
k ko 
X68 (ki +Ko) 1 *Ek*, 
8a9*?(2r)}Q-! [o(k3)+2(Ky) ] 
Y kek, 


X 53 (kK3+k,y) Eke; éks, 


’.=41(2r) 


= (29) ap*ao(2r)}O- 


[o(k.)+2(0) ] 


kok 
X68 (ko— k;) Ek.*£ks, 


= 3(2)-8ay*2ag?( 2m) 2-263 (0)0(0). 
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Here the primed summation symbols mean that the 
summation is extended over all k¥0. 

The operators a9* and ay always appear together with 
a factor 2} in the Hamiltonian (2.2). At first sight one 
might suppose therefore that the operators ao*Q-! and 
ag could be neglected. However, because the state of 
zero Momentum contains a large number of particles, 
this is not the case; thus a@o*ao2| bo) =] do), if | do) is 
the unperturbed state of the system, corresponding to 
.V particles with momentum zero. 

Let us now see the way in which the operators a9* and 
do prevent the immediate application to the boson 
problem of methods which have been very successful in 
the case of fermions. These methods possess the common 
feature that the ground state of the system is considered 
as the analog of the vacuum in field theory; that is, the 
ground state of the noninteracting system is then defined 
by the condition that all annihilation operators applied 
to that state give zero. In the case of the Fermi gas this 
means that neither holes nor additional particles are 
present. For the Bose gas a similar situation does not 
exist. Although in the unperturbed ground state there 
are no particles of momentum k#0, a large number V of 
particles has momentum zero. Hence the noninteracting 
ground state cannot be considered as vacuum with re- 
spect to the operators a o* and do. 

This leads to serious difficulties, which become ap- 
parent as soon as one starts calculating the ground-state 
energy, using perturbation theory. The energy of a gas 
of interacting Fermi particles can be expressed as a 
power series in the interaction V, and the various 
contributions can be represented in terms of diagrams. 
As shown by Goldstone,! an expression for the ground- 
state energy may be derived, in which only connected 
diagrams appear. The derivation depends upon a rule 
which makes it possible to express the contributions of 
disconnected diagrams in terms of their connected 
parts. 

For the boson gas one can likewise represent the vari- 
ous terms arising from the power series expansion of V 
in terms of diagrams. The difference lies in the fact that, 
when one calculates the contribution from a given dia- 
gram, the resulting expression is multiplied by the ex- 
pectation value for the unperturbed ground state of 
products of ap2-! and ao*2-}, arising from the various 
terms in V. For instance, for the fourth-order diagram of 
Fig. 1(a), where the dashed lines represent particles of 
zero momentum, this factor is equal to Q-%(o| ao*8ag | ho) 
=Q-*V(N—1)(.V—2). For any connected diagram the 
contribution for large systems is asymptotically pro- 
portional to 2, so that in the foregoing expression one 
may replace the factors V—1 and V—2 by .V, the neg- 
lected terms being of relative order .V~. This approxi- 
mation amounts to replacing the operators ao* and do by 
the c-number V!. 

In contributions from disconnected diagrams this re- 
placement would lead to incorrect results. Consider the 
disconnected fourth-order diagrams of Fig. 1(b) and (c). 
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Fic. 1. Three fourth-order ground-state diagrams; diagram a is 
connected, 6 and c disconnected. The dashed lines refer to annihila- 
tion and creation of particles with zero momentum. 


They give contributions of order ’;' therefore a term 
of relative order V~ can no longer be neglected. Thus 
the diagrams 6 and c differ not only in the fact that the 
energies of the intermediate states which appear are 
different (as is the case for analogous diagrams in the 
fermion problem) but also in that the operators dy and 
do* appear in different orders, contributing in the one 
case a factor .V(V—1)(V—2)(V—3) and in the other 
N?(N—1)*. It is this latter difference which renders 
invalid the theorem on the contribution of disconnected 
diagrams and makes a linked cluster expansion impos- 
sible for the boson gas. 

For the case of extreme low density, the correction 
terms we have discussed may be neglected, since they 
lead to higher powers of the density n= .V/Q. In that 
case one is justified in replacing the operators ado and ao* 
by the c-number V}, a procedure well known from the 
work of Bogoliubov.? Then also the theorem on the 
disconnected diagrams and hence the Goldstone formula 
are valid. But for cases where 7 is not small, the deple- 
tion of the ground state spoils the validity of both. 


3. TREATMENT OF THE DEPLETION EFFECT 


Two essentially different ways are open to resolve the 
difficulties related to the depletion of the zero-mo- 
mentum state discussed in the preceding section. One 
possibility is to carry through all necessary calculations, 
treating the operators dy* and do exactly, until a stage 
has been reached in which only Q-independent expres- 
sions appear. In such expressions one is justified in 
neglecting terms of order 2, a procedure which leads to 
great simplifications. This is the basis for the Green’s 
function approach of Beliaev.4 Recently Sawada® has 
handled the problem along these lines, with the aid of 
ordinary time-independent perturbation theory. In both 


1 See, for instance, N. M. Hugenholtz, reference 1. 
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methods one runs into considerable complications in the 
derivation of 2-independent expressions. 

We propose another and simpler method of dealing 
with the depletion of the zero-momentum state; we use 
a Lagrangian multiplier technique to eliminate this 
state at the outset. Our method amounts to a generaliza- 
tion of the original argument of Bogoliubov? concerning 
the role played by ao and a@o*, and forms the natural ex- 
tension of his argument to finite densities. 

We remark that, no matter what the density is, the 
commutator of the operators @o*Q2~! and apQ~ is equal to 
(-, and therefore vanishes for an infinitely large system. 
Furthermore, these operators commute with all other 
operators in the problem, so that in this limit they can 
be considered as c-numbers. The operator @y*ao/Q, the 
density mo of particles of zero momentum, is then like- 
wise a c-number. Thus it seems natural to replace the 
operators ag2-! and ao*Q2-! by a c-number mo’. The 
variable mo is to be determined by the properties of the 
interacting system, in a way which will be discussed 
below. It will turn out that for low densities, % is ap- 
proximately equal to m, the particle density, so that the 
foregoing procedure then reduces to that of Bogoliubov. 

Let us see what happens when one replaces agQ~! and 
ao*Q2-! by no’. The zero-momentum state then simply 
disappears from the problem. The new Hamiltonian is 


H (ny) = Hot V (no) (3.1) 


Now the number of particles is no longer conserved, 
since V (#9) contains terms which do not commute with 
the operator V’=2'a,*a,. However .V’ is still approxi- 
mately a good quantum number, in that it commutes 
with H to order Q-', Thus 


V’H=HN'(1+0(@") ]. 


Our original problem was to determine the ground state 
of the system of .V interacting Bose particles, that is, 
that eigenstate of the total Hamiltonian H which has 
the lowest eigenvalue Ey, subject to the condition that 
the number of particles is equal to .V. In the modified 
problem, in which the momentum-state zero has been 
eliminated, we must therefore impose the subsidiary 
condition that 

= V—nQ (3.2) 
The variable mp must be determined in such a way that 
the energy we find is minimal. 

In a theory in which .V’ commutes rigorously with H, 
the subsidiary condition (3.2) could be satisfied most 
easily by imposing it on the unperturbed wave func- 
tions. It would then be automatically satisfied for the 
true wave function, since .V’ would then also commute 
with the operator e~‘“', which enters when one wants 
to describe the transition from the unperturbed to the 
perturbed wave function. In the present case, V’ com- 
mutes with H only to order Q-'; since e~‘“* has matrix 
elements which contain arbitrarily high powers of the 
volume 2 (due to disconnected diagrams) a correction 
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term of order 2! cannot be neglected. Hence we cannot 
satisfy the subsidiary condition by imposing it on the 
unperturbed states and we must turn to another method 
for satisfying (3.2). To that purpose we use the method 
of the undetermined multiplier. 

We first remark that the ground state of the Hamil- 
tonian (3.1) with the subsidiary condition (3.2) is also 
the ground state of the Hamiltonian 


T’=H(no)—BN’, (3.3) 


without any subsidiary condition. Clearly now the 
ground-state wave function |Wo(o,“)), and thus also the 
expectation values Eo’(no,u), Eo(no,u) and N’ (nou) of 
H', H, and N’, respectively, depend on the parameter yu, 
which is determined by the condition 


n' (no,) =N— No. (3.4) 


This relation expresses, for fixed ”, the parameter p in 
terms of mo. As said before mo is determined by the condi- 
tion that, again for n fixed, 


d SE, 
, (- )=0 
dng \ Q 


Using (3.4) and (3.5) we may derive two useful 
: ; ; 
equations for uw. From the observation that |Po(10,u)) is 
the ground-state wave function of H’ in (3.3) we con- 
clude that the expectation value of H’ for the wave 
Yo(no'u’)) has a minimum for mo’= and 

u’=p, and hence 


Ey’ 
~(- : ~) = v4 —(- YW). 
Ong dng \Q 
0 SE On’ 
ez 
On Q Op 


(3.5) 


function 


(3.6) 


and 


(3.7) 


Keeping 1 fixed and using (3.4) and (3.7), one finds 


easily 
., 0 Ey’ 
pee i. 
Ong Q 
0 fE 
p=—f{ — }. 
Ong Q 


The second equation we obtain by noticing that £o/Q is 
a function of , since », which is a solution of (3.4), is a 
function of m9 and n. By virtue of (3.5) we have 


-(-) 0 (~) (“) 0 (~) on’ 
dn\ Q On X\Q OnT no Our Q Ou 


which with (3.7) reduces to 


so that 


(3.8) 


dn 
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We thus arrive at the following procedure. Instead 
of the Hamiltonian H (no) we consider H’, given by Eq. 
(3.3), in which the kinetic energies of the particles k?/2 
are replaced by k?/2—y, with u=dE»/dN playing the 
role of a potential. We then calculate the ground-state 
energy Eo'(10,u) of H’, the parameter mo being de- 
termined by (3.4). 

Our original problem of calculating the ground-state 
energy of a system of JV interacting boson is thereby 
reduced to the mathematically simpler problem of 
finding the smallest eigenvalue of the Hamiltonian 
H'=H'+V (no), in which 


n= f Ey FE tk’ —), 
k 


and V (mo) is a sum of terms, which are obtained from 
(2.3) by replacing the operators agQ~! and ao*Q~ by no!. 

It should be emphasized that here all difficulties con- 
nected with the zero-momentum state are absent, since 
this state has been eliminated. Hence, in this respect, 
we are now free to use the same methods, which are 
applied successfully to a gas of fermions, or to field 
theory. In particular, one can now use the linked cluster 


expansion of Goldstone!: 
| 1 ea | 
p'=(o| v- V¥—V+V—V—V—.:- | o). (3.10) 
Hy’ Hy Hy’ ad | 


Here |0) is the vacuum state, which now replaces the 
state |@o) with \ particles of zero momentum in the 
original problem. The subscript C means that only con- 
nected diagrams contribute to the expression. 

We will end this section by making a comment on the 
number of zero-momentum particles in the ground state 
of the interacting system. It is very easy to show that, 
as long as perturbation methods are applicable, a finite 
fraction of particles always occupies the zero-momen- 
tum state. Suppose namely that the interaction be such 
that mo, the density of particles of zero momentum, is 
equal to zero. In that case the only nonvanishing term 
in the interaction (2.3) is V,, which describes the 
interaction of two particles in excited states. With such 
an interaction as a perturbation, it is clearly impossible 
to get the perturbed ground state, if one starts from an 
unperturbed state in which all particles have zero 
momentum, 


4. THE GREEN’S FUNCTIONS 


There is a further complication in the boson problem 
which arises from the fact that the interaction allows for 
the creation of pairs of equal and opposite momenta. As 
a result one has terms in which two or more intermediate 
states consist of pairs of particles of the same energy, as 
shown in Fig. 2. This leads to divergent integrals for low 
momenta. 

One way of handling this problem is to transform to a 
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Fic. 2. A ground-state diagram leading to an integral which is 
highly divergent for small k. 


new set of variables, as proposed by Bogoliubov’: 


(4.1) 


ay= Uy by—04/b suns a,*= Uy by*— v,'b_y, 


where “, and 2,’ are real, and satisfy u,’*—»,’2=1. One 
can then determine the coefficients of the transformation 
by imposing the principle of the compensation of danger- 
ous diagrams," and work with the linked cluster expan- 
sion (3.10) in terms of the new variables by, and b,*. 

We shall here follow another method, due to Beliaev,! 
which is closely related to the Green’s function methods 
of quantum field theory. The relationship between the 
Green’s function method and the Bogoliubov transfor- 
mation will be discussed briefly in Sec. 7. In the Green’s 
function method the divergences are removed by making 
partial summations over classes of diagrams. Our presen- 
tation differs from Beliaev’s mainly through the fact 
that in our work the zero-momentum state has already 
been removed. The results turn out to be completely 
equivalent to those obtained by Beliaev. 

We define a one-particle Green’s function by” 


— ilo! TW (xili)W* (Xol2) | Po), (4.2) 


G(xX,;— Xa, {;—12) 


in which |Wo) is the ground-state wave function of the 
interacting system and the ¥(x/) are field operators in 
Heisenberg representation. They are related to the 
creation and annihilation operators &* and & by 


(xi) = (27) If 8400. 
k 


Defining the Fourier transform of G(x,/) by 


G(x,l) = (27) fap e'P-*G(p,/), 
one finds 


G(p, (—t')8 (p—p’) = — i(o| TEp(DEp *(L) Wo). (4.3) 


l’or an extensive discussion of the use of Green’s func- 
tions in the theory of many-particle systems we refer to 
the work of Beliaev and also to Migdal and Galitskii,! 
who studied the fermion problem in this way. 

The one-particle Green’s functions, as defined above, 
are appropriate tools to describe single-particle excita- 
tions. In particular, the analytical behavior near the 

1 N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 


12 The sign agrees with that of reference 4. In field theory the 
opposite sign is customary. 
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real e-axis of the function G(p,e), defined by 


+a 


G(p,e) f G(p,de' ‘dl, 


x 


(4.4) 


tells us the energy and the life-time of a single-particle 
excitation of momentum p."* 

It is also possible to derive a formula expressing the 
total energy of the system in terms of the one-particle 
Green’s function. One proceeds as follows. Using (4.3) 
for /</' and taking the derivative with respect to /, one 
has 


d 
G(p, (—1')6*(p—p’) 
at 


= (Wo! Ep * (VCH (0), E(0) J | We} 


—i(}p?—n)G(p, (—1')8*(p—p’) 
+(Wo| Ep *(t) LV (1), Ep (0) 


Here H'(t) and V(¢) are the total and interaction 
Hamiltonian in Heisenberg representation, and one 
should bear in mind the fact that the unperturbed 
energies are shifted from 3° to $p’—y. Using (4.4), 
taking the limit ¢— ¢’ (always keeping (<?’), and sum- 
ming both over p and p’, one gets 


J). 


7 ot fa pir f>*LV,€ tp] ]/ bo 


: ~ feof ae e—}3p’+u)G(p,e). (4.5) 
(2x 


The path of integration C is a contour consisting of the 
real axis from — * to + ~, together with a semicircle in 
the upper half plane. Making use of (2.3) for V, in which 


a2 and ao*2-! must be replaced by mo’, one easily 


finds that the left-hand side of Eq. (4.5) can be written 


»)) ao 
k, ks k, ks 
ke k, kp Ka 


Cc 


3 om 


d f 
3. The vertices a, b, vey Arca xm to the terms 


Va, Vo, , Vz of Eq. ( 


Q |- 2(Wo| V | rere i) 


ld Ino 


Fic. 


13 The function G(p,e) plays a role very similar to that of the 
function D,(s) of Van Hove and Hugenholtz. See, e.g., Physica 24, 
363 (1958) 
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The ground-state expectation value of the kinetic 
energy Ho is 


(Wo Ho|\Wo)= Q(2 rn)? frp Pwo} A p| Wo). (4.7) 


The expectation value (Wo! p|Yo) for the number of 
particles of momentum p can be expressed in terms of 
the one-particle Green’s function 


; 
f deG(p,e). (4.8) 
Qn Cc 


Equations (4.5), (4.6), (4.7), and (4.8), 
(3.6), and (3.8) lead to 


1 
— feof de 3(e+3p?+u)G(p,e), 
(21)! Cc 
n’ =i(2r) ‘forf de G(p,¢), 
c 
Eo 


—}nu=— — feof de d(e+3p)G(p,e). (4.10) 
Q (27)' 


This is actually a rather complicated differential equa- 
tion in £o/Q as a function of n, since p= (d/dn) (Eo/Q) 
appears not only at the left-hand side, but also in 
G(p,e). In the low-density case the situation is, in fact, 
much _ complicated. If one uses Eq. (4.10) to calcu- 
late Ho/Q to a certain accuracy, one can use for uw on the 
vight-hand side an expression of lower order. One there- 
fore finds a simple linear first order differential equation 
for Eo/2 which leaves the term ~ n*® undetermined. — 
is however the first term in the expansion for Eo/Q, 
which can easily be, calculated by other methods; fa 
example, by the formula (6.2) for » derived in Sec. 6. 

Having seen that both single particle properties and 
the ground-state energy can be derived from the one- 
particle Green’s function, our task is to derive a useful 
expression for G(p,e). Here we use the method of 
Beliaev.* Since we will use the same ideas in Sec. 8 to 
obtain a new result, we will have to repeat some of his 
arguments. 

Using the interaction representation we have 


(Wo| Vp|Yo)=i1G(p, —0) = 


together with 


or with 


(4.9) 


—i(0| TE,(DEp *(U)S|0), (4.11) 


G(p, t—1')6*(p—p’) = 


where |0) is the vacuum state (no particles of mo- 
mentum |k| 40) and &,(t)=e'#'¢ ,e~#0!, The S-matrix 
can be expanded in powers of the interaction V : 


- (—1)” +H +x” 
=>} — -f dt,.-- [ dt, TV(t,)---V(tn). 
n=0 1! fo 


If one substitutes this expression in (4.11), one obtains 
an infinite series, in which each term contains a vacuum 
expectation value of a time-ordered product of £ and &* 
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operators. Using the method of Wick, one can write 
such a vacuum expectation value as a sum of terms, 
which are found by forming pairs of creation and 
annihilation operators in all possible ways and taking 
the product of the vacuum expectation values of the 
time-ordered product of each such pair. From the 
definition (4.3) of the Green’s function we see that each 
such pair carries a factor 


TEx (t)Ex*(t’)|0)= iGo(k, t—2')8(k—k’), 


Go being the Green’s function of the noninteracting 
system 

As usual in field theory, we represent the various ways 
in which such pairs of creation and annihilation opera- 
tors can be formed by Feynman diagrams. In that way 
one obtains a one-to-one correspondence between dia- 
grams and terms of our Green’s function. It is now a 
simple matter to find the following rules for calculating 
the contribution of each diagram to G(p,e). (a) For each 
line, either internal or external, of momentum k and 
energy € one has a factor Go(k,e)= (e—3k?+u+76) 
(b) For each vertex one has a factor 6°(>0; k;) 6(; €;) 
for conservation of momentum and energy. (c) For each 
vertex of type a, b, c, d, e, f of Fig. 3, which correspond 
to the terms Va, Vo, V., Va, V., and Vy of Eq. (2.3) a 
factor v( (k,— k;) )+o(k,— ks), v(k,)+2(k2), v(kK;)+ (ky), 
o(k), o(k), o(k)+2(0), respectively. (d) For each pair of 
equivalent lines (i.e., two lines connecting the same pair 
of vertices) a factor 3. (e) For each incomplete vertex 
(i.e., a vertex with one or two missing lines) a factor mo? 
or mo as the case may be. (f) A numerical factor 
1/r(2r)-4*™*48-7™—*, where m is the order of the diagram 
and s is the number of factors 1, due to the incomplete 
vertices; r is the number of ways in which the vertices 
can be permuted without changing the diagram. In 
addition to G(p,e) it is advantageous to introduce two 


similar functions 


G(p, (—1')5(p+p’) = —i(po| TEp(Eo( 0) ; 


AND 
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I'ic. 4. The general form of the diagrams contributing to G(p,e). 
and 
G(p, (—1')5°(p+p') = — io] TEp* Ep *("’) |Wo), 


which are represented by diagrams with two outgoing 
lines (i.e., external lines running to the left) and two 
ingoing lines (i.e., lines running to the right), respec- 
tively. These functions obviously have no counterpart 
in the unperturbed system. 

The general structure of the diagrams contributing to 
G(p,e) is shown in Fig. 4. It simply forms a chain con- 
sisting of three types of proper parts, connected by a 
single line. These proper parts will be called 21,(p,e) 
Yo2(p,e), or Y20(p,e) depending on whether they have one 
ingoing and one outgoing line, two ingoing lines or two 
outgoing lines, respectively. One sees easily that Zo2 and 
Yoo are equal. Clearly G and G have diagrams of the 
same general structure as G. 

It is now very easy to express G(p,e), G(p,e), and 
G(p,e) in terms of these three quantities 211, Yo2, and 
Yoo. One can immediately write down the equations 


G(p,€)=Go( pe) +G(p,6)211(p,€)Go( p,€) 
+G(p,€)220(p,€)Go(p,€), 
—€)Go(p, 
+G(p,€)Xo2(p,e)Go(p, 
€)Go(p, —€) 
+G(p,€)Xo2(p,e)Golp, 


G(p,6.)=G(p,2u(p, 


G(p,e.)=G(pe\2ulp, — 


These equations are represented graphically by Fig. 5, 
where the thick lines are exact Green’s functions and the 
thin lines the unperturbed Green’s functions. These 
three algebraic equations can be solved and one finds 
the expressions 


e+} 2p eran 


—$ (27 


G(p,e) =G(p,6) = 
L 


as derived by Beliaev. Here 2y,+=21i(p,e) and Yy 
= Zulp, —¢). By calculating these explicit expressions 
of the Green’s functions in terms of 21; and Yo2, one has 
performed the partial summation necessary to remove 
the divergences from the theory. 


5. THE CORRELATION FUNCTION 


One is also interested in more general Green’s func- 
tions than the one-particle Green’s functions defined in 


—211 f= (4 PP wt3 (Zit 


L117) PHY? 


9 


, (4.13) 
—[3 Pp —put+}(2 Zutt2i ) P+2o2" 
the preceding sections, namely those which characterize 
the interaction of the many-boson system with external 
fields. For instance, the only way in which the ele- 
mentary excitation spectrum of liquid helium may be 
directly measured is through the inelastic scattering of 
slow neutrons. As has been shown by Van Hove," the 
probability per unit time that a slow neutron give up 
energy w and momentum k to a boson gas in its ground 


41. Van Hove, Phys. Rev. 95, 249 (1954 
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Fic. 5. The graphical representation of the algebraic relations 
between G(p,e), G(p,e) and G(p,e). 
state may be written in the Born approximation as 
w(kww)= AS(kw). (5.1) 


A is a constant which characterizes the neutron-boson 
interaction, and S(k,w) characterizes the elementary 
excitation spectrum of the boson system according to 


S(kw) = (pu) nv (w—w,0). (5.2) 


Here p, is the density fluctuation of momentum k, 


P«> free ik-sq3y=) e ik Xi 


which may easily be written in second quantization as 
Pk= Dog 4q*Gq+%- (px)no denotes the matrix element be- 
tween the exact wave functions | Wo) of the ground state 
and |y,) of the excited state, which correspond to the 
exact eigenvalues Eo and E,, so that w,o= E,— Ep is the 
exact energy of the excitation produced by the neutron. 

S(k,w) is the Fourier-transform in space and time of 
the pair distribution function. It is simply related to the 
following function: 


iF y(t—t') =(0| T{ px (t)p_x(t’)} | 0). (5.3) 


This relationship can be seen if we define the Fourier 
transform of F.(/—/’) by 
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D 


1 +) 
F,(t-—t/)=— f dw F(kw)e'#", (5.4) 
? 


dr J _. 
It then follows that 
1 1 
F(kss) =¥ (ona ae ae ‘as ae pee ’ 
n w-wrottd wtwro—16 
from which one immediately finds 
ImF (k,w) = 7S (k,w). 

We further remark that the structure factor, S(k), which 
is defined by 


(5.6) 
S(k)=(O| px*px| 0) nH, (5.7) 
is given then by 


1 i 
S(k) = f dw —F (kw), 
- 


n 2r 


(5.8) 


where the contour may be closed either above or below 
the real axis (since py and p_, commute). 

If we now eliminate the condensed state operators, do 
and do*, according to the prescription of the preceding 
sections, we see that there are three distinct contribu- 
tions to iF, (t—?’), corresponding to diagrams with two, 
three, and four external lines, respectively. Thus we may 
write 
iF y(t—U) =if{ Fy t(t—-t) + Fy (t-) + Fy c(t—/)}, (5.9) 


where 
Fy*(t—t’)=no(bo| T{La_x* (t)+ax(4)] 
X Lax*(t’)+ax(2’) J} | Yo), 
F?(t—t') = 2 (no) o| T{La_u* (t)+ax(2) J 
[Xa date (t/a (t’) J} | Yo), 
Fye(t—U')=Wo| T{oq aq-x* (Haq ()] 
Xx [dia qu (t’)ay (t’) }} |o). 


F’,*(t—t') may be expressed in terms of G and G as 


(5.10a) 
(5.10b) 


(5.10c) 


Fyt(t—t!) = no Gy(t—t') +Gy(t’—2) 

+6, (t—-U)+G,(t/—1)}. 
With the aid of (4.12) and (4.13), we may write its 
Fourier transform, F*(k,w), as 


(5.11) 


R+2irt+2ir —2u— 2202 


F*(k,w) =n 


6. THEOREM ON THE PHONON SPECTRUM 
The expression for G(p,e), derived in Sec. 4 can be 
used to calculate the energy E(k) of a single particle 
excitation as a function of its momentum k. In the low- 
density approximation it appears that for small mo- 
menta E(k) is proportional to k, so that in particular 
E(0)=0. 





[e—3(2ut 2) P-Bp—o tb (Sat +2) P+ 0? 





It is the purpose of this section to show generally, i.e., 
to all orders in the interaction, that the phonon energy 
is equal to zero for zero momentum. The proof is based 
on a simple relationship we shall establish between the * 
chemical potential » and the functions 2,,(0,0) and 
Yo2(0,0) for p and € equal to zero. 

In order to derive this relationship we shall start with 
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the well-known expansion 
t 


U(t—-U’) =e iH (t—t) = ¢— iHoy > (—i)” dl, 


n=O t’ 


th tn-1 
xf ates f dtn V(t) ++ -Vi(tnettor’ 
t’ t’ 


where, as before, V(¢) is the interaction in interaction 
representation. Introducing the time-ordering operator 
T, one can easily write 


| « (—i)" 
l (t—t')=e Ho > — 
n=) wn! 


x | at, | dt, TV(t;)-+-V(tye#’. (6.1) 
¥ v 


Since the asymptotic behavior of (0| U(/)|0) for large ¢ 
is of the form Vo exp(—£of),'° one can use the diagonal 
element (0/U’(t)|0) to derive a convenient expression 
for the total energy /y of the system in its ground state. 
Using diagrams to represent the various terms of the 
expansion (6.1), one finds that (0; l’(4)|0) can be ex- 
pressed in terms of connected diagrams only, by the 
formula’® 
(0| U (t)|0)=exp((O| U(2)|0)), 


where (0|U(#)|0) is defined by 


hes (—1)" at 
(0| U()|0)=y — f dl,:+- 


The subscript C means that only connected ground- 
state diagrams contribute to (0| U(é)|0). In exactly the 
same way as in the case of the Green’s function, the 
time-ordered product can be expressed in terms of 
normal products. We now study this function in the 
limit ¢— «. As before, the integrations over ¢; lead to 
factors 6(>_ ; €;) in each vertex, saying that the sum of 
the ¢,’s, with appropriate signs, must be zero for each 
interaction. However, in the case without external lines, 
one of these relations is identically satisfied as soon as 
the others are fulfilled. This means that the last inte- 
gration simply leads to a factor ¢, expressing the fact 
that (0| U(t)|0) is asymptotically proportional to ¢. The 
proportionality factor must clearly be —i£o. It is now 
very easy to establish that Zo/Q can be calculated as the 
sum of the contributions of all connected ground state 
diagrams. The contribution of each diagram must be 
calculated according to the rules given in Sec. 4, with 
the following modifications: (b’). For each vertex except 
one, there is a factor 6°(30;k,)5(3-; €:). (f’). A numerical 
factor 1/¢ (Ze) three et. 


16 Cl. Bloch, Nuclear Phys. 7, 451 (1958). 
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We shall now use this expansion of /y to establish the 
following equation involving the chemical potential yp, 
Zu, and Yo: 


u=D11(0,0) —Xo2(0,0). (6.2) 


To prove this equation we remark that all diagrams 
of 21,(0,0) can be obtained in a unique fashion from the 
connected ground-state diagrams by attaching in all 
possible ways one ingoing and one outgoing line of 
momentum and energy zero to one or two incomplete 
vertices; to obtain Yo2(0,0) one attaches two ingoing 
lines in a similar fashion. Let us consider an arbitrary 
connected ground-state diagram, which is built up from 
Nq vertices of type a of Fig. 3, m» of type 0), etc., and 
denote its value by {14,1»,".,2a,Nens}. Obviously ny 
+2n,=n.+2n,. The number s of factors mo is given by 


S=pnyt gn tnatnetnys= nyt 2natny. 


With the Eq. (3.8) derived in Sec. 3, the value of » 
arising from this diagram is found to be 


(6.3) 


pS = sng {ta,- >, nz}. (6.4) 


We now calculate the sum of all terms of 2,,(0,0) and 
Yo2(0,0) which can be obtained from this ground-state 
diagram. The process of attaching two external lines 
diminishes the number of factors mp by one. Hence, in 
the numerical factor for 24; or Lov, as given in Sec. 4 
under /, we must replace s by s—1, which makes this 
factor identical to the corresponding one for np Fo/. 

Let us now start adding the two external lines, one by 
one. An ingoing line can only be added to vertices 6, d, 
and /, transforming them into a, 6, and c, respectively. 
The transitions b— a and f—c do not change the 
value of the diagram, since the vertex-functions »(k;) 
+2(k:) and 0(ki— p)+2(k2:—p) are equal for p=0, and 
similarly for v(k)+2(0) and v(k)+0(p). However the 
transition d— 6 leads to a factor of 2. 

If we denote by J{ia,no,n-NaNeny} the sum of 
terms one gets by adding one ingoing line in all possible 
ways, one finds 


I{q,Nv,° °° 03} 
=np{not1, no—1, n., Na, Ney Ns} 
+na{na, Not+1, n., Ma—1, Ne, Ns} 
+ny{ia, Ns, Nc#+1, Na, Ne, Ns—1}, 


where one should remember that the different bracket 

expressions, representing different diagrams, have all 

equal values, except for a factor of 2 for each missing 

vertex of type d or e. Adding one more ingoing line in 

exactly the same manner, one finds 

Loo (0,0) = 11 { na: + nz} =(ne(ne— 14+ 2nat+ny) 

+2na(nyt+1+2ng—2+n;) 

+ny(nyt+2natny—1) Jno o/Q, 


which, by virtue of (6.3), gives 


Yo2'” (0,0) = (s*?—s)ny J On (2, 
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2 4 Rie 
Fic. 6. (a) The multiple scattering terms which for low density 


are all of equal importance; (b) the graphical representation of 
Eq. (7.3) for the scattering matrix ¢. 


Similarly 


Yu!” (0,0) =Ol{ng: + ng} = Sng tEo/Q, (6.6) 


in which O is the operation of adding an outgoing line. 
Equations (6.4), (6.5), and (6.6) give immediately 


pi =211'" (0,0) —Too (0,0). 


Since we proved this relation for an arbitrary diagram 
of order n>1, and since for n=1 this relation is also 
satisfied, we have proved Eq. (6.2) generally. 

This equation makes it very easy to prove our 
assertion concerning the phonon spectrum. Indeed, it 
follows immediately from (4.12) that for u satisfying 
(6.2) both poles of G(p,e) coincide at «=0. Hence there 
can be no energy gap in the phonon spectrum. 

We therefore conclude that for those theories of the 
boson gas for which an energy gap has appeared in the 
elementary excitation spectrum, the cause of the ap- 
parent gap is to be found in an inconsistent treatment of 
the vertices 24; and Yoo, or the depletion effect, in the 
higher order terms of the perturbation-theoretic ex- 
pansion.*® 

A few remarks should still be made concerning the 
conditions under which Eq. (6.2) is valid. We made use 
of a power series expansion for Eo which, as can be 
proved easily, is equivalent to the linked cluster ex- 
pansion (3.10). We obtained 2» from the limiting 


process 
d : 
ky=1 lim 0] U(t)} 0). 


tz dt 


(6.7) 


It is clear that this expansion in powers of V does not 
converge in the boson case. In fact, many of the terms 
are infinite, due to the divergence of integrals for small 
momenta. For actual calculations this expansion is 
therefore not very useful and we prefer (4.10). However, 
in our proof we implicitly used a cutoff for small mo- 
menta, knowing that the result will not depend on the 
cutoff, provided the limit in (6.7) exists. A criterion for 
this existence is not known at present. We believe that, 
at least for repulsive interactions, this condition is 
fulfilled. 


7. THE LOW-DENSITY LIMIT 


In this and the succeeding section we will be con- 
cerned with the calculation of the properties of a dilute 
boson gas at zero temperature. Our goal is to calculate 
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t 3 1 3 ! 3 
a Xe + OK at OK 


1 3 1 5 3 
6 OH 4 
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the first few terms in the expansion of these properties 
in an ascending series in m; for instance, the ground- 
state energy may be written as 


Fo= Eo + Eo +Eo+---, 


where in the low-density limit Ko®KEo®<«E™. As 
discussed in Sec. 4, the calculation of the properties of 
a given system in the present method begins with the 
calculation of the effective potentials, 21, and Yo2. Once 
these are determined, in a given order, say, the Green’s 
function G(p,e) is obtained from (4.12). The poles of 
G(p,¢) then yield the low-lying elementary excitations, 
while the ground-state energy, /o, may be obtained by a 
suitable integration over p and e¢, according to (4.10). 

It should be emphasized that the Green’s function 
method differs markedly from a conventional pertur- 
bation-theoretic approach, in that a first-order determi- 
nation of the G’s (and the system properties deriving 
therefrom) already corresponds to the summation of an 
infinite sequence of terms in a perturbation-theory ap- 
proach. As an example, calculating 21; and Yo: in first 
order, one finds 


Yiu=No(Vot V >), (74) 


Lo2= MoV », (7.2) 


where 2); represents the sum of a direct and an exchange 
term. As Beliaev has remarked, the results (7.1), (7.2) 
when combined with (4.12) already contain the classic 
result of Bogoliubov for the excitation spectrum of a 
dilute gas of weakly interacting bosons.2 We may 
further remark that a calculation of the ground-state 
energy based on (7.1) and (7.2) is formally equivalent to 
the high-density electron gas calculation of Gell-Mann 
and Brueckner.'* It represents a sum of all ground-state 
diagrams which are topologically equivalent to a con- 
tinuous line, punctuated by dots to represent the 
interactions, as illustrated in Fig. 2. The use, then, of 
(7.1) and (7.2) for the D’s is likewise equivalent to the 
random-phase approximation introduced by Bohm and 
Pines for the electron gas.!” 

The first-order calculation above is not sufficiently 
accurate to describe the properties of the system in the 
low-density limit. The reason is that there is, in fact, a 
whole sequence of contributions to the 2’s which are of 
equal importance in this limit. These correspond to the 
repeated scatterings of a given pair of particles.*:* Con- 
sider the scattering of particles of momentum p, and pz 
to ps and py. Then, as shown in Fig. 6(a), not only is the 
first-order scattering of importance, but also all the 
additional multiple scatterings which are indicated 
there. Thus all the terms of Fig. 6(a) contribute to the 
D’s in the same order of mo. From Fig. 6(b), it is clear 
that this infinite sequence of terms may be summed 
with the aid of an integral equation which may be 


16M. Gell-Mann and K. A. 
(1957). 

17). Bohm and D. Pines, Phys. Rev. 92, 608 (1953). See also 
P. Nozitres and D. Pines, Nuovo cimento 9, 470 (1958). 


Brueckner, Phys. Rev. 106, 364 
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written symbolically as 


fo. 34= V19; 34+ 012; 56L8°Ge"l 56; 34- (7.3) 
Henceforth, in all diagrams, we shall assume the vertex 
to be given by ¢ according to (7.3), so that the point 
representing a given vertex is in reality a sum over an 
infinite sequence of diagrams. The class of diagrams 
which must then be considered is correspondingly con- 
siderably reduced. 

The solutions of (7.3) may be expressed in terms of 
the scattering amplitude for two particles in a vacuum. 
The particular vertices which are of interest to us here 
have been calculated by Beliaev, who finds 


t(OOp—p) -*(0,0)+ f {(0,q) f*(p,q) 


d*q 
(2x)? 
1 1 
a ae 
2u—g+is ¢? 
d*q 
1(Opp0) + 1(Op0p)=2/.(p.39)-+2 f * —| fa(4p,a) |* 


2r)' 


1 1 
x| + - —|, (7.5) 
et 2u—ip?—g+id g’—tp’—i6 


where /.(p’,p)={/(p’,p)+/(—p’, p)}/2, f(p’,p) is the 
scattering amplitude defined by 


f(p’,p) fescane oy, (x), (7.6) 


and WV ,(x) is the eigenfunction for a particle moving in a 
potential v(x) which behaves at infinity like a plane wave 
of momentum p plus an outgoing spherical wave. 

It is not necessary to know the complete solutions of 
(7.4) and (7.5) in order to determine the leading terms 


in the low-density expansion of the ground-state energy: 


and excitation spectrum. As we shall see these are com- 
pletely determined by the properties of the 2’s for 
momentum transfers which are small compared to the 
inverse of the zero-momentum scattering amplitude, fo. 
In this limit, we have 

(pKfo'). (7.7) 
Further, the integrals in (7.4) and (7.5) give rise to 
terms of order fo(of0*)!. As we shall see, the expansion 
parameter for the low-density hard sphere gas is just 
(nofo*®)*, so that contributions arising from the integrals 
may properly be regarded as giving rise to second-order 
corrections to the first-order =’s formed from the ?’s. 
The latter are, therefore, 


fe(3p,3p)=& f (p,0)E& £(0,0) = fo, 


Loo" = Nofo, (7.8a ) 


(7.8b) 


D1? _ 2nofo; 


AND 
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while the first-order chemical potential is, according to 
(6.2), 

-Yo2(0) (7.8c) 


pe = 211(0) No Jo. 


Let us now consider the properties of the system in 
first and second orders. The first-order ground-state 
energy /") is determined from the “zeroth” order 
Green’s function, (214 =D. =0), 


G°(p,e) = 1/(e— 3p? +76), 


and the first-order chemical potential, 1“. According to 
(4.10) we have 
(7.9) 


Eo /Q= dnp = $n? fo, 


since there is no contribution from the integral in (4.10). 
The energy spectrum of the elementary excitations 
derived from G°(p,e) is of course that of a gas of free 
particles. 

The first-order excitation spectrum and the second- 
order ground-state energy are obtained from the first- 
order Green’s functions, which are, according to (4.12) 
and (7.8), 


(7.10) 


(7.11) 


G (pie) = (e+ 3 p?+ 10/0) (P—w,'4 16), 
G® (p,e) =G™ (p,€) = —nofo/ (P@—w,? +78), 


where the poles of G, and hence the energies of the low- 
lying elementary excitations, are given by 
w p= pnofot tp. 
The dispersion relation, (7.12), for the excitation spec- 
trum shows that in the low-momentum region (p< (19 fo)*) 
the elementary excitations behave like sound waves 
with a constant velocity, (7 fo)’. In the high-momentum 
region (p>>(iofo)'), w,» may be expanded in powers of 


(7.12) 


Nofo; 
(7.13) 


no for/P)+--:. 


WwW =P’ + Nolo 


The elementary excitations then correspond to almost 
free particles moving in an “optical potential,” m0 fo. 

It is convenient to re-express the first-order Green’s 
functions in the following form: 


the Up 
G) (p+yp) i se 
(—~Wgth €+-w;—0 
G (ptp) =G (p+u) 

1 1 


—thyVy , 


€—Wpt16 e+w,—16 
where 


uy = (3 p?+nofotw p)/2w >», (7.16a) 


vp = (3p? +o fo—wp)/2wp, (7.16b) 


U pt p= Nofo/ 2w p. (7.16c) 


We remark that the coefficients «, and v, may be 


regarded as coherence factors which, for a given mo- 
mentum, measure the way in which the interaction be- 
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tween the particles influences the system properties. The 
role that these coherence factors play depends in turn 
on the relative size of the momentum p, and the mo- 
mentum which characterizes the strength of the inter- 
action, (mo fo)4. Two limiting cases are of interest : 


Case 1: pK(2nofo)}, 
U0 Pu yt p= (no fo)'/2p, 

e 2: p>>(2nofo)!, 
>— ne fe/p <1. 


2-~w 1 - a 2 
Mp 1 4 Up 


Thus for small momenta the coherence factors u, and 
v» are large and equal. The resulting Green’s function 
differs markedly from its free-particle value, G, and 
the related properties of the system are determined by 
the sound-wave type excitations in a way which is not 
at all accessible to a conventional perturbation-theoretic 
treatment. On the other hand, for large momenta, the 
Green’s function, G, approaches that of a free particle 
(as do the elementary excitations), G™ is negligible, and 
the interaction could easily be treated by ordinary 
perturbation theory, to which, in fact, the present 
treatment reduces. 

The second-order ground-state energy is found from 
(4.10) and (7.14) to be 


Ey? d*p ide 
—— Fn? --f. : Joe p*) 
Q (2x) Cc 


Uy Vs 


x | (7.17) 
€—Wptt6 e+w,—16 

where the contour integral is to be closed in the upper 

half plane. We find, on carrying out the integration 

over €, 


Eo 2) 1 
Q 2 


d*p 
(2m)3 


( 5p’ +o fo— wp) (  p?—wp) : 
x . (7.18) 


LW p 


According to (7.13), for large momenta (p2 (2nofo)4), 
the integrand on the right side of (7.18) is of order p~*; 
the dominant contributions to the integral come from 
the low-momentum part (p< (2m0fy)'). The integration 
is straightforward, and one finds 


(Eo /Q) — fnp® = —2 (no fo)?/ 152°. (7.19) 


We remark that we can now see that the neglect of the 
dispersion in f(p’p) is justified in the calculation of the 
first-order ground-state energy: the contributions to 
(7.19) come from 

PS (no fo) K fo s 


(nofc’)<K1 : 
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To complete the calculation, we consider (7.19) as a 
differential equation in Eo/Q as a function of n, since 
u=(d/dn)(Eo/Q). Putting in this order, 


Ey? /Q=a(nfo)', (7.20) 


one gets 


( 


np? =San! fo}. (7.21) 


If we substitute (7.20) and (7.21) in (7.19) and bear in 
mind that in this order we may replace mo by n in the 
right-hand side of (7.19), we find a=8/152’, and thus 


8 
Ey? /Q=—-+* fo(n fo), 
157° 


(7.22) 


in agreement with the results of Beliaev.‘ For the special 
case of a gas of hard spheres, the result (7.22) is at once 
seen to yield the result of Lee, Huang, and Yang,’ since 
for this potential fyp=4a, where a is the diameter of the 
spheres. 

It is of interest to calculate the depletion of the 
ground state in this order. We have from (4.9) and (7.14) 


i d*p 
u—nNo= 
Sons, 


My ve" 


x|— “- —|, (7.23) 
pial: e+w,—i6 


and hence 


n= mt f - 


ap 2p tnofo— 


2x)? a 
(no fo*)} 
=m( 14 ) (7.24) 
31 


As in (7.18) the main contributions to the integral come 
again from low momenta (p< (2mofo)*), since for large 
p, the integrand is of order p~*. We see that the depletion 
of the ground state as a result of the interaction be- 
tween the particles is of order mo' fo’. 

We may also calculate the time-dependent correlation 
function F(kw) and the structure factor S(k) defined in 
Sec. 5 in this order. It is straightforward to show that in 
lowest-order only the two-line part of /(k,w) is of im- 
portance. One finds, on substituting Eqs. (7.8) in (5.12) 

nk* 
FO (Rw) = - : (F529) 
(e—w), +76) (e+w),—i6) 


We then have, using (5.8) 
k° k 
~ 2 (mofotk?/4)3 
We thus find from (7.26) that in this order the phonon 


excitation spectrum takes the form proposed by 
Feynman!® 


S”(k) =- 


2 ;, 


wr=F/2S(k). 


18 R. P, Feynman, Phys. Rev. 91, 1291 (1953). 
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We note that for large k(>>(n0fo)*), S(k) approaches 
unity, which is its free particle value. For small 
k [RK (nofo)*] on the other hand, S(k) differs greatly 
from unity, and in fact varies linearly with k. It is 
natural, then, to regard (1ofo)~? as the correlation length 
in the problem, i.e., the length over which correlations 
brought about by the particle interactions play an im- 
portant role. 

We see from (7.9), (7.22), and (7.24) that the 
parameter which characterizes the series expansion of 
the properties of the dilute boson gas is (m0 fo*)!. That 
this parameter should enter (rather than, say, fo/no~') 
is a direct consequence of the fact that it is the low 
momentum transfers which determine the properties of 
the system. Thus the interaction is weak when the 
scattering length fo is small compared to the correlation 
length, (20 fo)~}, and it is this ratio which appears as the 
expansion parameter. 

We conclude this section by remarking on the con- 
nection between the present method and that of 
Bogoliubov.’ In the latter approach one obtains the 
first-order excitation spectrum and £”) by keeping only 
the terms Va, V., V;, and V, of (2.3) in the Hamiltonian 
(assuming one has first introduced an effective inter- 
action by the pseudopotential method or by using 
[7.3]). The resulting Hamiltonian then may be diago- 
nalized by means of a canonical transformation of the 
form (4.1). The condition that the new Hamiltonian be 
diagonal is simply 

he =p; Uy =Vy, 
where “, and v, are defined by (7.16). In this fashion 
one may obtain a ground-state energy and excitation 
spectrum in accord with (7.22) and (7.12). It is inter- 
esting to note that the coefficient v, which measures the 
admixture of the new creation operator in the old 
annihilation operator is likewise a measure of the 
strength of the negative frequency pole in our Green’s 
function, (7.14), as might perhaps have been expected. 


8. THE NEXT ORDER TERM IN THE 
GROUND-STATE ENERGY 


We now carry out the calculation of the next term in 
the series expansion for the ground-state energy. To do 
this, we need to know the second-order effective po- 
tentials, 24°) and Yoo’. With the aid of these we may 
determine G®), and then calculate “yo and p® in a 
fashion directly analogous to our calculation of Hy and 
uw) in the preceding section. 

We find it convenient to begin by obtaining an ex- 
pression for G° which differs somewhat from that, one 
finds on direct application of (4.12). We do this by 
considering the algebraic equations for G and G which 
obtain if one uses G" (p,e), G (p,e), and G® (p,e) as the 
“bare” propagation functions instead of G°(p,e); one 
must likewise introduce new effective potentials, 211’ 
=Pn—LTu™, and Lo2’=LYo2—To2, in place of Z11 and 
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Fic. 7. The graphical representation of the equations (8.1) and 
(8.2). The wavy lines correspond to the Green’s functions G™, 
G®, and G™. 


Yo2. The new coupled integral equations may be simply 
obtained by analysis of the appropriate new diagrams in 
a way directly analogous to the procedure of Sec. 4, as 
shown in Fig. 7. The resulting equations are’ 


G(p,e-)=G™ (pr+G(p,e)211' (p)G” (p,e) 
+G(p,€)Xo2' (p,)G™ (p,€) 
+G(p,e)D20' (p,e)G™ (p,€) 

+G(pe)Eu1'(p, —)G™ (pe), (8.1) 


and 


G(p,e)=G(p,e)211'(p, —)G™ (p, —€) 
+G(p,€)X20' (p,)G™ (p, —e€) 
+G(p,e)Di1 (p,e)G™ (p,e) 


+G(p,€)D02(p,e)G (p,e). (8.2) 


These equations may also be obtained by suitable 
algebraic manipulations from (4.12) and (4.13), using 
(7.10) and (7.11). We now remark that for the calcula- 
tion of Lo it will suffice to work directly with (8.1), 
substituting G™, G™, and G for G, G, and G on the 
right-hand side of the equation, and then using the 
resulting expression in (4.10). Thus we may write 
1=G)+G”, where 
G® (pje)=G™ (py eX 11° (p,6)G (py e) 

+G (pye)Xo2” (pye)G™ (p,e) 

+G (p21 (p,— )G™ (p,e) 

+G (p,e)So2 (p,e\G™ (p,e), 


s denote the appropriate expressions of 


(8.3) 


wo) 


and the >° 
lowest order in my for D’s. 


Actually, the G (p,e), and G“(p,e) of (8.1) and (8.2) differ 
from the expressions (7.10) and (7.11), in that one should include 
as well the higher terms in the expansion for yu. To the order of the 
calculations carried out in this section, these higher terms make no 
contribution, so we drop them at the outset. 
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There is a further very great simplification which re- 
sults because /o turns out to depend logarithmically 
on mofo’. As will presently become obvious, we can 
obtain the correct coefficient of this term by taking only 
the leading terms for small m in (8.3). We therefore find 


2no foXo2 ( p,€) 


(p,€) 


G” (p,e)= 
_ Sp’ +75)? 


Y* —}p’+16)*(e+}5p?— 16) 
ne feu? (p, —©) 

~ 4 pP+i8)*(e+4p?— 18)? 

The corresponding expression for Eo i 


de—(e+ 3 p)G° 
2x)? J, (2m) 


Ey 1 ¢ dp i 
bt} } (p,€), 
J ( 


2 


which upon substitution of (8.4) becomes 


Eo 1 d*p det Le+3 p? JZ 11° (p,€) 
—3np® = ~ { - | 
2 2/¥ (29)? Y¢ (e—}3p?+16)? 


Ano for 9° aa ( €) 
-4p?-+i8)? 


no fo=u —" | 


+ (8.5) 
(e—}p?+16)? (eth p— = 
In carrying out the integral over € in (8.5), it is im- 
portant to bear in mind the fact that any singularities of 
G(p,e) must lie slightly above the negative real ¢ axis, 
or slightly below the positive real € axis, as follows from 
the definition of G, (4.2). Therefore, because the contour 
of integration in (8.5) is closed above the real axis, the 
only contributions to Eo arise from the singularities 
along the negative real € axis. As a result we need con- 
sider only those parts of So2(p,e) which have singu- 
larities on the negative real e-axis, while for the terms 
involving Y1;°)(p,e) and 24° (p, —e) we shall need to 
consider the leading term in mp for 24;° (p,p?/2), as well 
as the leading terms which possess singularities above 
the negative real € axis. 
Inspection of the terms of oe") which might then 
contribute shows that the only diagram of importance 
(in the limit %»— 0) is that shown in Fig. 8(a). If we 


RE RE 


Fic. 8. The relevant diagrams for those terms in Yo: and 5, 
which contribute in Eq. (8.5). The wavy lines correspond to G 
G”, and Ga 
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now apply the rules of Sec. 4 and make use of (7.10) and 


(7.11) to calculate the contribution from this diagram, 
we find for small 19 


d*q 
Loe I~4 ny fo? f= (Qn) foes - 
Qar)3 


Uy 
hier 
et+e—3R+i6 ce’ +e+ h?—16 


Maa _ He @' 


x|—- 

—}q°+i6 
where we have introduced k=q+p, and approximated 
the vertices by (#ofo)'. On carrying out the integral 
over e’, we find for the relevant term, 


own fo f 


There are two kinds of contributions to 211° (p,€) 
which are relevant to our purposes. Those of the first 
kind give rise to singularities above the negative real € 
axis, and arise from the diagrams of Fig. 8(b) and (c) 
The contribution from (b) is 


d* 7 i U gle ov, 
4nofc | — fee = ee ‘ito 
- dn)! 2rie’—3qg?+i6 &’+3q°—16 


| 14 j.1 U,V, 
x — 
lete’—3h+i8 e+e’ + 5k? —16 


|, (8.6) 
on Lo? is 


d*q 1 


- (8.7) 
(27)3 qLe+ 


bg?+ 3h 18] 


while that from (c) is 
> dq 1 

anf f fae 
J (2r)*. 2 


Uy Ch 
x| 
ete — R48 ete’+3 


9 


— 16 


9 


Ug Py | 


(8.9) 
+3q°—16 


Ate. 

—3q+i6 &- 
On carrying out the integrals over e’, and keeping only 
the relevant terms for small mo, we find for the sum of 


(8.8) and (8.9) 
@qi i 1 
(2m)? Pk? kJ e+-39?+}3k?—i6 


—4ny? fot f= 

The contribution to 211° (p,¢) to be substituted in the 
last term of (8.5) arises from the momentum dependence 
of f,(4p,3p) and the integral in (7.5). It is, to lowest 


order in mo, 


(8.10) 





ail 2 
2no Imj.(4p,4p)+2mfe | —~ 
(29)8 


(8.11) 


1 1 
bakes 
e—ip—g+is g—ip—i 


where, as Beliaev has shown, one may apply (7.6) to 
obtain 


o d*q 1 
Im/,(3p,3P) = — Inf | ; 


(2r)' g?—fp’—i6 
d*q 
— for [ —6(q°?—{p’). 
‘ (27)’ 


On summing (8.10) and (8.11) we find then: 


; bd d*q 
2nofe | - 
(27)? 


1 2n" ferLk?+q? | | 
oe sy? a 1 R?+ 16 g’k ‘(e+ sge+ 1 -— 16) 


d*q 1 


por his ( p,e) > 
x] 


+ ity pp. | , (8.12) 
J (24)? 3¢+3h—3 7" 

where we have shifted variables in order to write the 
contribution from (8.11) in a more symmetric way, and 
P.P. denotes the principle part. The results (8.7) and 
(8.12) are in agreement with the high momentum 
(p> (10 fo)*) expansion of the Beliaev effective potentials. 

The singularities in (8.7) and (8.12), which give rise 
to an imaginary part of Yo. and Yn, are associated with 
the fact that in this order it is possible for an excitation 
of momentum p to dec ay into two excitations of mo- 
mentum —q and p+q. 

If we now substitute (8.7) and (8.12) into (8.5) and 
carry out the integration over e, we find 


Fy? ‘ d®p 
—F np = 2n93 fo 
Q (27)? 


> 1% 
x| | {A (p,q) +B(p,q) +C(p,q)} 
(21)? 


i d*q 1 
+Im f | (8.13) 
J (2r)* p'(q?+k?— p?—16) 
2(p?—q’— k*) (1-+-¢7/k?) 
(P+g+k yk 


where 


A(p,g) = (8.14a) 


8 
B( py) ' (8.14b) 
Ti p’ + q? + k?)? 


4 


C(p,q) ’ 
(p?-+-q?-+ k?) ( p?— g?— k?-+-26) 


(8.14c) 


are the contributions from the singularities of Si:(p,¢), 
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Yoo(p,e), and Y11(p, —e€), respectively, and the last term 
in (8.13) arises from the singularity at «= — 49? in (8.5). 

It is convenient to combine A and B. On doing this, 
and taking advantage of the symmetry between & and 
q, k and p, and of course p and g (when the expression 
appears as the integrand of [8.13 ]), one finds 


) ) 


A+ B- (8.15a) 


keg(k2+ p’+q")  q2(k?+ p+)? 
We also have 


) 


p*( p?-+- k?+-q*)? 
1 | 1 1 | 
| . (8.15b) 
pl +p--¢? ge p+ 
We now note there is considerable cancellation amongst 
the terms arising from the different singularities. The 
resultant ground-state energy is real (as of course it 
must be) and is given by 


Ey@ . 
yn 2nvy fot | 


J (2m)3| 


d*p (¢ d*q 2 
| J (2m)? py?( p?-+-42-+k°) 
! 
"ph (e+ PEG’) 
d*q | 


PP. 
— | . (8.16) 
pt J (2n)(kt-+q?— p’)| 


On carrying out the integration over q and over the solid 
angle of p, we find 


Ky foi f4 v3 ~dp 
Lap) = ( = ) ; 
Q lor NS rh? £ 


Our limiting procedure has led us to a logarithmically 
divergent expression. This need not concern us unduly 
however. We know that, had we kept the next-order in 
ny terms, the expression would be well-behaved in the 
low-momentum region, and possess a natural cutoff at 
Pmin™ (nofo)*. Further, the logarithmic divergence for 
large momenta is a consequence of the fact that we re- 
placed the f(p,q), which properly appear in the ’s, by 
fo; had we not done this, we would have found a natural 
cutoff oC curring, in the case of hard spheres, for 
Pmax™ fo'. We are thus led to write 


{ In 


where g is a constant which will influence only the next 
order terms, Eo and wu. We have therefore 


Ky° n' foi fvV3 4 
Sy’ In(a fo), (8.19) 
Q 32e\r 3 


in which we replaced no by 1. 


(8.17) 


(8.18) 
(10 fo)? 
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To solve this equation we proceed as in Sec. 7 and 
write 
Ey =Bn' fo In(n fo*), 
so that 
p® = 38n? fo! In(n fo*), 


in which 8 is determined by substituting this in (8.19). 
We find 
Eo n®fot{4 v3 
— In(2fo*), 


Q 167° 13 oo 


Sn fi ‘| 4 v3 | 
_ In( fo*). 
lor? 13 | 


(8.21) 


Qur result (8.20) is in agreement with the results (ob- 
tained by different methods) of Wu’ and Sawada.*® 

The present calculations also permit us to determine 
the second-order excitation spectrum in the high-mo- 
mentum region (p>>(nofo)'). In this region, one has, 
from (4.12) and (8.11) a pole at 


€( p)=w,y+211 


”(p,>P*) 


; 
ptm aC - job )= 104 f(3p,2p), (8.22) 
dar 


in agreement with the results of Beliaev’ and Lee and 
Yang.”’ In this momentum region, the imaginary part 
of €(p) is seen to be simply related to the imaginary part 
of the forward scattering amplitude. 

Beliaev has calculated the second-order excitation 
spectrum in the low-momentum region. For this calcula- 
tion it is necessary to include many more terms in the 
calculation of Sy; and So2®, that is terms which are of 
the same order at low momentum as those we have con- 
sidered. Beliaev finds?! 


€(p)=p(no fo) [1+ (7/6?) (no fo®)* ] 
—1(3/640m) p*/ no. 


(2,23) 


Thus in second-order, for low momentum, there is a 
correction to the real part of the sound wave frequency, 
and an imaginary part, corresponding to the fact that a 
phonon of momentum p can decay into two phonons of 
momenta q and p—q. That this latter process goes as p° 
is a consequence of great cancellation amongst the 
coherence factors appearing in the =’s and in the low- 
momentum expansion of the denominator in (4.12). 

It is interesting to note that the microscopic calcula- 
tion of the sound velocity, (m0 /0)*[1+ (7/6m") (10 fo)? J, 
is in agreement with the macroscopic calculation. The 
latter derives from the fact that the velocity of sound 
waves of infinite wavelength is related to the compressi- 
bility, which may in turn be obtained from the ground- 
state energy. We calculate the first three terms in the 


*” T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 
#1 An independent calculation of (8.23) has been carried out by 
Lee and Yang.” 
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expansion of the macroscopic sound velocity, s, with the 
aid of the following equations: 


s=(dp/dn)}, 


d Eo 
pa a 
dn\N 


We find, from (7.9), (7.22), (7.24), and (8.20), 


$= nfo) 1+ (nfo®)3/x? 
+ (3/16?) n fo?{ §—V3/m} In(nfo®)+--- 


(8.24) 


(8.25) 


(8.26) 


9. DISCUSSION 


In the preceding section we have seen that both /%o 
and yw possess a series expansion of the form 


Ko=}n? fol 1+a(nfo*®)' +n fe In(nfe)+--- J, 
p=nfol ita’ (nfo*)t+b'n fi In(nfo®)+-- +]. 


It is not difficult to see that n’=n—mo possesses a 
similar series expansion 


(9.1) 


(9.2) 


1 
(nfo) Li +a” (nfo®)i+--+]. (9.3) 


37 


Depletion effects associated with the difference between 
ny and n only make their appearance in the higher order 
terms of the expansion (9.1) for the ground-state energy. 
To see this, recall Eq. (7.19), which states that 


Eo 2) — 5 ae (no fo) ° 


If one then substitutes the series expansion (9.3) for mo 
into (7.19), one finds contributions to higher order 
terms in the expansion for Eo, which have the form: 


ayn fo't-agn’? fo!?@+--- 


If one further remembers that /o') —}3np~n¢'fo' 
X In (m0 fo?), one finds further contributions from the 
depletion effect which take the form 


n?!? fol? In(nfo®) +: + 


It thus appears likely that the series expansion for Fo 
takes the form 


Fo= 30? fol l+a(nfo)!+bnfo3 In(nfo®) +en fo? 


+dn! f,9!? In(nfo*) cn) fo!?+-- ++ J. (9.4) 


Of these coefficients only a and 6 are known at present. 
It should further be remarked that while the coefh- 
cients a and b are independent of the particular ‘“‘shape”’ 
of the interaction potential, the coefficients of the higher- 
order terms will depend on the specific law of force. 
Thus, no matter what the interaction which gives rise 
to the scattering length fo, the coefficients a and 6 
remain the same, while ¢ is a shape-dependent parameter 
[as may be seen directly from (8.18), for instance ]. 
The coefficient c appears to be quite difficult to calcu- 


late. Consider the calculation of Yo, for instance. It 
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may readily be seen that to calculate this quantity, one 
must include, amongst other terms, the entire sequence 
of diagrams shown in Fig. 9. As Beliaev has remarked, 
the summation of these diagrams cannot be expressed 
in terms of two-body scattering amplitudes, but requires 
that one obtain a solution to the three-body problem in 
closed form. 

Actually the incentive does not appear great for 
performing a calculation which yields c. The reason is 
that if one studies the relative size of the logarithmic 
term and the term immediately preceding it in the series 
expansion for £o, one finds that when one gets to densi- 
ties and scattering lengths which might characterize the 
behavior of liquid helium, the logarithmic term is much 
arger than its predecessor. For a model of hard spheres 
of diameter 2.2 A, with a density equal to that of liquid 
helium, (m f*)*21.4, and Eo? ~6Ey. 

The one hope, then, of carrying out a microscopic 
calculation of the properties of liquid helium would 
seem to lie in summing a selected class of higher order 
terms, as has been done by Brueckner and Sawada.* 
Their procedure is equivalent in the present formulation 
to the following approach. One takes, as in the extreme 
low-density limit, the effective potentials to be 


Yui? = nt (Oq0g) +2 (Ogg) ], 
Zoo” =nl™ (OOq—q), 
pb’ = nt (0000). 


(9.5) 


We have introduced the notation /“ to reflect the fact 
that the /“®’s are now determined by a nonlinear inte- 
gral equation, which is similar in form to (7.3), but in 
which the propagators are altered to include the effect 
of forward scattering via the effective potential, 24. 
Thus (7.3) is replaced by 


bye: 34=V12, 34 +019, 565 G6 ts6; 34°”, (9.6) 


where 


G'” (pye) 1 (e—$p?—211"¢ t+ “) +96), (9.7) 


In this fashion one is able to sum a selected class of 
higher-order diagrams. 

It is always difficult to justify including some higher 
order terms and not others. For instance, certain terms 
which are of importance in the calculation of the loga- 
rithmic term, /®, in the low-density expansion, are 


G (p,e) = 


and the relation between mo and n is to be determined 
according to (4.9) using the above value of G‘(p,e). 
How successful such a procedure may be (it will cer- 
tainly require extensive machine computations) remains 
to be seen. 
10. CONCLUSION 

We have shown that a simple treatment of the deple- 

tion of the ground state as a consequence of the inter- 
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Fic. 9. An infinite series of terms which contribute to the mo* fo! 
term in E)/Q. 


neglected in the Bruecker-Sawada approximation. 
Whether this neglect is justifiable remains to be seen. 
We believe the methods described in this paper offer a 
useful way to carry out such an investigation. 

We may further remark that Brueckner and Sawada 
have neglected the depletion effect. This omission would 
appear to lead to nonnegligible corrections for a system 
of hard spheres of diameter 2.2 A at the density of liquid 
helium (this being the Brueckner-Sawada model for 
liquid helium). It is not difficult to see how to apply that 
correction in the present formulation. In the expres- 
sions, (9.5), one should properly have mo appearing in 
place of m, where mo is determined, in this order by 


d*p 1 
n—nNy= { f ac G'(p,e), 
J (2r)r-e 2r 


where G’(p,e) differs from G(p,e) only in that the 
modified effective potentials (with mo) given by (9.5) 
are to be substituted in place of Zi and Yo. 

It is also not difficult, using the Green’s function 
method, to formulate procedures which go well beyond 
Brueckner and Sawada in the number of higher-order 
terms which are summed. One approach, which has been 
proposed by one of us and Nozieéres,” consists in taking 
for the effective potentials 


Li = noLt (Ogg) +2” (Ogqd) J, 
Doe' b) = Nol' ») (O0q—q), 
b= Nol ' ») (0000), 


(9.8) 


(9.9) 


where the ¢‘”’s are determined by a nonlinear integral 
. . . 
equation with the more accurate propagators, G‘”) (p,e), 
defined in terms of the effective potentials (9.9), ac- 
cording to (4.12). Thus 
tro; 34° = 019; 3494012; 5658 Gel s6; 34°”, — (9.10) 


where 


ebaP tin (p, —6)— 
{e— 3 [211 (p,€-)-—Z11 (p, — 2) JP— (3 P+31 2 (p,2) F211 (p, —€) J—w P+[Zoo(p,e) 


action between particles permits one to apply the 
powerful methods of field theory to the many-boson 
problem. It is then possible to present a consistent 
divergence-free formulation of the problem to any order. 
This enables one to obtain certain general relationships 
between the quantities of interest in the theory. We 
were thus able to prove that the low-lying excitations of 


2 P. Noziéres and D. Pines (private communication 
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the system would not possess an energy gap. Another 
general relation, which perhaps can be proved by the 
methods of the present paper, is the equality which 
appears to obtain between the macroscopic and micro- 
scopic sound velocities. 

The present approach also affords a straightforward 
way to calculate the series expansion of the properties 
of the dilute boson gas. We have calculated the next 
term beyond the results of Beliaev and Lee, Huang, and 
Yang, and find that the expansion is not a power series, 
but involves as well the logarithms of the expansion 
parameter (/fo*)'. We have likewise seen that for the 
terms up to and including the m* fo‘ In( fo*) term in the 
ground state energy, the character of the forces between 


the particles in a dilute boson gas is irrelevant ; only the 


zero energy scattering amplitude enters. It is obvious 


HUGENHOLTZ 


AND D. PINES 

that the series expansion has no meaning in the case of 
forces which are attractive, so that the scattering 
amplitude, fo, is negative. In this case one would expect 
a complete breakdown of the perturbation-theoretic 
expansion in the low-density region (no condensed 
state, etc.) along with the appearance of two- or more- 
particle bound states. 
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All the diagrams, occurring in a perturbation calculation of the ground-state energy of a boson gas, having 
at most one excited pair at a time, have been summed up using a variational principle, without explicitly 
writing their individual contributions. In the limit of large volumes the result of Abe is reproduced. It also 
turns out that the total contribution of all the diagrams is finite even though individually some of them 
are divergent irrespective of the strength of the interaction. 


I. INTRODUCTION 


ECENT work!~* has led to a considerable under- 

standing of the difficulties involved in evaluating 
the ground-state energy of a strongly interacting boson 
gas. The method ‘‘of making a formal summation over 
a chosen subset of the diagrams occurring in a per- 
turbation calculation of the ground-state energy,”’ first 
used by Gell-Mann and Brueckner’ for the electron gas, 
has been successfully used in this connection by Abe.° 
The ¢-matrix method of Brueckner and collaborators 
also is, in a way, equivalent to a partial summation of 
the diagrams. Abe calculates the quantity 


[A(Eo N ) Op i =()} 


Ey being the ground-state energy of the boson gas 
having a density p and number of particles .V. For this 
purpose, he writes down the contributions of all the 
relevant diagrams and then, with the help of free 
particle scattering matrix, reduces the problem of 
summing the diagrams to that of solving an equation 
which is very similar to the Schrédinger equation with 
the given two-body potential. The diagrams considered 
are shown in Fig. 1. The dotted lines represent the unex- 
cited particles, that is the particles having zero energy, 
whereas the solid lines represent those excited above the 
zero-energy level. All these diagrams have at most only 
one excited pair at a time. These, however, do not 
exhaust all the possible one-pair diagrams. For example, 
there are diagrams in which unexcited particles interact 
with the excited particles in the intermediate states and 
these diagrams have not been included. 

The purpose of the present investigation is to incor- 
porate all the one-pair diagrams mentioned above. The 
whole set of diagrams considered here is shown in Fig. 2. 

The method used by us has the advantage that it does 
not necessitate the writing down of the individual con- 


* Present address: Lawrence Radiation Laboratory, University 
of California, Berkeley, California. 

'K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 

2 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 

3K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117, 1128 
(1957). 

4R. Abe, Progr. Theoret. Phys. (Kyoto) 19, 57, 699, 713 (1958). 

5R. Abe, Progr. Theoret. Phys. (Kyoto) 20, 785 (1958). 

6 N. Bogolyubov, J. Phys. U.S.S.R. 11, 23 (1947). 

7K. A. Brueckner and M. Gell-Mann, Phys. Rev. 106, 364 
(1957). 


tributions from the various diagrams explicity. An 
interesting result, we find here is, that the total con- 
tribution of the extra diagrams included is finite even 
though they are individually divergent irrespective of 
the strength of the interaction.’ 

In Sec. II, we derive, using a variational principle, 
the basic equation, whose solution gives us the total 
contribution from the diagrams of Fig. 2. This, of 
course, does not make any reference to the individual 
diagrams. That the effects of all the individual diagrams 
are actually included in this method is verified in Sec. 
III by treating the basic equation by a perturbation 
method. In Sec. IV, we study the problem of obtaining 
an exact solution of our equation. As an illustration, we 
apply it to a separable nonlocal potential. Section V is 
devoted to a discussion of our results. 


II. DERIVATION OF THE BASIC EQUATION 
The Hamiltonian H for the problem is 


H=> e(k)aytag+ (1/22) © Vi jx:a;'a;'a,a1, 
where 
e(k) =h?k?/2M, (2) 
and Vj: is the matrix element of the two-body inter- 
action. For the case of a local interaction, it is given by 


V ijne=Sisj, 4 J V(r) exp[i(j—D)- r]a*x, (3) 


where V(r) is the potential energy function between the 
particles. The volume of the system is 2, and ay, a! 
are the boson annihilation and creation operators satis- 
fying the usual commutation rules: 


[a,,a,;' ]=6; i5 [a;,a; ]= 0. (4) 


The usual procedure for calculating the total con- 


’ \ \ a’ 4x 
1a) Jb. ser, sn, 


Fic. 1. The set of the diagrams, whose contribution 
is proportional to Np. 
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Fic. 2. The set of all the diagrams having at most one excited 


pair at a time in the intermediate states. This set includes all the 
diagrams of Fig. 1. 


tribution of the chosen diagrams would be to perform 
a summation after writing down explicity the contri- 
bution of each diagram. However, such an explicit sum- 
mation may be avoided by noting that our choice of the 
diagrams, having at most one excited pair at a time in 
the intermediate states, is equivalent to the following 


“ansatz”? about the ground-state wave function: 


W=> A(k)ayta_ytao'* | 0), 


The state wave function WV, as written, is the super- 
position of all possible states having at most one excited 
pair, and is the most general ground-state wave function 
with our choice of virtual states. In the next section, 
we shall show it explicitly also. 

Since (5) has to correspond to the ground state, the 
coefficients A(k) shall be determined by the condition 
that the expectation value of the Hamiltonian for the 
state (5) is minimum. This would give us an integral 
equation in A (k). 

The result of the calculation of energy for the Hamil- 
tonian (1) with wave function (5) can be written as 
(see Appendix) 


Eo=(V\ HWV)/ We) =J7/, 
where 
5a, q’ F5,, q’) 
(q7’){U 


J=2 1'(g)A(q’ si )( 
+ (2) Q) > At( 
+43(N—2) sits 9q000q' 0+ U 00-9'q’5q,0 | 
+2(N —2)U c000(59,q°+59,-¢) +3 (N — 2) (N—3) 

X (N°+3N +4) U 000059,059 0+ 4 (N — 2) (N—3) 
X Uo000(89,q°+59,-0')}, (6) 


T= At(q)A (q')[89.¢°+80.—¢° 
Tin= 


q9-—-4'4' 


2)(N+1)6,,064',0]. (7) 


The condition that J/J be minimum with respect to 
A (q) is easily seen to be 
2€,A (g)+ (1/2) Sg U-gq-araA (q’) 

+ (22) (N—2)(N+1)[U_gqooA (0) 

+397 Uo0-q'g’A (9')8y,0 J+ (22)-"(N — 2) (N+5) 

X UA (¢) + (42) y7(N—2)(N—3)(N?+3N+4) 

X U vow (0)8y,.0=ALA (g) +3 (V—2)(N+1). 1 (0)5,.0], 
with 

A= ef D) win- (8) 
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Equation (8) is our basic equation. This equation re- 
duces, as it should, to the correct two-body Schrédinger 
equation when NV = 2. In this case A (¢) is the momentum 
transform of the Schrédinger wave function in the coor- 
dinate space. 


III. PERTURBATION TREATMENT OF 
THE BASIC EQUATION 


In order to see what diagrams have been included in 
our treatment, we carry out a perturbation expansion. 
Replacing U by gl’, substituting 

A (q)=6,,0+gA (gh +¢°A@ (g)+---, 
A=gritgrstgrarst : - 
in (8), and equating the coefficients of equal powers of 
g on the two sides of the equation, we get: (first order) 
2egA  (g) + (1/2) U_gqo0+ (22) (N — 2) (N+1) 
X (U_¢q00t+ U o0005¢,0) + (22)! (NW — 2) (NV +5) 
X U oo005g,0+ (42)—!(N — 2) (N— 3) (N?+3N+4) 
X U 00005¢,0= Di V(N- 1 )5q,0, 


(9) 


which for g=0 gives 
Ay =e [N(V- 1 ) 22 U ooo0, 
while for g¥0, 


All '(qg) inns [N(N- 1) 20][L l qq 2e, ]; 


(second order) 


2,4 ® (g) + (1/2)[1+3 (N—2)(V+1)6,,0] 
XP U~gq—arg’A ® (q') + (20) (N — 2) (N+5) 
XA  (g) “000 = AA (q)+ 1h (N- 1)6,,0, 


which as in first order gives for g=0 


,U 00—q’q’ U- —q’q'00 
’ 


€q’ 


and for g¥0 


J N(N- 1) ; U _¢q—a' g' U—9'q'00 
A® (q)=—__— xX ——_—— 


€g€q’ 


(2 2N = 5)U oo00U —¢q00 
. (15) 


Using (15) we can get the third order energy: 
(third order) 


N(N~1) 1 


,U 00-2'¢ q’ VU. —q'q’—q''q' UR —g’’q'00 


As*— 


2 (20) a7 


€q’ Eq’! 
(2N—5) U 00—qql ooool/ er 
ptaatinccttinatantes (16) 


ne 
2(20)? ¢ €q 
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These are exactly the same expressions as are ob- 
tained in the perturbation theory treatment of the 
Hamiltonian (1). In particular, the first and the second 
order energies correspond exactly to the diagrams 1(a), 
1(6) which are the only ones up to these orders, while 
the third order energy corresponds exactly to the two 
possible diagrams of third order given in Fig. 2. Pro- 
ceeding similarly, one can easily see that the assertion 
made in Sec. II about the diagrams is correct. 


IV. EXACT SOLUTION OF THE BASIC EQUATION 
We introduce new quantities A(g) given by 
A (q)=A(0)6y 0+LN (V—1)/22 JA(g) (1—64,0). (17) 


Using these quantities in (8), we get for g=0 


se l oo gq’ A| q’), 


while for g¥0 


(19) 
(20) 


(2eg—A’)A(g) + (1/2) Soy U—gq—a'wA(q’') = 9, 
N=A—[(V—2)(V+5)/22U oovo. 


We can rewrite (20) in the following form which holds 
for all g, including g=0: 


(2e,—d’)A(g) + (1/2) Soy Ugq-a'w Ag’) 


=[—)’A(0)+ (1 (2) > Uoo a'q’A(q’) ]6q,0- (21) 


Transforming this equation into coordinate space 


A(a)= f elajeene, 
oe fumes a’) -xq3y 


we get (taking #?/ M=1) 


using 


[V2+A'— U(x) ]¢(x) 


=| 0/2) f e(arare- (1 » f vaecer| 
N(N-—1) 
A= fomenes/ f emer, 
? 


Equation (24), apart from a constant term on the 


(25) 


right-hand side, is of the same form as the Schrédinger 
equation with the given two-body potential l’(x). 
Hence, in many cases where the corresponding two- 
body problem is solvable, this equation would be 


exactly solvable also. 
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We shall, however, apply it to the problem with 
separable nonlocal potential, chosen on account of its 

simplicity. In this case, we have 
U =gU Uy, 


—qq—4q'q' = 
where g is the strength parameter. 
The solution can be written as 


T 


Q @’ 


gu, 
Ng) =A0)[ ot —(14 
’2 


pS gUe 
[- 
rn! " 
(28) 
(29) 
N(N-1) ee. 
Rls) oa 
20 ) De uad 


Q 


aeb 


This is an implicit equation for the determination of 
\. For the particular case of 


UZ=(F+¢)7, (31) 
the root which goes to zero as g— 0 is given by 


28° 


BR gB g(N?—-2N—S)\? 
(GL) 
2 8r 28° 


g’N(N—1)(N—2)(N+5) 


B? gB g(N?—2N—S) 
od 


2 &&r 


4840? 


V. DISCUSSION 


In the limit of large volume, p— 0, the diagrams of 
the Fig. 1 are the only ones which contribute. Their 
contribution to the ground-state energy is proportional 
to .Vp while that of the other diagrams is of higher order 
in p, since they have more unexcited particle lines. 
Hence we expect that in this limit our result should 
tend to that of Abe. That 
follows: 

Taking the limit 2— * in Eqs. (18) and (19), we get 


this is so can be seen as 


2egA(q) + (1/2) & ye U-qq—a'vA(7') = 9, (33) 


(AQ),,A (0) = tN(N- 1 ) 23 Uo avA(q’), (34) 


where 


(AQ). =lim AQ. 


N-« 
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These equations are the same as in Abe’s paper, with 
the only difference that they have been written in 
momentum space instead of in coordinate space. Our 
method, moreover, has the advantage of avoiding an 
explicit summation. 

We may add a few remarks as to the effect of the 
extra diagrams which we have included. The diagrams 
in which unexcited particles interact with excited par- 
ticles are divergent at the lower limit even for a weak 
potential.* Such a divergence is unphysical and must 
actually be due to the inadequency of the perturbation 
theory. Thus we may expect that if all such diagrams 
be taken into account, the divergent parts of the dif- 
ferent terms should cancel. That this is actually the case 
is seen from the expression (25) for A, which is certainly 
finite for a bounded U. This is also borne out by the 
explicit expression (32) for the case of nonlocal potential. 


APPENDIX. CALCULATION OF (‘W\/H | ¥ 
AND (Ww 
We have 


ta_ytagt®-2|0)=[F (kD) +F (1k) ]|0), 


a,Q0,' 
where 


F (kD) = ox. 4’ 1, q’'ao'% 24 (N ida 2) 
x [5;, q’4- a +6,,- q’4—q'' Wx, 0Q'* . 


+3(N—2)(N—3)b«, 5: 04a q' aot .. 
Using this relation, we can write 
1 


——§(0| ao’—*a,a 
(N—2)! 


g4i'a;'a,0dya_ge'ay' | 0 


=(G(ijkl)+G(jikl) +-G(ijlk)+G(jilk) ], 
where 
G(i,7,k,l) 


(i, -9 3 —9 
JV |} 44(v41)(V—2). 
k, —q | 
aR q’ | 


i | 
k, 0 
l 


7,0 
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( [7,0 1 O 
|; i,0| Ei 0 
+ 0 | i+ | k,0 
| 0 i! i 
|b q, 9 | lg, 


+3(V—2)(N—3)< 


+4(N—2)(N— 3)(N°+3N +4) | 


where 


stands for []; 6(a,;—8;). Also 


1 
oy yi ao*~*aga_g_gdg'tag' | 0) 


= by, $5y,-¢ + (N—2)(NF1)8,, By, 0, 


and 


(0! ap%~*aga_ga,a,a_g'agtagt— | 0) 
= (8, +8;,-¢ + (N—2)8;, 0} 
x0} av" 


2 t t 19 
QgA_gA_g'a_g''ag'N—*| 0). 


Using these relations it is quite easy to evaluate 
(Y|H|\¥) and (|W), and the result is given by (6) and 
(7). There 


4U ij0= V snat V srt V sitet V; Lk 
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The transmission coefficient defined by Holstein for resonance radiation has been calculated when Doppler 
and collision broadening of the resonance line are present simultaneously. From this a simple formula is 
inferred for the imprisonment lifetime of the resonance radiation under this condition. The complication of 
the hyperfine structure is also taken into account and the results are found to give good agreement with 


experiments in mercury. 


1. INTRODUCTION 


HE imprisonment of resonance radiation plays an 

important role in many phenomena allied to 
gaseous discharges.'~* Its interpretation, however, is 
often difficult because of the presence of collision 
broadening in addition to the usual Doppler and natural 
broadening, and also because of the overlap of the 
hyperfine structure. The purpose of this paper is to 
investigate, in such cases, the imprisonment lifetime of 
resonance radiation as defined by Holstein.!° The 
results are found to give excellent agreement with the 
measured lifetimes.° 


2. TRANSMISSION COEFFICIENT OF A SINGLE 
LINE WITH COLLISION AND DOPPLER 
BROADENING PRESENT 

The essential feature of this treatment is the calcula- 
tion of the transmission coefficient, 7, for a single line 
in the presence of Doppler and collision broadening. 
When the transmission coefficient is determined we can, 
in principle, determine the imprisonment lifetime, 7, 
through the proper mathematical manipulations. How- 
ever, once the transmission coefficient is found, we 
forego further mathematics and infer the form of the 
imprisonment lifetime using the order of magnitude 
relation given by Holstein: 


T(R). (24) 


r is the natural lifetime of a resonance atom, x is a 
constant of order unity, and R represents the radius of 
a cylindrical enclosure and one-half the width of a 
parallel plate enclosure. The complication of the hyper- 
fine structure will then be taken into account in a 
reasonable manner. 

The transmission coefficient, J(p), is defined as the 
probability of a resonance quantum traveling a distance 
p without being absorbed. Holstein gives the expression 
for T in the form 


T/r=« 


T(p) [P0>) expl—ko)oMr, (2.2) 


« 


1C. Kenty, J. Appl. Phys. 21, 1309 (1950). 

2 P. J. Walsh, Phys. Rev. 107, 338 (1957). 

3A. V. Phelps, Phys. Rev. 110, 1362 (1958). 

4T. Holstein, Phys. Rev. 72, 1212 (1947). 

5 T. Holstein, Phys. Rev. 83, 1159 (1951). 

6 Alpert, McCoubrey, and Holstein, Phys. Rev. 76, 1257 (1949). 


where P(v) is the frequency spectrum of the radiation 
emitted from a given volume element and k(v) is the 
absorption coefficient as a function of frequency v. For 
collision and Doppler broadening Holstein shows that 
P and k are proportional and, in fact, 


k(v)=Xo?.VgoP(v)/8rgi7, (2.3) 


where Xo is the wavelength of the resonance line, .V is 
the gas density and gs, g; are the statistical weights of 
the excited and ground states, respectively. Equation 
(2.3) is not completely accurate in the case of natural 
broadening but for simplicity it can be adopted in that 
case also. 

When Doppler, collision, and natural broadening are 
present at the same time, & is given by the approximate 
expression’ 


k(v) = koLexp(—x?)+ (a/m'x?) J, (2.4) 


where ko=Ao*.Vg2/8m'gitvor is the absorption coefficient 
for the center of the resonance line and 


‘ oe i ae,” 
a= ( + ) ’ 
tT Te! drty 


=(y— vy)C/ Von, 


v= (2RO/m)?. 


Here r+, is an effective collision time for the resonance 
atom, ¢ is the velocity of light, and vp is the average gas 
velocity at the absolute temperature, 0. 

Formula (2.4) holds within 20% for values of x>2 
and a up to 0.5. For x>2 and large values of a, (2.4) goes 
over to the correct form for collision broadening: 


k(v)=koa/m'x’. 


The integration we will perform will emphasize values 
of x larger than 2. Actual computation indicates that 
(2.4) is a reasonable form to use for the absorption 
coefficient throughout the whole range of a. In actual 
calculations in this paper, the largest value of @ en- 
countered was 0.011. 

7A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation 


and Excited Atoms (The Macmillan Company, New York, 1934), 
pp. 321, 322, and 329. 
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cs 
The use of Eqs. (2.3) and (2.4) in (2.2) yields 


1 os a 
T(p)=— f (exp —x?)+ :) 
mi J. mix? 


“0 


i a 
xex| ~ hap exp —s}-+ ) ls (2.5) 
mix? 


The expressions for the transmission coefficient can be 
broken up into two integrations: 


1 x 
I= f exp(— x’) 
r) 


© 


xex| - bao exr —x*)+ 


=e a 
[= f exp hoo exp —x*)+ ) ls 
x i mix? 


—z 


These integrals are evaluated by expanding in a Taylor 
series about a=0. The details are given in the Appendix. 
We give the results here: 


T(p)= Ta exp(—24T7-a/4T72)+ T -Eeo(m?T a/2T.), (2.7a) 


where 


1 1 sria\? 
T4= es ( ) : 
kop(x Inkop)! 1 \ kop 


2a 


T a=— 
a(Inkop)! 


T, and 7, are the transmission coefficients in the case 
of pure Doppler broadening and collision boradening, 
respectively.4 7.4 is the transmission coefficient under 
the condition of collision-type emission with Doppler- 
type absorption of the resonance line [AT y in the 


Tv) 


| ae 
L 


Fic. 1. Idealized transmission spectrum with the emission 
pictured as coming from the o=0 hyperfine line. The upper curve 
displays the separation, A, and the absorption width, 2y of the 
hyperfine lines. The absorption widths are broad enough, in the 
lower curve, to produce overlapping with a composite width, W. 
The actual emission is a sum over the transmitted emission from 
all the hyperfine lines. 
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notation of Holstein, reference 4, Eq. (5.14) ]. “2 
signifies the error integral.® 

The determination of the imprisonment lifetime, 7, 
from the transmission coefficient given in (2.7a) is 
accomplished, in principle, by substituting the trans- 
mission coefficient correctly in the integral equation 
given by Holstein and then solving, for example, by a 
variational method. The net result is Eq. (2.1) where 
x is determined exactly. Now for a cylindrical geometry 
x has the following values, 


ce=1.00. aa=100, «-—1.155, (2.8) 


for the cases indicated by the subscripts. The differences 
among the «’s is much less than a factor of 2 and only 
12% for the last two. 

As mentioned, we shall not attempt an exact compu- 
tation of the decay time. We merely infer the form of T 
from an inspection of (2.7a). Noting that 4/m= (1.115)?, 
the simplest equation for 7, as indicated by (2.7a), is 


i Ta i 


1 exp(—T2/T.a*) E2(T./T ca) 
=— - —— — _ . (2.9) 


Note that this equation reduces to the form for pure 
Doppler broadening when a=0, and to the form for pure 
collision broadening when a is very large. It also has the 
correct limit for 7.~>>7T., Ty. Because Eq. (2.9) has 
these correct limiting values and the proper functional 
dependence as indicated by Eq. (2.7a), we expect 
Eq. (2.9) to be quite accurate in predicting imprison- 
ment lifetimes. 


3. INFLUENCE OF OVERLAPPING OF HYPERFINE 
STRUCTURE ON IMPRISONMENT LIFETIME 


Our expression for the decay time has been derived 
from considerations of a single resonance line. Actually, 
the resonance line may be multiple, as for example in 
mercury, where the resonance line has a hyperfine 
structure consisting of 5 lines of (very roughly) equal 
amplitude and separation. We will investigate the effect 
of this hyperfine structure on the decay times T,, Tu, 
T.q and determine the changes necessary to make 
Eq. (2.9) applicable in the presence of hyperfine 
structure. 

We first note two important facts concerning the 
Eqs. (2.5), (2.6) and (2.7a) for the transmission 
coefficient. First, J7(p) can be broken down to the sum 
of J; and J, as already mentioned. This means that the 
effect of the hyperfine structure overlap on /; and /» are 
separated. Second, the expression for J», 


I,= T E(x T, a/2Tc) 


essentially separates Tq and T,. This is so because /2 is 
given quite closely by the smaller of the two trans- 
mission coefficients. If one coefficient is twice the other, 


‘SE. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945), fourth edition, pp. 23 ff. 





IMPRISONMENT OF 


then J, is equal to the smaller one within 4%. Even 
when 7.a=T-., the error in choosing J, as equal to 
either is only 27%. 

These two facts strongly suggest that all we need do 
to take the hyperfine structure into account in (2.9) is 
to consider separately the hyperfine structure effect on 
Taexp(T2/T.a*) and on Ta, T. where these last two 
quantities appear in the second term on the right in 
Eq. (2.9). This corresponds to separating /; from J, and, 
in Ig, to separating 7.4 from T,. This is the procedure 
we adopt and it will greatly reduce the effort involved in 
computing the effect of the overlapping of the hyperfine 
structure. 


4. COMPUTATION OF THE HYPERFINE STRUCTURE 
EFFECT FOR MERCURY 


The computation of the hyperfine structure effect in 
the manner suggested above will be done for the *?P; 
resonance state in mercury. We assume, in this case, a 
model for the hyperfine structure consisting of five lines 
of equal amplitude and equal separation, 6=11.7 mA 
(see reference 7, Fig. 13). 

The formula for the transmission in the presence of 
hyperfine structure is given by Holstein in the general 
form 


T'(p)=d fro expL—> ka(v)p|dv, (4.1) 


where the P,, k, are the spectral emission and absorp- 
tion coefficients of the individual components and 
>~—SP,(v)dv=1. This last equation expresses the 
normalization of the emission coefficients. The relation 
between k and P is still given by (2.3). We use primes 
throughout to denote the presence of hyperfine structure. 

For five lines of equal strength, we have /’P,,(v)dv=}. 
The 3 becomes a normalizing constant which should now 
appear in front of P and k in all our preceding equations. 
To convert our equations to the form including the 
hyperfine structure we must include the sums indicated 
in (4.1), replace P, k by P/5, k/5, and x by x—nA, 
where 2 is an integer and A= 6c/ vot. Then 


=f — 


Lt 


kop 
— ~2, —— exp, — («—0)*] Har, 


a - 


ie 1 
: =f a 
or » J» (x—nh)* 
kop a 1 
xexp| —-> — — ———_ Idx. 
¢ 5 mw (x—aA/)? 


The integrations are performed by noting that the 
exponential terms are very close to unity except in the 
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region bounded by x.a=eA+tyca, X= oA+y, where the 
exponential term drops sharply to a low value. Here we 
have approximately 
Yea=In(Rop/5), We= (4Ropa/5r?)!, 
Wa=In}(Rop/5). 


(4.3) 


Wa is noted for future reference. In essence, the exponen- 
tial term gives each hyperfine component a spectral 
width of 2y. Within this spectral range, centered on each 
hyperfine component, the resonance absorption is com- 
plete. For y>A/2, the width of the lines overlap and 
the hyperfine structure disappears leaving a single line 
of total width, ¥, where 
kop o=+2 
> expl—(¥.a—oA)?]=1, 


g 


4 


2(W.—aA)? r 


These remarks are illustrated schematically in Fig. 1 
where the transmission is illustrated for the radiation 
from the o=0 hyperfine line for y less than $A and y 
greater than 3A. 

Following the ideas outlined above, we have: 


f explL— >> akop/5ar}(x—oA)? |dx 
. (x—nA)? 


(244+¥e) dx 
| +{ V->$A. (4.5) 
hee Josty, (x—nd)? 


After performing the integrations and manipulating the 


fractions, the result is 


i, kk 2 2 A \?27"! 
=- > > [1 (o—nv( ) | » We<4 
T! Set wel y 


ti 


ehGh 


where y, is given by (4.3) and ¥, is given by (4.4) in the 


i 2 2 A 2 
Hzl-G)] 
V7 ob Y. 
A (—)- 
v. \WeIW 


y.> 4A, 


form 


(4.7) 


with 





514 


In the same manner we find 
1 


> 2 


2 2 A \*T" 
Me & 1—(o-n)'(— ) >Wea< ha 
n=—2 g=—2 | ] 


ce 


1 /Wea 2 A \?7" 
( ) ) }1-"( ) , Wea> hd, 
5 Wea n 2 W ea 


where WV given by (4.4). However, A is large, of the 
order of 7 to 8, so that in (4.4) the only term in the sum 
which is important is exp — (V-a— 2A)? ]. Since V.a> 2A, 
all other terms are negligible in value. Then, using 
(4.3) in (4.4), 


(4.8) 


Wea! WV ea= 1— (24/Yea). (4.9) 

The computation is carried out quite easily. In the 
region of ¥.<$A, values of A/y, are assumed and 
T./T.’ computed from (4.6). The result for T.a/T ca’ is 
the same in this region for numerical values of A/pca 
equal to A/y,. In the region ¥,> 4A, values of A/V, are 
assumed, y./W, calculated from (4.7), and A/y, com- 
puted. Then (4.6) yields 7./T.’ as a function of A/V, 
and hence of A/y,.. An analogous solution yields 
T -a/T a asa function of A/a. Figure 2 gives the curves 
constructed. 

In the vicinity of A/Y-a, A/p-=2, the mathematical 
assumptions embodied in (4.5) will break down and, in 
addition, the model assumed will not be accurate enough 
to give correct results. The net result we believe will be 
that Eqs. (4.6) and (4.8) will give values which are too 
low. We have consequently joined the curves for 
T/T, Tca/T ca’ smoothly, but somewhat arbitrarily, 
in this region to give values of the ratio of the T’s higher 
than indicated by our equations. 

The computation of the effect of the hyperfine 
structure on J,’ can be carried out in a similar way with 
some modification. The essential features of the overlap 
of hyperfine structure on J,’ as found by such a com- 
putation are these. There is no change in J,’ for values 
of wa within a percent or so of 3A. For wa> 3A, 11’ falls 
sharply, depending on Ya and the actual value of koR. 
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Fic. 2. Ratio of the imprisonment lifetime with overlap to 
imprisonment time without overlap, T/T’, as a function of ratio of 
hyperfine separation to line width, r=A/¥ 
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Fortunately, in the case of mercury, the term J,’ 
becomes negligible before this occurs. We can thus 
assume without any error that J,’ is unchanged. 

The final equation for 7 is then 
(7, T <a’) 
—= > . (4.10) 
T Ta ra 


1 exp(-—T?/T.7) E-; 


T -a', T-' are given in terms of Ta, T, and A/p.a, A/Y- 
by Fig. 2. T., Ta, Ta are given by Eqs. (2.1), (2.7b), and 


(2.8) with &o/5 in place of Ro. 


5. COMPARISON WITH EXPERIMENT 


The foregoing analysis was applied to the imprison- 
ment lifetime of the 2537 A radiation from the *P; 
resonance state of mercury. Fowler® has fitted the 
experimental data® to a curve combining simple dif- 
fusion of the resonance state with loss by molecular 
formation at large densities. However, the diffusion 
coefficient derived from this fitting is 80 times larger 
than the value expected theoretically and 7 times the 
experimental upper limit for this coefficient.’ 

Our analysis is based on Eq. (4.10) and Fig. 2. The 
following relations were used for mercury : 


ho 1 0.0208 ky 2.23X10-" 
oamnenenen eae N(em"), 


T 419 i 5 63 


7=1.08X 10-"(sec). 


Holstein" gives +/7.=0.26X10~.Va, where a is a 
coefficient, less than unity, by which 7/7, is reduced due 
to the hyperfine structure. The actual calculations do 
not depend too strongly on the value of a, and a was 
adjusted somewhat to give the best fit. The value of a 
found was 0.7 which is consistent with the rough 
estimate of one-half given by Holstein. 

The theoretical and experimental curves are given in 
Fig. 3. The agreement is within +4% except for the last 
three points which are in the region where the band 
fluorescence of mercury complicates the experiments 
and the loss by molecular formation, as suggested by 
Fowler, may become important. The good agreement 
should be regarded with some suspicion since the theory 
on which our calculations have been used does not 
warrant this type of agreement; perhaps +10% is a 
more reasonable expectation. In any case, the agreement 
does recommend Eq. (4.10) and Fig. 2 to predict 
accurate imprisonment lifetimes in the presence of 
collision and Doppler broadening and hyperfine struc- 
ture overlap. 


®R. G. Fowler, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 22, p. 226. 

0 A, V. Phelps, Third International Conference on Ionization 
Phenomena in Gases, Venice, Italy, 1957 (unpublished). 

1! See reference 4, equation following (5.17). An extra factor of 
x should appear in the numerator. 
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APPENDIX 


The evaluation of /; and J, is carried out by expand- 
ing them in a Taylor series about a=0. First con- 
sider J;: 

Ol, 1 0*7J; 
a + 


da a=0 2! 


"aa (1) 


0a? | a—0 


1,=1,(0)+ 


Now 


o"l;! i ~(=)f exp( — x) 
Oa" | amd or) or} yontl 


X exp — kup exp(—2*) Jdx. (2) 


The evaluation of this latter integral follows the 
method given by Holstein.‘ Set 


y= kop exp(— 2°). 


ah} (—1)" pop" pi? e-“dy 
= a eee ou so a) 
0a” | ano 1? mF J, — kop(Inkyp—Iny)"*? 


The main contribution to the integrand comes from the 
vicinity of y=1. In the denominator we then set y=1 
and extend the upper limit of the integral to infinity, 
since kop is always large in the application of Holstein’s 
theory. Then 


0 "Ty fae })* kop % 1 
: . . (- ) : (4) 
da” \q-9 = mF koplIn(Rop) ]"*? 


The approximation used to evaluate (3) should be more 
accurate as m increases. The accuracy for n= 1 was deter- 
mined by expanding the integrand e~"(Inkyp—c Iny)~ 

ina Taylor series about c=0, evaluating the subsequent 
integrals and then setting c=1 in the For 
8<kop< x the approximate solution (4) at n=1 is 


series. 


accurate within +3%. 
Inserting the values of 0"J,/da" into the Taylor 
series (1), we have 
1 akop 


I= —| 1— 


er Inkop)'L =. In(Rop) 


1 akyp ‘ 
“ ( ) vrs 
2!\ x? In(Rop) 


— Ta exp(—#T oa" 47.7). (5) 


In evaluating 7; by a Taylor series similar to (1), 
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Fic. 3. Decay or imprisonment lifetime for resonance radiation 
in mercury vapor vs density of mercury atoms. The dotted line 
gives the calculated curve for the case of Doppler broadening with 
no overlap of the hyperfine structure as taken from reference 6. 
The heavy line includes the effects of the overlapping and of 
collision broadening. 


we have 


0". s| 


(—1)"a 


da” a=0 vs 
* (kop\" expl— kop exp(— x*) ] 
xf —) - dx. (6) 
= ri (ntl) 


For large kop the term exp[_— kop exp(—2*) ] has a very 
small value for x values up to kop exp(—x”)=1 at which 
value of « the term exp[— kop exp(—.?) ] rises sharply 
to unity. We then replace this term by a step function 
which is zero for —[In(kop) ]}<x<[In(Rop) }! and unity 
for all other values of «. Then 


O"Ts ( (=) f da 
) 
da" | ax0 sg 1? [im(kep) J? 22"! 
2 (= 1) "a Rup 4 
os (~*) /Linthoo) }n+3, (7) 
2n+1 1 7 
and 
2a 1 akop 

I . 1- ( ) 

m({ In(Rop) }} 3\ 43 In(Rop) 


1 -( akyp ) 
5 2!Nar! In(Rop) 


T AST ca/ 2T 0). 
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Electronic Surface States and the Cleaned Germanium Surface* 


PauL HANDLER AND WILLIAM M. PortNnoyt 
University of Illinois, Urbana, Illinois 
(Received June 5, 1959) 


The large p-type surface conductivity and field-induced surface conductivity of the cleaned germanium 
surface have been measured over the temperature range 77°-300°K. It is found that the surface conductivity 
and the field-induced surface conductivity are almost independent of temperature, varying by a factor of 
two over the temperature range investigated. The effect of oxygen, atomic hydrogen, and water vapor on 
the surface conductivity has also been observed. A qualitative two-dimensional band model is presented 
which correlates most of the experimental results. In this model, which is somewhat similar to the three 
dimensional band model of graphite, there is a two-dimensional surface state band at the surface which 
overlaps in energy a two-dimensional valence band just beneath the surface. The states which form the 
surface state band are assumed to be perturbed out of the conduction band. The filling of these surface 
states with electrons out of the valence band gives rise to the observed p-type conductivity associated with 
the cleaned germanium surface. 

The states perturbed out of the conduction band are shown to be associated with the unfilled orbitals of 
the germanium surface atoms. A second system, where a similar two-dimensional matrix of unfilled orbitals 
is found, is in the dislocations associated with medium-angle grain boundaries. It is shown that the transport 
properties of these grain boundaries are similar in magnitude and temperature dependence to that observed 
for the clean germanium surface. The same model presented for the surface can be used to explain the 
transport properties of grain boundaries 


1. INTRODUCTION study of the clean germanium surface and a number of 
investigators have measured the work function, photo- 
electric threshold,’ contact potential,’ surface transport 
properties,*~® and surface recombination velocity.’~® 
Others'*-” have studied its chemical properties, such as 
sticking coefficients, oxidation, heats of adsorption, 
and oxidation kinetics. The picture of the germanium 
surface which can be deduced from this work is still 
hazy in detail, but has the following general features. 
The surface properties of a semiconductor are three 
dimensional in nature. We will denote the actual surface 
as the surface region and the portion below the surface 
as the space-charge region. The work function, photo- 
electric threshold, contact potential, and the surface 
transport measurements all indicate that a large density 
ovor Tubing of surface states exists in the surface region. The surface 
transport properties indicate that these states are 
acceptor in nature. The exact density of surface states 
Voltage Probe Fic. 1. The experi- has not been determined but a lower limit of 10% 
mental tube used for surface states/cm? has been estimated.‘ The photo- 
measurement of the a ’ 
surface conductivity ¢lectric threshold and the work function have been 
and the field-induced . ioe 
surface conductivity. 2 J. A. Dillon, Jr., and H. E. Farnsworth, J. Appl. Phys. 28, 174 
reid Probe (Moly) (1957). 
3 F. Allen and A. B. Fowler, J. Phys. Chem. Solids 3, 107 (1957) ; 
A. B. Fowler, J. Appl. Phys. 30, 556 (1959). ; 
4P. Handler, Semiconductor Surface Physics (University of 
Pennsylvania Press, Philadelphia, 1957). 
®R. A. Missman and P. Handler, J. Phys. Chem. Solids 3, 109 
(1959). 
6 G. Heiland and P. Handler, J. Appl. Phys. 30, 446 (1959). 
7 J. T. Law and C. G. B. Garrett, J. Appl. Phys. 27, 656 (1956). 
*S. Wang and G. Wallis, J. Appl. Phys. 30, 235 (1959). 

* This research was supported by the Office of Naval Research. ®H. H. Madden and H. E. Farnsworth, Phys. Rev. 112, 793 

+ Present address: Hughes Products, Los Angeles, California. (1958). 

1 R. E. Schlier and H. E. Farnsworth, J. Chem. Phys. 30, 917 0S. P. Wolsky, Phys. Rev. 108, 1131 (1957); J. Appl. Phys. 29, 
(1959); Farnsworth, Schlier, George, and Burger, J. Appl. Phys. 1132 (1958). 
26, 252 (1955); R. E. Schlier and H. E. Farnsworth, Semiconductor 1! Green, Kafalas, and Robinson, Semiconductor Surface Physics 
Surface Physics (University of Pennsylvania Press, Philadelphia, (University of Pennsylvania Press, Philadelphia, 1957). a 
1957) ; Farnsworth, Schlier, George, and Burger, J. Appl. Phys. 29, 12 Rosenberg, Robinson, and Gatos, J. Appl. Phys. 27, 771 
1150 (1958). (1958). 
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N recent years Farnsworth and colleagues! have 

shown that an atomically clean single-crystal ger- 
manium surface can be produced and maintained under 
ultra high vacuum conditions. The clean surface is 
produced by first sputtering with argon ions and then 
annealing at 600°C in ultra high vacuum. The cleanness 
and regularity of the surface lattice thus produced was 
confirmed by their use of low-energy electron diffraction 
techniques. This pioneering work has stimulated the 
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found to be approximately equal’ and this means that 
the edge of the valence band and Fermi energy are 
coincident at the surface, independent of the value of 
the Fermi energy in the bulk of the crystal. The magni- 
tude of the conductivity associated with the surface is 
found to be between 100-200 umho/square and the 
main purpose of the experimental part of this paper is 
to measure its temperature dependence. 

The object of this research on the germanium surface 
is the understanding of the energy level diagram of the 
electronic surface states. Tamm" and others!'*~!” have 
shown on the basis of static one-dimensional models 
that surface states may exist at the semiconductor 
surface. The energies of these surface states lie in the 
forbidden zone and their wave functions are localized 
at the surface. The localization arises from the fact 
that the energy of the surface state is in the forbidden 
zone and the wave function is exponentially damped 
going into the crystal. It is also exponentially damped 
outside the crystal due to the presence of a potential of 
the nature of an image force. More recently Koutecky'® 
has investigated the surface states of a semi-infinite 
crystal. He assumes a perturbing potential due to the 
surface which penetrates the crystal which is only a 
function of the distance from the surface, but otherwise 
unspecified. His results indicate that localized surface 
states will appear not only at the surface but also 
beneath it. The wave functions of these subsurface 
states have maximum amplitude, not at the surface, 
but below it. If the perturbation is positive, volume 
states will be occupied first, followed by subsurface 
states and finally by surface states. Koutecky points 
out that the filling of these states will result in a uniform 
distribution of charge for a filled band, since the volume 
states have lower amplitudes near the surface. Thus if 
only one band is considered no space-charge region or 
excess conductivity should result. Thus a space-charge 
region of the type assumed for the clean germanium 
surface can only arise from the proximity of conduc- 
tion band states to the valence band at the surface. 
Shockley'’ does consider both the valence and conduc- 
tion bands in his treatment of diamond-type lattices. 
In his generalization to three dimensions he suggests 
that the existence of the surface will allow a band of 
surface states to exist in the forbidden energy zone. 
Half of the states have been taken from the valence 
band and half from the conduction band. Thus the 
band is half full and should be conducting. 

At the present time the experimental data do not 
allow one to determine whether the observed surface 
states are of the type first suggested by Tamm or 
Koutecky or of the type suggested by Shockley. 


37. Tamm, Physik. Z. Sowjetunion 1, 733 (1932). 

4S. Rijanow, Z. Physik 89, 806 (1934). 

18 A, Maue, Z. Physik 94, 717 (1935). 

16 E. T. Goodwin, Proc. Cambridge Phil. Soc. 35, 205, 221, 232 
(1939). 

17 W. Shockley, Phys. Rev. 56, 317 (1939). 

18 J. Koutecky, Phys. Rev. 108, 13 (1957). 
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A model will be presented in the latter part of the paper 
which seems to follow the model presented by Koutecky. 
In the model, it is assumed that the perturbing potential 
in the surface layer is negative so that the surface states 
in the valence band are pushed to lower energies and 
surface states in the conduction band are lowered in 
energy so that they overlap the valence band. The band 
structure at the surface is then similar to the model 
found for graphite. Localization of charge at the surface 
then arises, not from the fact that the states are in a 
forbidden energy zone but from the peculiar filling of 
the overlapping bands. 

The present paper will discuss the experimental 
methods used to measure the temperature dependence 
of the surface conductivity associated with a clean 
germanium surface, and the results obtained. In Sec. 4 
a qualitative model of the band structure of the clean 
germanium surface which is in fair agreement with the 
experimental data will be presented. It will be shown 
that grain boundaries [which are similar to the clean 
surface in that they have a large number of unfilled 
orbitals ] have similar conduction properties. 


2. EXPERIMENTAL PROCEDURE 


Sample Preparation 


Eagle-Picher germanium crystals were oriented by 
x-ray diffraction so that the (100) direction was normal 
to the surface of interest. Individual samples were cut 
out of wafers which had been sliced off either a 20 or 
40 ohm-cm n-type crystal. These samples were then 
manually wet-lapped or ground on emery paper to the 
desired pre-etch thickness. They were then etched in 
CP4 until their thickness was about 0.025 cm. The over- 
all sample dimensions after etching were about 2.0 cm 
0.30 cmX0.025 cm. Two sample geometries were 
employed in the measurements. The early samples were 
rectangular. Later samples were similar in shape, but 
possessed two projections along one edge of the sample 
which served as voltage probes (Fig. 1). These voltage 
probes were about 0.20 cm wide and about 0.40 cm 
long, and were separated by about 1.0 cm. 


Experimental Tubes 


Figure 1 illustrates the press seals and envelopes 
employed in the experiment. The glass was of the type 
which could be sealed to tungsten or Kovar. The sample 
supports were molybdenum strips, 0.002 in. thick, or 
0.016-in. molybdenum wires as shown in Fig. 1. These 
supports, which were spotwelded to the nickel leads, 
served as the current leads. The voltage probes were 
0.005-in. U-shaped molybdenum wires which slipped 
over the elongations of the sample. Initially, a tungsten- 
molybdenum thermocouple was sealed directly into 
the glass. Later, a molybdenum-constantan thermo- 
couple was used because of its greater emf. The ther- 
mocouple wires were brazed into Kovar lead-through 
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tubes (Fig. 1). A thin ceramic tube was first used to 
electrically insulate the thermocouple from the sample, 
but was later replaced with a thin Linde sapphire tube. 

The envelopes were all similar in design. The field 
plate, which was Kovar or molybdenum, was positioned 
by flexing a Monel bellows using three positioning 
screws. The final envelope had two housings containing 
ion source assemblies. These ion sources consisted of 
cylindrical tungsten grids surrounding coaxial tungsten 
filaments (Fig. 1). 

Vacuum System 

rhe complete vacuum system is illustrated in Fig. 2. 
The system was a modification of the ultra-high vacuum 
system developed by Alpert. The sample tube was 
mounted next to the ion gauge and between two 
Bayard-Alpert vacuum valves as shown in Fig. 2. 
A three-stage diffusion pump evacuated the system 
through a corrugated copper trap which acted as a 
getter for backstreaming diffusion pump oil. Valve 2 
(Fig. 2) was connected to the ambient gas manifold 
through a cold trap and stopcock. The ambient gases 
which were used in the experiment were spectroscopi- 
cally pure Linde argon, oxygen, and hydrogen. The 
water vapor used in the experiment was de-ionized 
water which had been degassed by alternately melting, 
freezing, and pumping. The ambient gas manifold was 
evacuated with a second oil diffusion pump. 

The system was baked-out by placing a furnace over 
the vacuum manifold valves, copper trap, and cold 
trap. The temperature was then raised to 350°-375°C 
for about twelve hours. A Brown electric pyrometer 
connected to an iron-constantan thermocouple regu- 
lated the temperature during this time. 

After bake-out, the ionization gauge was outgassed 
between fifteen minutes and an hour. The vacua at- 
tained were between 5X10-% and 5X10-" mm Hg 
without the use of getters. 


Procedure for Cleaning the Germanium Surface 
by Means of Argon Bombardment 


The samples were cleaned by a modification of the ion 
bombardment technique developed by Farnsworth et a/.' 














Fic, 2, The experimental vacuum system. 
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The sample was outgassed for about twelve hours 
between 500° and 600°C. If, after this outgassing, the 
pressure in the system did not return to about 5X 10~° 
mm Hg, the system was given a second bake-out, and 
the sample was outgassed again. After the sample was 
annealed, argon was admitted through the cold trap to 
the experimental tube to a pressure of about 5X 107 to 
5X10-* mm Hg. The sample was heated to around 
300°C by passing an alternating current through the 
outer leads, and biased between — 400 and —500 v de. 
The field probe, which had been moved away from the 
sample, was biased about +50 v dc. Under these condi- 
tions, a spontaneous glow discharge occurred. The dis- 
charge collapsed if the pressure was reduced below the 
values cited above. The total current measured was 
about 500 to 1000 wa. However, only a small fraction 
of this total current was ion current. For the first five or 
ten minutes, no effect could be observed. After this 
time, the walls of the experimental tube began to 
darken, indicating the presence of sputtered germanium. 
This delayed effect was probably associated with the 
removal of the oxide layer. Wolsky has found that the 
sputtering efficiency for germanium oxide is at most 
one third of that observed for the clean surface. Heating 
the sample seemed to improve the efficiency of sput- 
tering. It is probable that the sputtering efficiency is 
decreased with increasing numbers of embedded argon 
atoms, and that heating the sample drives off many of 
these embedded argon atoms. After bombardment, the 
argon was pumped out, and the sample was heated 
between four and twelve hours at 600°C. When the 
sample temperature was first increased, a sudden in- 
crease in pressure was observed. This gas is assumed to 
be the residual argon which has been trapped in the 
surface. 

For some of the samples, a visual inspection of the 
surface revealed a whitish-grey film. Great care had 
been taken to exclude all traces of oxygen from the 
system. The static nature of the bombardment process 
and the high affinity of germanium for oxygen insured 
that any impurity oxygen introduced with the argon 
would be gettered by the extensive surface of ger- 
manium deposited on the walls. It was therefore con- 
cluded that the film was not an oxide. Moreover, 
continued bombardment did not remove the film, as it 
should have removed an oxide, yet germanium con- 
tinued to be sputtered onto the walls of the tube. 
Another explanation was therefore sought. Wehner" has 
pointed out that sputtered material may be returned 
to the target during a glow discharge. An x-ray spec- 
trographic analysis of the film revealed only the 
characteristic germanium peak. It was concluded that 
the film was germanium which had been back scattered 
at the relatively high pressures involved during the 


9G. K. Wehner, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1955), 
Vol. 7. 
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argon bombardment, although this cannot be stated 
with certainty. 

Consequently, a new experimental tube was designed 
(Fig. 1) to include two ion guns so that it might be 
possible to bombard the sample at much lower pres- 
sures. The ion guns were symmetrically placed so as to 
achieve a uniform bombardment. The argon pressure 
was now reduced to about 5X 10~* mm Hg. The sample 
was heated to about 600°C during the bombardment, 
and biased at —500 v dc. With the grids biased at 
about +250 v dc, an ion current of 50 wa could be 
obtained. No glow was observed under these conditions. 
The usual delay was observed before the walls began to 
darken. It was noted that darkening was not uniform, 
but appeared in four spots, roughly 45° from the normal 
to the surface, on the sides of the tube opposite the 
surfaces of the sample. Wehner” has observed that 
sputtering is preferential in the close packed direction. 
The close-packed direction in germanium is the [111] 
direction, which is 54.7° from the [100] direction. The 
observed spots correspond to the preferentially sputtered 
material and indicate the existence of a clean surface 
during the bombardment. The observed spots indicate 
that a regular lattice is being sputtered. If the surface 
were not clean, a thick film with a periodic structure, 
which has its direction of closest packing parallel to 
that of the germanium crystal must be present. This 
possibility seems slight since the oxide-covered surfaces, 
observed by Farnsworth,!' are amorphous. 

After bombardment, the argon was pumped out, and 
the sample was allowed to anneal at its bombardment 
temperature. An investigation of the surface revealed 
no traces of.a film. 


Experimental Apparatus 


The experimental apparatus is illustrated in Fig. 3. 
The de current was provided by dry cell batteries 
arranged so that they could be placed in opposition. 
Four batteries were employed to provide either 45 v 
or 3 v. The de voltage across the sample and the voltage 
across a 1000-ohm precision resistor for measurement of 
the current, were measured with a Leeds and Northrup 
portable potentiometer or, alternatively, a Brown strip 
chart recorder. The temperature of the sample was 
determined by measuring the emf developed between a 
junction at the sample and a junction at 0°C with a 
second potentiometer or recorder. The field voltage was 
supplied by a Hewlitt-Packard sinusoidal signal gener- 
ator. The field-induced surface conductivity signal was 
amplified by a Tektronix No. 122 difference amplifier, 
and was measured by a General Radio wave analyzer, 
or was filtered by a Spencer-Kennedy Laboratories, Inc. 
variable electronic filter and measured with a Hewlitt- 
Packard vacuum tube voltmeter. The field-induced 
signal was simultaneously displayed on a Dumont 
oscilloscope. The field voltage could be measured on the 


2G. K. Wehner, Phys. Rev. 102, 690 (1950). 
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Fic. 3. The bridge 
used for measuring 
the field-induced sur- 
face conductivity. 
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same instrument which measured the field-induced 
voltage by tapping off a fraction of the voltage acrossa 
series of precision resistors. Since it was not possible to 
align the field plate so that it was perfectly parallel to 
the sample, two balance condensers shown in Fig. 3 
were provided to assist in eliminating the unbalance 
resulting from the difference in capacitive coupling in 
each arm of the bridge. 

When the field plate was in position, the capacity 
of this condenser was ~1.0 wuf. An alternating field 
voltage was applied to the field plate by use of a signal 
generator. This voltage applied to the field plate was 
about 175 v. Measurements were made at 300 cps. The 
bridge circuit was balanced while the batteries were in 
opposition. The unbalance was of the order of 1.0 micro- 
volt. When the de current was turned on, the magnitude 
of the field effect voltage in most measurements was at 
least twice and perhaps 20 times the unbalance. The 
sign of the carrier at the surface could be determined by 
letting the field voltage act as the sweeping field on an 
oscilloscope, and feeding the field effect voltage in as 
the vertical input. A positive slope indicated conduction 
by holes, since a positive sweep would increase the 
resistance of the sample. 

The cooling of the sample after high-temperature 
anneal could be automatically controlled by setting a 
clock-timer switch. This switch controlled a variable 
speed motor which slowly turned a variac output down 
to zero. This took place over periods of } to 35 hours. 
The field plate was moved away from the sample during 
all heating operations. The temperature of the sample 
was originally estimated by measuring the resistance at 
high temperatures. After that, the original current and 
the redness of the sample were used. 


Experimental Procedure 


After the sample was cleaned and annealed, a Dewar 
flask was slipped around the experimental tube. Voltage, 
current, temperature, balance, field effect voltage, and 
field voltage were measured at room temperature. 
Liquid nitrogen was then slowly poured into the Dewar 
flask, and the measurements were repeated at a number 
of different temperatures down to 77°K. For tempera- 
tures above room temperature, a small electric furnace 
was slipped around the tube. 

After the measurements on the clean surface as a 
function of temperature were completed, the sample 
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was allowed to come back to room temperature, and 
the ambient gas was admitted. This gas was bled into 
the sample tube by slowly opening the Alpert valve. 
The leak rate of the valve was very small, and con- 
tinuously variable, so that the rate at which the gas 
was bled into the tube could be closely controlled. 
Measurements were made at different times during the 
admission. 

After the ambient gas admission had been completed, 
the gas was pumped out, and the measurements as a 
function of temperature were repeated. The sample was 
then allowed to return to room temperature, and the 
capacitance between it and the field plate was measured 
with a Brown impedance bridge. 


3. RESULTS 
Effect of Ambients 


In an earlier paper‘ it was shown that oxygen would 
reduce the large p-type conductivity found on a cleaned 
germanium surface. However the minimum was not 
observed. In this paper we have tried a number of 
ambients on the surface in order to swing the bands 
through the minimum of conductivity. However we 
have not been successful on the (100) surfaces investi- 
gated. As Forman?! has pointed out, it is only possible 
to observe the minimum on the (111) surface if one 
uses an ambient of oxygen followed by water vapor. 
Nonetheless it will be assumed in this paper that the 
treatment of the surface first by oxygen and then 
followed by water vapor brings the bands very close to 
the flat band condition. The error involved in this 
assumption is not large and will not affect any of the 
gross features of the model presented in Sec. 4. 

Figure 4 shows the effect of oxygen and then water 
vapor on the conductivity of a cleaned germanium 
surface. The conductivity of the sample when the 
surface has been cleaned is called o,. As oxygen is 
added the conductivity of the sample increases to a 
maximum called With an increase in oxygen 
pressure beyond 10~*-10-® mm Hg the conductivity 
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Fic. 4. The effect of oxygen and then water vapor on the 
conductivity of a cleaned germanium surface. 
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Fic. 5. The effect of oxygen on F, the field-induced 
surface conductivity per unit charge. 


decreases to a point called ¢(O2). This is not a stable 
point, but slowly decreases with time, the change being 
of the order of 10 wmho/square in a few days. This 
slow change is probably associated with the logarithmic 
oxidation of the surface observed by Green.'! After the 
oxygen was pumped out water vapor was admitted and 
the surface conductivity was reduced an additional 
25 wmho/ square to a point called ¢(H,O). This point is 
assumed to be the flat band condition for the sample. 
Some of the water vapor is loosely bound and may be 
removed by pumping. 

The magnitude of the observed changes may vary 
from sample to sample and from run to run due 
to variations in surface roughness. A factor which 
is independent of the actual geometry is the ratio 
R=[o0.—¢(O2) ]/ (Gmax—o-). This ratio is found to be 
quite reproducible and equal to 2.0+0.3 for a cleaned 
surface. The values reported previously‘ were about 1.6. 
This ratio seems to be the best indication of the clean- 
ness of the surface, if one assumes that reproducibility 
of results is a criterion of cleanness. If the sample is just 
heated to 600°C without being sputtered, this ratio 
will vary from values as large as ten to as small as four, 
but will rarely fall below four. After just one argon 
bombardment and anneal this ratio is always close to 
two and definitely below four. These observations are 
in agreement with the data of the low-energy electron 
diffraction studies of Farnsworth.' In those studies it 
was shown that the diffraction pattern of the clean 
surface could not be obtained even though the sample 
had been heated close to its melting point in ultra high 
vacuum. 

In the region between omax and o(O2) certain un- 
explained effects may be observed if the oxygen is 
admitted in short intense bursts. The conductivity 
decreases with the burst and then slowly relaxes back 
to an intermediate value as if some of the oxygen were 
returning to the gas phase. However, once the point 
a (Oz) is reached the conductivity cannot be changed by 
pumping. 
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The surface conductivity of these experiments is 
definitely not associated with the diffusion of impurities 
or vacancies into a thin region beneath the surface. 
If the pressure of the oxygen admitted to the sample is 
high enough, the observed conductivity can be reduced 
in a second to the point ¢(Oz) and this rules out the 
possibility of diffusion of oxygen into the sample at 
room temperatures. The resistivity of the sample at 
the point o(O.) or ¢(H,O) is very close to the value it 
had as put into the tube. The variation may be nil or 
as large as +30-50%,. On a number of occasions it was 
noted that if the sample was heated above ~ 750°C, an 
additional conductance was present which could not be 
removed by annealing at lower temperatures. 

The effect of oxygen on F, the field-induced surface 
conductivity per unit charge, is shown for a different 
run in Fig. 5. The value of F for the clean surface may 
vary from 50-200 cm?/v sec. The relative changes, 
however, are much more constant. The ratio of the 
maximum of F to its value at the clean surface is 
always in the vicinity of 4 to 5. 

The maximum in F always occurs approximately 
some 60 to 80 wmhos after the maximum in the con- 
ductivity. 

Figure 6 shows the change in conductivity of a 
cleaned surface upon the admission of water vapor. 
The water vapor acts as a simple donor. The magnitude 
of the change is larger than that observed for the com- 
bination of oxygen and water vapor but not out of the 
range of the observed variations. The important result 
which is obtained from these ambient measurements, 
including the hydrogen data of Heiland,® is that there 
is a large p-type conductivity associated with the clean 
surface which is removed by the addition of gases such 
as oxygen and water vapor. 


The Temperature Dependence of the 
Surface Conductivity 


Figure 7 shows the temperature dependence of the 
conductivity of the sample for three different conditions 
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Fic. 6. The effect of water vapor on the conductivity 
of a cleaned germanium surface. 
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Fic. 7. The temperature dependence of the conductivity of the 
sample for three different conditions of the surface. ¢-=clean 
surface, Omax=the sample at the maximum of the surface con 
ductivity, ¢(O2.) =the surface covered with oxygen 


of the surface as a function of the temperature. To 
measure temperature, oxygen was admitted 
until at a point some five to ten micromhos later the 


Omax US 


tru€ Onax was reached. The oxygen was then pumped 
out and the sample observed for fifteen to twenty 
minutes. No changes in conductivity were noticed dur- 
ing this interval. Liquid nitrogen was then poured into 
the Dewar surrounding the sample tube and the meas- 
urement of omax vs temperature was made at a number 
of temperatures between 77°K and room temperatures. 
To measure o(O2) vs temperature, the sample was 
warmed to room temperatures and oxygen at a pressure 
greater than one mm Hg was introduced into the sample 
tube. After approximately one hour the oxygen was 
pumped out and o(O2) was measured as a function of 
temperature. Figure 8 shows the difference between the 
a, and a(QOz) curves for five different temperature runs 
of the type shown in Fig. 7. These curves represent the 
temperature dependence of the surface conductivity. 
While the magnitude of s.—o(Oz) varies from cleaning 
to cleaning, the results indicate that the conductivity 
associated with the surface is roughly independent of 
the temperature. The spread of the experimental results 
is probably due to errors in measurement of the true 
sample temperature. An error of a few degrees from the 
o. run to the a(Os) run could account for the observed 
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Fic. 8. The difference ¢,—o (Oz) for five different temperature runs. 
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Fic. 9. The temperature dependence of the conductivity of the 
sample before and after coverage with atomic hydrogen. 


spread. As was mentioned above, the minimum in the 
conductivity was not observed in this work. At the 
point (Oz), the region of space charge is still p-type, 
and remains so at all temperatures. From the change in 
conductivity due to the adsorption of water vapor, at 
room temperatures it can be assumed that the region 
of space charge is at least some twenty micromhos from 
the flat band condition. Under these conditions one 
should see p-type field effect mobilities at all the tem- 
peratures investigated. Even though the surface is not 
at the flat band condition, the data definitely indicate 
that there is a temperature-independent conductivity 
associated with the cleaned (100) surface. 

Figure 9 shows the temperature dependence of the 
conductivity of the sample before and after coverage 
with atomic hydrogen. As pointed out by Heiland® 
atomic hydrogen increases the p-type surface con- 
ductivity of a cleaned surface, indicating that it acts 
as an Eisinger*? has shown that atomic 
hydrogen increases the photoelectric threshold of a 
cleaned silicon surface and this is consistent with ob- 
served conductivity data for germanium. 

The apparent electronegativity of atomic hydrogen 
on germanium, silicon and metals such as tungsten”? is 
not well understood. One possible explanation is that 
the surface atoms of these solids are much more electro- 
negative than the values usually assigned to the iso- 
lated atoms, by virtue of their position at the surface. 
If this were so, hydrogen bonding between the proton 
and the surface atoms could occur. The addition of the 
neutral hydrogen atoms at a site would give stability 
to additional electrons at neighboring sites and would 
explain the observed increases in work function for 
semiconductors and metals. The excess conductance 
induced by the hydrogen is also temperature inde- 
pendent. The dip in total conductivity at 200°K is 
probably due to the presence of a small number of 
deep traps in the bulk of the sample. 

Figure 10 shows the observed field-induced surface 
conductivity per unit charge for each of the three curves 
shown in Fig. 7. 

F at o, and F at oyax do not vary much with tem- 


acceptor. 
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perature, about a factor of two over the range of tem- 
perature investigated. However, the F at o(O2) changes 
markedly over the same temperature range and indi- 
cates a different region of space charge for this latter 
case. 
4. BAND STRUCTURE OF THE CLEAN 
GERMANIUM SURFACE 

A model of the clean germanium surface must corre- 
late the following facts: 

1. The field-induced surface conductivity per unit 
charge, F, is positive, indicating that 

(dP/dEp)pps| >| (dN/dEp)pns (1) 


where F is defined as 


da (dP/dEvr)pps+(dV/dE vr) uns 


dQ 


(dP/dEv)—(dN/dEv) 


P=number of holes per cm? in the region of space 
charge, .V=number of electrons per cm? in surface 
states, up,=mobility of holes in the region of space 
charge, #»,=mobility of electrons in surface states, 
do= change in sample conductivity due to the applied 
field, and dQ=additional charge induced into sample 
due to the applied field. The effect of the applied electric 
field on the semiconductor surface is a displacement of 
the Fermi energy relative to the electrostatic potential 
at the surface. 

2. The magnitude of F is approximately 100 cm?/v 
sec for a clean surface and is roughly independent of 
temperature over the range 77°-300°K. 

3. The conductivity associated with the clean sur- 
face is 

O.= (Pups t+.V brs )~100-200 umhos. (3) 


og, is roughly independent of temperature, changing by 
a factor of two over the temperature range 77°-300°K. 

4. The quantity H~600-1000 cm?/v sec, where H is 
defined® as 


Rror?—Ryoy? (Past — Nitas’) 
H= = (4) 


o o q 


Rr=total Hall coefficient for volume and surface when 
the surface is clean in cm?/coul, Ry = Hall coefficient of 
sample when the bands are flat out to the surface region 
in cm2/coul, o7=sum of the volume and surface con- 
ductivities in mhos/square, and cy = conductivity of the 
sample in mhos/square when the bands are flat out to 
the surface region. If u,, were zero, H would equal the 
Hall mobility of the holes in the region of space charge. 
Since the data are still so rough, no distinction will be 
made between Hall mobilities and conductivity mo- 
bilities. 

5. For near intrinsic germanium the number of 


*%R. Petritz, Phys. Rev. 110, 1254 (1958); J. N. Zemel and 


R. Petritz, Phys. Rev. 110, 1263 (1958). 
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holes in the region of space charge must always equal 
the number of electrons in surface states to maintain 
charge neutrality, 

N=P. (5) 


6. The surface germanium atoms have one or more 
unfilled orbitals which may act as electron acceptors. 

7. Perturbation of valence-band states alone cannot 
give rise to a surface conductivity.'* Surface con- 
ductivity may arise from the mixing of valence-band 
and conduction-band states to form a half-filled surface 
band in the manner described by Shockley or by the 
perturbation of conduction-band states such that they 
have energies close to or coincident with valence-band 
states. It is implicitly assumed that no impurities are 
present. 

8. The work function and photoelectric threshold are 
approximately equal.” 

‘9, The distribution of states in the valence band at 
the surface must be different from the distribution of 
states in the volume. For if one uses the volume distri- 
bution of states to determine the shape of the space- 
charge region*4~*® one finds that the holes are con- 
strained to move in a potential well less than 20 A wide. 
This width contradicts the assumption of a normal 
distribution of states. The uncertainty principle requires 
that the lowest states be somewhat removed from the 
edge of the valence band for this width. 

Rather than attempt to determine the actual band 
structure, a model similar to the band structure of 
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Fic. 10. The temperature dependence of the field-induced sur 
face conductivity per unit charge for the three conditions of the 
surface shown in Fig. 7. 

4 R. H. Kingston and S. F. Neustadter, J. Appl. Phys. 26, 718 
(1955). 

*6C. G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955). 

26 R. Seiwatz and M. Green, J. Appl. Phys. 29, 1034 (1953). 
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Fic. 11. A schematic representation of the band structure of 
the clean germanium surface. Eo is the bottom or edge of the 
electron surface-state band. £ is the edge or top of the quantized 
hole band. 


graphite*’ will be assumed with the additional assump- 
tion that the bands are two dimensional and circular. 
It will be shown that the properties of such a model are 
in good agreement with the experimental data. Figure 11 
shows a schematic representation of the band structure 
of the clean germanium surface. The bottom of the 
surface-state band is /y. It is assumed that these states 
have been perturbed out of the conduction band and 
that they overlap the valence band. The number of 
electrons in this surface band is 


N No(Er— Eo), (60) 


where .Vo is the density of states per electron volt per 
cm’. It is independent of the energy for two-dimensional 
bands and is given by 


No=4rm*/h’, (7) 


where /: is Planck’s constant and m* is an effective mass 
parameter. It is assumed that these electrons have a 
finite mobility. It is assumed that the wave functions 
of the states perturbed out of the conduction band have 
maxima centered about the surface atoms. /, is the 
highest energy or edge of the two-dimensional hole band. 
The wave functions of the two-dimensional hole band 
are assumed to be displaced inward. The holes move in a 
potential well of approximately 50 A in width. The 
number of holes in this band is given by 


P=P)(Ffi—Ep), (8) 


where P9 is the density of states per electron volt per 
cm? and is a constant of the form of .Vo in Eq. (7). 
This type of band structure for the holes in the 
valence band can be shown to be reasonable in the 
following way. The holes are constrained to move in a 
potential well set up by the electric field of the electrons 
in the surface band. The magnitude of this electric 
field is of the order of 10° v/cm. If the electric field is 


271). E. Soule and J. W. McClure, J. Phys. Chem. Solids 8, 
29 (1959). 
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assumed constant, then the holes move in a linear 
potential well. That is, linear inside the crystal for «>0 
and infinite for «<0 outside the crystal surface. The 
solution of the Schrédinger equation is** 


¥=ALJ,(O+I_4(0) J, (9) 


where the boundary conditions are y=0 for x=0 and 
x= 0. The J’s are Bessel functions of order 3. A and ¢ 
are functions of energy and position. The energy levels 
are found from the boundary condition Y=0 at «=0. 
For a linear potential well where the electric field is 
10° v/cm, the energy levels are separated by ~0.1 ev 
or 4kT at room temperatures. The holes are assumed to 
be perfectly free in the directions parallel to the surface 
and this gives rise to a two-dimensional band extending 
downward from /;. It is assumed that all other two- 
dimensional bands associated with higher energy states 
in the direction normal to the surface may be neglected. 
If the holes shield each other to an appreciable extent, 
the effective electric field will be smaller and the 
separation of energy levels will be somewhat less. 

The motion of the holes and electrons parallel to the 
surface may not be perfectly free. With 10° charges/cm? 
the electrons are 100 A apart while the depth of the 
well is only 50 A. Thus the potential in which the holes 
move might not be a function of only the depth into 
the crystal but also depend on the position of the holes 
with respect to electron charge at the surface. This 
problem is more difficult to treat and no attempt will 
be made in this paper. The model presented in this 
paper can be considered as a limiting case of the actual 
situation. 

Equations (6) and (&) assume that both the hole and 
electron bands are strongly degenerate. ‘The experi- 
mental values of the surface conductivity indicate, 
together with Eq. (5), that .V and P are of the order of 
10'*/cm*. This requires that .Vo and Py, be less than 
4X10" states/ev for Eqs. (6) and (8) to hold over the 
and Po are 
and P are 


temperature range investigated. If Vo 
greater than 4X10" states/ev, then .V 
given by 


VokT In{i+expl(Ep—Eo)/kT )}, — (10a) 


and 


P= P kT \n{it+expl(4£i:—Er)/kT]}. — (10b) 


In this case, however, electrical neutrality requires that 
Vo=Ppo and that F,;—&y=2(F£,— Ev). Also V and P 
must decrease as the temperature is lowered. In the 
remainder of this section it will be assumed that the 
strongly degenerate case is applicable. 

In this model it is assumed that any surface states 
associated with the valence band have been perturbed 
to lower energies and are completely filled at all times. 
The surface germanium atom on a (111) surface has 
three bonds to the crystal below it and one free orbital 
with one electron in it. This neutral atom can be con- 
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sidered as having seven electrons about it compared to 
an atom in the volume which has eight. The energy 
necessary to ionize one of the seven electrons of the 
surface atom should be large and its state should lie 
several electron volts below the conduction band, since 
this ionization results in a separation of charge. How- 
ever, if the germanium surface atom captures an eighth 
electron in a state perturbed out of the conduction band 
it then has a stable octet of electrons in its outer shell. 
The ionization of this electron to the conduction band 
does not result in the separation of charge and therefore 
its energy state should lie much closer to the conduction 
band. Considerations similar to those described above 
should hold for surfaces other than the (111). 

It is expected that the mobility of the holes and 
electrons at the surface will be relatively temperature 
independent. Both carriers move in narrow potential 
wells and the mode of scattering consists of collisions 
with the surface rather than collisions with the lattice 
in the form of phonons. Thus the usual 7~! dependence 
found for three-dimensional degenerate bands should 
be absent. Also the type of scattering at the surface is 
restricted due to the quantization of the momentum in 
the direction normal to the surface. Since the levels of 
the second band of states lie more than a few kT above 
the edge of the first band of states, a hole or an electron 
will not be able to gain enough energy in colliding with 
the surface to change the magnitude of its momentum 
normal to the surface. Thus the quantization rules out 
the possibility of diffuse scattering at the surface. How- 
ever, the scattering need not be specular either, but 
may be represented by an intermediate case. The 
carrier may change its direction parallel to the surface, 
but the angle of incidence must equal the angle of 
reflection on collision with the surface. Thus one should 
observe mobilities greater than those predicted for 
diffuse scattering” but somewhat less than those pre- 
dicted for specular scattering. 

The dominant characteristic of this model is its tem- 
perature independence. Thus all measurements of the 
transport properties of holes and electrons in these 
bands should show temperature independence. 

Using Eqs. (2), (6), (8), F can be written 


F= (tpe— Gtns) (1+<a), (11) 
where 


dP/dEp=—Po, dN/dEvp=No, and No/Po=a. 


Equation (4) for H may be rewritten using Eqs. (3) 
and (5): 


H = (ups?— bns”)/ (Ups tne) = ps Mans: 
Equations (11) and (12) may be solved for wy, and png: 
Mp = La(H—F)—F ]/(a—1), (13) 
Mne=_H—(1+a)F ]/(a—1), (14) 


* J. R. Schriefier, Phys. Rev. 97, 641 (1955). 
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I is obtained from Fig. 10 and H from the room tem- 
perature data of Missman and Handler.® If un, is 
assumed equal to zero, then Eqs. (11) and (12) may 
be used to determine a, the ratio of the density of states 
in the electron band to the density of states in the two- 
dimensional valence band. 


a=No Po= F-1=5. (15) 


For strongly degenerate bands Vo< 4X10" and there- 
fore Py <10" states/cm? ev. Equation (7) then implies 
that m*/m<0.1 for both the holes and the electrons (m 
is the free electron mass). If No and Po are not inde- 
pendent of the energy these values may be interpreted 
as the effective density of states at the Fermi energy. 
In this type of model, it is very difficult to determine the 
total number of surface states present. Theory indicates 
that the number of surface states should roughly equal 
the number of surface atoms. However, the exact 
number may be ascertained only if they lie at a dis- 
crete energy in the vicinity of the Fermi energy. 
If uns is finite, then the limits on a are 


H/F>a>1. (16) 


If a is assumed to have a value of two, then py,= 900 
cm?/v sec and uy,=300 cm?/v sec, where F=100 and 
H = 600. 

A measurement of the transverse magnetoresistance 
gives an additional equation* of the form 

M = page? + bens? — Upeltns- (17) 
Equations (11), (12), and (17) should then determine a, 
Mpe, and pn, exactly. 

It may be worth noting that the present model may 
be used to explain the conductivity of medium-angle 
grain boundaries of the type investigated by Reed,* 
Matare,*! and Tweet.*? These grain boundaries which 
contain large numbers of dislocations will also contain 
large numbers of unfilled orbitals of the type suggested 
by Shockley, and investigated by Reed.* If the 
distance between dislocations is small, such that the 
electronic wave functions on adjacent dislocations 
overlap, then the physical situation will closely resemble 
the clean surface. In this case the conduction properties 
of the grain boundary should be similar to that of the 
clean surface. In fact Reed, Weinreich, and Matare?* 
have observed a temperature-independent p-type con- 
ductivity over the temperature range 2°-300°K in a 
large number of bicrystals containing a single grain 
boundary. The magnitude of the observed conductivity 
is of the order of 100-300 umho/square, in good agree- 
ment with values shown in Fig. 8. The conductivity is 
definitely not associated with impurities. 

%® Reed, Weinreich, and Matare, Phys. Rev. 113, 454 (1959). 

31H. F. Matare, J. Appl. Phys. 30, 581 (1959). 

2 A. G. Tweet, Phys. Rev. 99, 1182 (1955). 

8 W. Shockley, Phys. Rev. 91, 228 (1953). 

4W. T. Reed, Jr., Phil. Mag. 7, 45, 775, 1119 (1954); 7, 46, 
111 (1955). 
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Tweet® has also measured the Hall coefficient for a 
number of grain boundaries in gold-doped germanium. 
In one of his samples a temperature-independent con- 
ductivity was observed in the range where the gold 
levels were completely de-ionized. In this sample the 
magnitude of the conductivity was similar to that 
observed for the clean surface. Also the product of 
Tweet’s reduced Hall coefficient times his reduced 
conductivity gives a quantity similar to the quantity H 
defined in Eq. (11). Tweet’s value of H in this tempera- 
ture range has approximately the same value as re- 
ported by Missman and Handler for the cleaned ger- 
manium surface at room temperatures. 

Matare reports that the application of a field normal 
to the grain boundary gives changes in conductivity 
which are independent of temperature over the range 
2°-300°K. The fact that no freeze out of carriers is 
observed at temperatures as low as 2°K indicates that 
the acceptor-type levels of the grain boundary must be 
coincident with the valence band edge or overlap it as 
is shown in Fig. 11 

The model presented here is in fair agreement with 
all the experimental data published thus far. However 
the low values of the measured surface recombination 
are still not well understood. In these experimental 
papers it has been assumed that the electrons in the 
bulk and at the surface are in thermal equilibrium. 
However the barrier for the flow of electrons to the 
surface is ~0.3 ev and the diffusion of electrons may 
very well be the rate limiting step. Thus in the data of 
Law and Garrett’ there is no change in surface recom- 
bination velocity with the initial admission of oxygen. 
The change in the barrier height does not become 
appreciable until, the conductivity is well below its 
cleaned-surface value. At this point Law and Garrett 
do observe a large increase in surface recombination 
velocity. 

No attempt is made in the present paper to describe 
the energy level diagram of the surface in the presence 
of oxygen. 

The model presented is by no means unique. It is 
possible, for example, for states to be perturbed out of 
the conduction band and valence band to form a similar 
set of overlapping bands in energy and space somewhere 
in the forbidden band. In this model the macroscopic 
electrostatic potential may be the same throughout the 
volume and the bulk. This model is similar to the type 
predicted by Shockley" except that two distinct bands, 
rather than one, are formed. 


5. CONCLUSION 


The surface conductivity and the field-induced sur- 
face conductivity per unit charge are shown to be 
almost independent of temperature over the range 
77°-300°K. A model of the clean germanium surface is 


presented which assumes that the band structure at 


the surface is similar in gross detail to that of graphite, 
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except that the bands are two dimensional in nature and 
separated in space. The electron-band or surface states 
are perturbed out of the conduction band to form a 
surface-state band which overlaps the valence band in 
energy. 

The filling of these surface states with electrons out 
of the valence band gives rise to the observed p-type 
surface conductivity. The states perturbed out of the 
conduction band are most likely associated with the 
unfilled orbitals of the germanium surface atoms. These 
same types of unfilled orbitals are found in the dis- 
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locations associated with grain boundaries, and the 

similarity in conduction properties between the clean 

surface and medium-angle grain boundaries is shown. 
The data are still very crude and it is hoped that 

greater accuracy will be obtained in the future. 
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The parameters for the Feynman model of a polaron are evaluated numerically for various values of the 
electron lattice interaction a, in the usual idealization of the problem of a slow electron in a polar crystal. 
he self-energy and effective mass thus obtained are compared with earlier polaron theories, indicating 
the superiority of the Feynman model for a wide range of a. The polaron size and the effect of the continuum 
approximation are estimated, and it is concluded that the alkali halides, at least, may be in the border 
region for the validity of this approximation. The problem of calculating polaron mobility as determined 
by scattering with longitudinal optical mode phonons is analyzed and previous theories are critically re 
viewed. A new theory based on the Feynman model is developed in which the Boltzmann equation is used 
with resonance scattering considered as the fundamental scattering process. A comparison with previous 
theories shows some improvements and stresses still doubtful points. A comparison with various experiments 
suggests the possible inadequacy of the usual idealization 


I. INTRODUCTION 


W* consider the behavior of a slow electron in 
the conduction band of a polar crystal in which 
the interaction between the electron and the longi- 
tudinal optical modes of lattice vibration is too strong 
to be treated by perturbation theory, i.e., we consider 
the single entity of an electron and its associated cloud 
of virtual phonons, the polaron. We idealize the problem 
in the usual way by (1) neglecting all but the longi- 
tudinal modes, (2) treating the latter as a vibrating 
continuum, (3) assuming that the lattice frequencies 
all equal the same constant w, (4) assuming that the 
electrons in all filled bands follow the electron in the 
conduction band inertialessly, and (5) by replacing the 


* This paper is based principally on a doctoral dissertation 
submitted to the Massachusetts Institute of Technology, Cam 
bridge, Massachusetts, August, 1956, available as Technical 
Report No. 9 of the Solid-State and Molecular Theory Group of 
the Massachusetts Institute of Technology and_ hereinafter 
referred to as A. The original work was performed at M. I. T. 
while the author was a Predoctoral Fellow of the National Science 
Foundation ; it was supported in part also by the Office of Naval 
Research. Some additions and modifications were made while the 
author was a Postdoctoral Fellow of the National Science Foun 
dation at Birmingham University. 

+ Present address: Department of 
Illinois, Urbana, Illinois. 
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periodic potential by an effective mass m, which we 
call the bare electron mass (to be distinguished from 
m,., the mass of an electron in free space). Thus, we 
assume the system to have the Hamiltonian 


H= p?/2m+Di Vilrie™ +7 te— "V+ Dg hwre' rs, 


where 
Ux.=hw(4ra/V)3(h/2mw)'k = 0/k, ‘i 
(1) 


a= (e?/2hw) (2mw/h)*(€,7— €97'). 


The problem of fundamental theoretical interest is to 
find a theory capable of giving the very low-lying states 
of this system (those of a slow polaron without free 
phonons) or at least capable of determining the proper- 
ties of a free, slowly moving polaron characterized by 
these states: the polaron self-energy, effective mass, 
charge distribution, etc. A problem of more direct 
experimental interest is to apply such a theory to the 
behavior of the polaron in interaction with external 
fields and thermal phonons, e.g., to calculate the 
polaron mobility or the cyclotron resonance response. 

Calculations of the second kind share all the diffi- 
culties found in self-energy and effective mass calcu- 
lations, so that a theory which is incapable of reasonably 
accurate results for the properties of a slow, freely 
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moving polaron should not be considered reliable in 
calculations of mobility and cyclotron resonance re- 
sponse. Calculations of the second kind also have their 
own characteristic difficulties, so that a satisfactory 
theory of the self-energy, for example, may still not 
yield a reliable value for the mobility. Even if both 
kinds of obstacles are overcome for an electron-lattice 
system idealized in the usual way, the predictions of 
the theory may be of dubious value to the experi- 
mentalist because of the questionable validity of the 
idealization. 

It is our purpose first to see to what extent existing 
polaron theories solve the first problem, second to 
adapt the most successful of these theories to the 
calculation of polaron mobility, and third to analyze 
experiments in terms of this theory. In Sec. II, we 
present numerical results for the polaron self-energy, 
mass and size evaluated from the theory due to Feyn- 
man and compare these results with those of earlier 
theories. The comparison shows the inadequacy of the 
earlier theories for intermediate values of the interaction 
strength, of interest in several real crystals, and so 
demonstrates a need for a mobility theory based at 
least on Feynman’s description or something better. 

In Sec. III, we analyze the problems arising when 
one attempts to calculate electron mobility assuming 
the Boltzmann equation. This leads us to a discussion 
of resonance scattering, to be considered the funda- 
mental scattering mechanism, and to the identification 
of resonance momentum, velocity, width, and coupling 
renormalization as the critical factors along with the 
polaron mass determining mobility. 

In Sec. IV, we review previous theories and conclude 
that for an important range of intermediate values of 
the coupling strength they are not really satisfactory, 
not only because they are based on descriptions of a 
very slow electron that are not sufficiently accurate in 
this range, but also because in the scattering analysis 
they contain further assumptions that seem unjustified 
or lead to apparently inconsistent results. 

In Sec. V, a theory of resonance scattering is devel- 
oped based on Feynman’s theory for the very slow 
polaron. The resonance scattering rate is then evaluated 
for the usual idealization making certain reasonable 
approximations. 

In Sec. VI, the critical factors determining mobility 
are analyzed both for their behavior with increasing 
coupling strength and for their sensitivity to the 
approximations made in the usual idealization. It is 
concluded that the usual model may be inadequate for 
the calculation of mobility even though it is sufficient 
for calculating the polaron mass. We suggest that a 
breakdown of the usual model may complicate the 
temperature dependence of the optical mode mobility, 
but make no calculations. 

In Sec. VII, some remarks are made concerning the 
experimental situation. In particular, it is observed that 
experiments are not yet sufficient either to confirm or 
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reject any polaron theory, and that they may not 
even be sufficiently unambiguous to determine the 
parameters of any theory. Finally, it is emphasized 
that several assumptions which are fundamental to 
the usual idealization may not be satisfied. 


II. SELF-ENERGY, MASS, AND SIZE OF 
A FEYNMAN POLARON 


Of all the various published theories of self-energy 
and effective mass of a slow polaron! only that of 
Feynman’ gives essentially the correct behavior in both 
weak- and strong-coupling limits and a smooth unam- 
biguous interpolation between them.? Since calculations 
of the slow-polaron mobility have been based on various 
of these theories, it seems wise to find out precisely how 
good (or bad) they are in the intermediate-coupling 
region by comparing them with the self-energy and 
effective mass numerically evaluated from expressions 
given by Feynman. It is also interesting to see what 
the Feynman theory says about polaron size and the 
validity of the continuum approximation for the lattice 
vibrations. 

Feynman found as an upper bound for the self-energy 


of a polaron 
(2.0) 


where 


A=am-w(v/w) | 


B=3(v?—w?)/4, 


2)eI(1—e- 7/4), 


J( 1) =1+4+ (tw/w?) (1— wv 


and where w and v are variable parameters having the 
dimensions of (seconds)~!. We set A=1 throughout. 
As we shall discuss in more detail in Sec. V, Feynman’s 
theory leads naturally to a zeroth-order effective mass 


mo = (v/w)?m. (2.2) 


! For reviews of various aspects of polaron theory see A; S. I 
Pekar, Untersuchungen tiber die Elektronentheorie der Kristalle 
(Akademie-Verlag, Berlin, 1954), a translation of /ssledovania po 
Elektronnoi Teorii Kristallov (Gostekhizdat, 1951); H. Frohlich, 
in Advances in Physics, edited by N. F. Mott (Taylor and Francis, 
Ltd., London, 1954), Vol. 3, p. 325; H. Haken, in /albleiter 
probleme, edited by W. Schottky (F. Vieweg und Sohn, Braun 
schweig, 1955), Vol. 2, p. 5 ff.; G. R. Allcock, in Advances in 
Physics, edited by N. F. Mott (Taylor and Francis, Ltd., London, 
1956), Vol. 5, p. 412. 

2R. P. Feynman, Phys. Rev. 97, 660 (1955). 

3T. D. Lee and D. Pines, Phys. Rev. 92, 883 (1953), developed 
a theory that is exact for weak coupling and gives the correct 
asymptotic behavior for strong coupling, but the latter only if a 
cutoff is introduced in the lattice field. It will be seen in Table I 
that it is not satisfactory for intermediate coupling. S. V. Tyabli 
kov, Zhur. Eksptl. i Teoret. Fiz. 25, 688 (1953); and G. Héhler, 
Z. Physik 140, 192 (1955), have both formulated theories capable 
of yielding both the weak- and strong-coupling limits, but they 
seem to offer no straightforward way of finding the intermediate 
coupling behavior. E. P. Gross (to be published) has formulated 
a theory capable of giving both limiting behaviors but there is 
still some question about the smoothness of approach to the 
weak-coupling limit and about the numerical values in the 
intermediate-coupling region, 
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TABLE I. Parameters of Feynman theory, and self-energies and 
effective masses of several theories for various coupling strengths; 
h=1. 


3 5 7 11 
3.4 02 5.81 85 133 
2.5 13 1.60 1 


5 


— 3.1333 
— 3.0000 
—3.10 
—3.09 


— 5.4401 
— 5.0000 
—5.30 
-5.24 


—8.1127 
— 7.0000 
—7.58 
—7.43 
— 6.83 


—11.486 —15.710 


— 9.000 


E;/w 
Eup iw 
E1p/w 
E,/w 


Eput/w 


3.56 1 
3.89 1 
1.83 


AS 


mo/m 
my/m 
Mitp/m 
mip/m ; 2.1 
Mpor/m 14.5 


Feynman has given a somewhat ad hoc expression for an 
effective mass expected to be a little more accurate 
than mo, 012., 


£ 


a 
m= q 1+ 3am *(1 wf er f(r) }idr 


(2.3) 


Using the Whirlwind Digital Computer, we have 
minimized the upper bound in (1.1) with respect to 
both v and w for a=3, 5, 7, 9, and 11. The best values 
of v and w, the resulting self-energy, and the masses mo 
and my are tabulated in Table I. For comparison, we 
have also included tabulations of the self-energy and 
effective mass as computed according to the theories of 
Lee, Low, and Pines,‘ Lee and Pines,’ and Gross,°* 
which are exact in the weak coupling limit, and accord- 
ing to asymptotic formulas of Pekar,® Bogolubov,’ and 
Tyablikov® valid in the strong-coupling limit. 

The self-energies in Table I, with the exception of 
that of the strong-coupling theory /,»,, are all derived 
from variational principles. The superiority of the 
Feynman theory is evident over the whole range of 
interest. Also evident is the smooth interpolation 
afforded by the Feynman theory for the effective mass 
and the fact that in the intermediate-coupling region 
the discrepancies with both groups of theories are not 
insignificant. We note that only small differences occur 
between my, and mo. In Appendix A we have computed 
first-order corrections to mo in a systematic way based 
on the formalism developed in Sec. V. It is shown there 
that the improved mass m, lies between mp and my, for 
all a and that the percentage correction (m,—mpo)/mo 
is only two percent for a=3 and 5. The accuracy of mo 


*Lee, Low, and Pines, Phys. Rev. 90, 297 (1953). Also M. 
Gurari, Phil. Mag. 44, 329 (1953). 

5E. P. Gross, Phys. Rev. 100, 1571 (1955). We have used 
Gross’s principal axis transformation in combination with the 
special choice of the shift function f, given by Lee, Low, and 
Pines. No effective-mass calculation has been performed. 

®See Pekar, reference 1. We have used the asymptotic form 
Enue= — (0.108802 +3). 

7S. I. Bogolubov, Ukrain. Mat. Zhur. 2, 3 (1950). 

*S. V. Tyablikov, Zhur. Eksptl. i Teoret. Fiz. 21, 377 (1951). 
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is encouraging, since it is my which it is most convenient 
to use in the mobility theory developed in Sec. V. 

To see the validity of the continuum approximation 
it is useful to have an estimate of the polaron size. The 
Feynman approximation is essentially to replace the 
lattice by a second particle connected to the electron 
by a spring, as discussed in Sec. V. It is therefore 
possible to estimate the size of the Feynman polaron 
by calculating the root mean square distance between 
the electron and the second particle. The frequency of 
the harmonic oscillator composed of the electron and 
the second fictitious particle is v. The reduced mass of 
their relative motion is 


w= m(mo— m)/mo= m(v?— w") /v?. 


The ground harmonic oscillator wave function for the 
relative coordinate o is therefore 


¢olp)= (ur 1)? exp (—pvp* 2), 
which defines a Feynman polaron radius: 


r= ((p?))t= (3 Zpuv)*. (2.4) 
Using the weak- and strong-coupling expansions given 
by Feynman for w and 2, we find 


r; ~ (3/0.44a)!(2mw) 
ti] 


a 


1 


3(2/2)'a(2mw) 


A ies 
arn 


We have computed r; for various a and found the 
following: 


a 3 5 i 9 11 


1.42 1.00 0.748 0.557 0.443 


r;(2mw)* 


Although this definition of the polaron radius is 
somewhat arbitrary, it is still interesting to compare 
the values of ry; with the dimensions of a unit cell to 
get an idea about the validity of the continuum approxi- 
mation. In Table II we have listed the lattice constant a 
and ratio r;/a (assuming m=m,_) for some typical polar 
crystals. We have also tabulated the characteristic 


raB.e II. Lattice constant, Feynman polaron radius, character- 
istic length, and cutoff k.=2z/a for various crystals, assuming 
m=Me. 


Crystal 


LiF 
NaF 
NaCl 
NaBr 
Nal 
KCl 
KBr 
KI 
RbCl 
RbBr 
RbI 
Cu,0 
AgCl 


(h/2mw)*, A ke =(2x/a)(h/2mw)* 


6.84 10.6 
8.68 11.8 
10.88 12.1 
12.15 12.8 
13.18 12.8 
12.09 12.1 

13.1 


13.76 
18.99 16.9 
12.5 


13.02 

15.47 14.2 

16.9 14.5 
22.5 


8.83 
12.5 14.2 
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length (4/2mw)! and the cutoff k.=22/a, the latter in 
units of (2mw/h)*. Here, k, is the cutoff in the (100) 
direction for the NaCl type lattice and is very near the 
Debye cutoff [= (3/1)*k. for NaCl type]. &. is usually 
assumed infinite. 

Table II shows that even assuming m= m, the polaron 
may not be much larger than a unit cell. If m>m., 
the continuum approximation becomes rapidly worse. 
For example, we have computed r;/a for NaC] assuming 
m=2m, and m=3m, and have found r;/a=0.856 
and 3.30, respectively, demonstrating that ry; is a 
sensitive function of m/m.. 

To get a more quantitative idea of the error made in 
the continuum approximation, we can introduce a 
Debye cutoff into the Feynman expressions for self- 
energy and effective mass. One readily verifies that 
(2.1) is replaced by 

E; (Ro) =3 (v—w) — Ano— B, (2.6) 
where 


Ako=ar*w(v wf dr e~*Lrj(r) |} 
0 a 
Xerf{ko(w/v)[ 77 (7)/2mw }'}. 


For ky— ~, the error function goes to unity and 
Aiy— A. If ko is finite but large, the error function 
goes rapidly to unity with increasing 7, so that the only 
change in A comes from the region of small 7 during 
which we may replace exp(—r) by unity and j(r) by 
w*. The change in A is approximately 


o/ 
a2 
¢ 


x 


Aty—A~ax-'a | dr t{erfLko(7 


J 


2mw)' |—1} 


—a(2w/m)(2mw)!/ko. (2.7) 
Thus for large but finite cutoff the ground-state energy 
of the polaron is higher by a(2w/2)(2mw)!/ko, which is 
independent of 7 and w. This means that mp is 
unchanged to first order in 1/ko. The introduction of a 
finite ko can easily be shown to replace the Feynman 
mass expression (2.3) by 


z 


mks) =m| 1+ amr? (v | dre 


0 


raiL j(r)] 


X Lerf(k (w/v) ( T] 2mw)') 


v)*rj(r)) | | (2.8) 


— 20 exp(— (ko?/2mw) (w 


For large ko similar approximations as for (2.7) give 
£ £ 


m;(Ry)—~m;— (4ae/ 3a) (2m / ky?) *m. (2.9) 


To see quantitatively just what effect an intermediate 
cutoff has on the description of a slow polaron, we have 
considered the case a=5 for several different values of 
ky, the smallest being ko=2v3/r; or ry~0.9a, where 1, 
is defined by (2.4), the polaron radius without cutoff. 
The results are given in Table III. We see that the 
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TABLE ITT. Effect of cutoff, a=5. 


Cutoff k- 


my/m 


3.89 
3.73 


mo/m E/hw 


-5.44 
4.83 


a 02 ait 3.56 
3.38 


wV3/ry ~a/a 


effective mass is changed by about 4% and the self- 
energy by about 11%. Also we observe that there is 
now a slightly greater discrepancy between mo and my, 
suggesting that the Feynman approximation may not 
be quite so good as it is in the continuum. 

We conclude that for r;>a, the continuum approxi- 
mation leads to only small errors in the simplest 
properties of a slow polaron. If m>m, in the alkali 
halides, however, r; may be so small as to make the 
approximation bad. The alkali halides are thus near 
the doubtful region. 

We may remark that the Feynman approximation 
gives the exact results in two classical limits, viz., (1) 
when ko — 0 for fixed a so that the quantum fluctu- 
ations in the electron motion become unimportant and 
(2) when a— ~ for fixed ko so that the quantum 
fluctuations in the lattice vibrations become unim- 
portant. Expanding the error function in a power series 
in its argument, one can minimize (2.6) in these limits. 
In both cases, E~ — Zawm-!(ky?/2mw)!. In the first case 
v— w, so that my— m; in the second case, 1/w~ (8a, 
Omr)}(ko?/2mw)? and w/w— 1, so that mo~m(8a/9r) 
X (ko?/2mw)?. These are just the classical results, since 
m= m1 + (8a/ 9m) (ko? /2mw)?! ], 


III. NATURE OF THE MOBILITY PROBLEM 


The mobility of the polaron will be limited by 
scatterings from imperfections and from acoustic and 
optical modes of vibrations. We shall assume suffici- 
ently pure substances and sufficiently high temperatures 
so that imperfection scattering can be ignored. We 
shall also assume sufficiently high temperatures so that 
there are enough optical mode phonons with their 
much higher interaction to dominate as the principal 
scatterers over the more numerous but less strongly 
coupled acoustic phonons. One hopes that this minimum 
temperature is still below the maximum temperature 
permitted by subsequent approximations. Since po- 
larons interact much more strongly with the longi- 
tudinal optical modes than with the transverse optical 
modes, we may neglect the latter in scattering processes 
just as is done in the virtual phonon cloud. We thus 
assume the validity of the Hamiltonian of (1.1) for the 
mobility problem as well as for the calculation of self- 
energy and effective mass. It should be emphasized 
that this is an additional assumption whose validity is 
not implied by the validity of the earlier assumption. 

The fundamental difference between the calculation 
of polaron mobility and bare electron mobility is due to 
the much more complicated nature of the polaron, its 
energy-momentum relation, the way it reacts to incident 
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phonons and external forces, and the lack of a good 
theory for freely propagating polarons except for very 
slow ones at very low temperatures. Of course, all 
conduction electrons in polar crystals are really po- 
larons. The distinction between polaron and electron 
is simply whether or not virtual as well as real phonon 
processes are considered, i.e., whether or not we go to 
higher than the lowest order in the coupling constant a. 
To approximate a polaron by a bare electron may or 
may not be a good approximation depending on the 
crystal and the process under investigation ; for mobility 
in polar crystals such as the alkali halides, at least, it is 
a bad approximation. 

In calculating polaron mobility we shall be forced to 
use the Boltzmann equation for want of a better 
approach.’ Implicit in the derivation of the Boltzmann 
equation is a physical picture of charge carriers propa- 
gating as relatively simple well-defined particles under- 
going a succession of scatterings which are also reason- 
ably well defined. This picture requires,'® for example, 
that the collision time between successive scatterings 
should be sufficiently long that the energy of the 
particle between scatterings be sharp compared with 
the characteristic energy of the problem, in our case k7: 


h/r<KkT. 


For sufficiently strong interactions," this inequality 
may be satisfied only at quite low temperatures when r 
is large but when other approximations made previously 
are not valid. We shall nevertheless assume that (3.1) 
is satisfied, realizing that this assumption seriously 
limits the applicability of this theory (and of all previous 
polaron mobility theories as well) to the actual experi- 
mental situation, as will be clear in Sec. VII. 

One must also be careful that in computing 7 the 
initial and final states actually used are well defined. 
Thus, although the state of a very slow polaron at 
T=0°K can be well defined through an adiabatic 
switching-on procedure leading to real particle states,” 
such a procedure may not be valid for a faster polaron 
that has sufficient energy to emit a phonon spontane- 
ously (something which cannot occur in relativistic 
field theories where most of the concern with real 
particle states occurs). 

Ideally, one would like to make a canonical transfor- 

*In recent times some progress has been made with direct 
treatment of the density matrix and its equation of motion by 
D. A. Greenwood, Proc. Phys. Soc. 71, 585 (1958); R. Kubo, Can. 
J. Phys. 34, 1274 (1956); M. Lax, Phys. Rev. 109, 1921 (1958) ; 
and others. In principle this would be a better way to compute 
polaron mobility as well, since one could by-pass several difficult 
questions. It has so far not been possible to adapt these methods 
to the problem of polaron mobility where virtual and real pro- 
cesses are equally important and where, as a result, the corre 
lations between phonons are essential. 

0 See, for example, R. E. Peierls, Quantum Theory of Solids 
(Oxford University Press, London, 1955), Chap. 6, for a discussion 
of the validity of the Boltzmann equation. 

" For very strong interactions there are theoretical reasons for 
believing that + might begin to increase so that (3.1) might again 
be satisfied. See Sec. VI C. 

12M, Gell-Mann and M. Goldberger, Phys. Rev. 91, 398 (1953). 


(3.1) 


D. SCHULTZ 


mation on the Hamiltonian to a new set of variables in 
terms of which the Hamiltonian would naturally 
separate into parts representing the polaron, the modi- 
fied phonon field, and the residual interaction. Even in 
those polaron theories where this has been possible in 
some sense, it is certainly not clear that the same 
transformation which describes slow polarons will 
equally well describe faster ones, ones moving fast 
enough to emit real phonons spontaneously. It is not 
clear, for example, that the energy-momentum relation 
valid for polarons almost at rest can be extrapolated in 
any simple way to these faster polarons even if it does 
have meaning to speak of polarons with such energies 
as well-defined entities. 

The difficulties attaching to the notion of the polaron 
as a well-defined entity, are related to difficulties in 
defining the fundamental scattering processes. Several 
authors'’ have taken them to be simple absorptions and 
emissions of phonons. Aside from the minor calcula- 
tional difficulty due to the very inelastic nature of these 
collisions, which can be overcome," there are a few 
more basic difficulties with this approach. (1) The 
lifetime of a fast polaron (one that has absorbed a 
phonon) before it emits a phonon almost certainly 
violates (3.1), assumed in the derivation of the Boltz- 
mann equation. (2) The matrix elements of the transi- 
tions that must be calculated require knowledge of the 
polaron wave function for polarons moving fast enough 
to emit real phonons spontaneously. (3) Energy and 
momentum conservation laws must be satisfied and, 
in phonon absorption, the density of final states is 
needed (hence polaron velocity), both requiring 
knowledge of the dispersion law for faster polarons. 

The first objection has been overcome by arguing 
that since the phonon emission probability (~7-+1) is 
much greater than the absorption probability (~7), 
one may assume each absorption is immediately fol- 
lowed by an emission, that the transition probability 
for the two successive processes is_ insignificantly 
different from that for the absorption alone, and that 
for slow polarons the double process is isotropic. This 
has the additional advantage that the double process 
now considered as fundamental is elastic (since all 
phonons are assumed to have the same frequency). 

If the possibility of two successive phonon absorp- 
tions, and hence of emissions, is neglected, which 
certainly seems reasonable at not too high temperatures, 
then a more rigorously correct procedure is to calculate 
the quantum mechanical transition probability of the 
double process directly!’ and not to rely on the intuitive 


18 Fréhlich, Pelzer, and Zienau, Phil. Mag. 41, 221 (1950); 


Pekar, reference 1, especially Sec. 17-20; A. Morita, Science 
Repts. Research Inst. Tohoku Univ. 38, 1 (1954); and 39, 73 
(1955); Morita, Horie, and Hasegawa, Science Repts. Research 
Inst. Tohoku Univ. 38, 158 (1954). 

4D. J. Howarth and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A219, 53 (1953). 

16 Such a calculation was first made by F. E. 
Pines, Phys. Rev. 98, 414 (1955). 
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argument that this rate is essentially the same as the 
simple absorption rate. Such a calculation has the 
additional advantage that both the initial and final 
polaron states are now slow polaron states which can 
be reasonably well defined, in principle. The matrix 
element of the transition actually receives contributions 
from the two Compton scattering diagrams of Fig. 1. 
Because real phonon absorption is possible, (a) is 
actually a form of resonance scattering, analogous to 
resonance fluorescence when photons are incident on 
atoms. The sharpness of the intermediate states is high 
for very slow final (and hence initial) polarons, since 
then the volume of phase space into which the inter- 
mediate state can decay by phonon emission is very 
small. 

A simple analysis of a model polaron-phonon Hamil- 
tonian along the lines of the classical resonance fluores- 
cence calculations'® is instructive in showing the 
relationship between the simplest form of resonance 
scattering and the intuitive arguments advanced to 
make the simple absorption scattering tractable. It 
will also be of heuristic value when we analyze direct 
calculations of the second-order scattering process. and 
try to interpret the process as a simple resonance 
scattering process. Let us suppose it is possible to 
describe the polaron-phonon system by a Hamiltonian 
of the form 


KR=h(P)+>, Ze, (rye + 7,47 +>, hwr,' rT, 
=KHptK in tH, (3.2) 


in which the residual interaction can be treated by 
perturbation theory. Here P is the polaron momentum 
operator, 7, and 7,' are modified phonon annihilation 
and creation operators, and Z;, is an effective screening 
factor introduced because of the difference between 
bare electrons and polarons. For low temperatures 
when the rate of phonon absorption is very small, a 
resonance scattering calculation gives for the transition 
rate per unit time for a polaron from momentum P» to 
a final momentum in a solid angle dQ, about P, 


dr V 


apn f da, P? 
h (2rh)' 


(nu Sing 1) 1 Hint 


W(P,,P0)d2Q,= 


x 
(ho— E,)? +482 
where 
pr=V (2rh)P,,7/ (dE/dP)p=rn. 


Here |7) is the intermediate state in which the polaron 
has momentum P; and a phonon of wave vector 
(P;—Po)/h has been absorbed, and |») is the final 
state in which a phonon (P;— Po)/h has been absorbed 
and a phonon (P;—P,,)/h has been emitted. £;+4i8, 
is the complex energy of this intermediate state. 8; is 
just the transition rate per unit time for the decay of 


16 V. Weisskopf, Ann. Physik 9, 23 (1931) 
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Fic. 1. Second-order dia 
grams contributing to po- 
laron-phonon _ scattering. 
Solid lines represent po 
larons; wavy lines, phonons. 


a polaron of momentum P; through phonon emission, 
and is thus given by 


B:= eh f daa. (n|5Cine| i)|?. 


Implicit is the requirement that 


E(P,)=E(P»). (3.5) 


For very slow initial and hence final polarons, 8; — 0 
and all quantities become isotropic, so (3.3) becomes 


W(P,,Po)dQ,, = 2rh™| (r| Hint! 0) |2p,dQ,, 


XK 827h-pn|(n|Hint|7)|2/Br. (3.6) 


Here 


r) and P, refer to the resonance state for which 


E(P,)=E(Po)+he. (3.7) 
Because of (3.4), the fractional factor on the right of 
(3.6) is just unity and (3.6) reduces to the simple 
phonon absorption rate. The relevant physical quanti- 
ties characterizing the transition rate are the resonance 
momentum P,, defined by (3.7), the resonance velocity 
entering in p, defined by u,=(dE/dP)r=r,, and the 
coupling renormalization factor for the resonance 
phonon, Z,. The mass m* of a slow polaron does not 
itself appear in the scattering amplitude. 

Actually, it is too much to expect that the original 
electron-lattice Hamiltonian can be transformed into a 
form such as (3.2) that would be valid throughout the 
scattering process. For this reason, the second-order 
scattering probability may not have the simple struc- 
ture of (3.3), although if it should, one might then 
expect the width 8, to be related to the basic matrix 
clements occurring in the numerator of (3.3) according 
to the relation (3.4). The intuitive equivalence of the 
simple absorption and resonance scattering rates would 
then be justified. 

The problem of determining the transition rate of 
the double process and, if it has the structure of (3.3) 
of determining the quantities P,, «,, and Z, must still 
be solved. Let us consider what has been done in this 
direction. 


IV. REVIEW OF POLARON MOBILITY THEORIES 


According to Sec. II, the polaron theories of Frohlich, 
Pelzer, and Zienau,'’ of Lee, Low, and Pines‘ and of 
Pekar upon which calculations of polaron mobility 


17See Frohlick, Pelzer, and Zienau, reference 13. This early 
self-energy calculation, the first attempt to go beyond second 
order perturbation theory in the region of small a, is distinctly 
inferior to the later theory of reference 4 
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have been based, are unsuitable for calculating even 
the self-energy and effective mass over an important 
range of values for a. These theories are, then, hardly 
reliable in describing the more complicated features 
affecting mobility. Even if they were, however, there 
would be additional reasons for doubting their validity, 
which we now discuss. 

Both the weak coupling theory of Frohlich, Pelzer, 
and Zienau and the strong coupling theory of Pekar 
are based on a calculation of the simple absorption rate. 
Both theories assume the polaron mass to be inde- 
pendent of P, i.e., they approximate E(P) by a para- 
bola, in determining P, and u,, which we believe to be 
unjustified. Furthermore, as we have seen, to justify 
a mobility calculation based on the simple absorption 
rate one wants to have a double scattering rate with 
the resonance structure of (4), which would follow from 
a Hamiltonian such as (3). Although a Hamiltonian of 
approximately this form is derived by Pekar in which 
E(P) is parabolic, the validity of this Hamiltonian even 
for very strong coupling is doubtful except for polarons 
essentially at rest.!* 

Morita e/ al." in three elaborate papers have at- 
tempted to calculate the simple absorption and emission 
rates by solving an integral equation for an R-matrix 
derived in a manner patterned after Gell-Mann and 
Goldberger.'? They have then used the Howarth and 
Sondheimer“ method to solve the Boltzmann equation. 
There are basic theoretical objections to the defi- 
nitions of the initial and final states, however,!® and 
several additional approximations must be made in 
solving the resulting equations, so that the procedure 
appears to be invalid. 

Low and Pines'® have made a direct calculation of 
the resonance scattering rate, using as initial and final 
states slow polaron states calculated by Lee, Low, and 
Pines, or equivalently working with the Lee, Low, and 
Pines transformed Hamiltonian. In principle, this is 
most advantageous because, as we have discussed, it 


Fic. 2. Resonance momen 
tum P,/(2mhw)+ vs coupling 
constant a. (a) From Low and 
Pines scattering theory; (b) 
from Lee, Low, and Pines 
energy spectrum Ey,(P); (c) 
from parabola approximation 
with Lee, Low, and _ Pines 
effective mass. 


P, /(2mfus)” 





‘8 See, for example, Y. Yafet, Technical Report No. 2, University 
of Illinois, Urbana, 1954 (unpublished). 

' Although taking account of the self-energy effects of the 
electron lattice interaction (albeit, within the parabola approxi 
mation), Morita ef al. have not taken proper account of the change 
in polaron wave function due to the interaction [as has been 
discussed, for example, for the meson-nucleon case by G. C. Wick, 
Revs. Modern Phys. 27, 339 (1955) ]. This is particularly bad for 
the final state in phonon absorption where the real state, being 
capable of spontaneous emission, is entirely different from a fast 
bare electron state. 


avoids treating intermediate states, which are difficult 
to describe, and only assumed the Lee, Low, and 
Pines description to be valid for slow polaron states. 
To evaluate the resonance scattering matrix in practice, 
however, one is forced into a one-quantum approxi- 
mation. This rests on the implicit assumption that the 
Lee, Low, and Pines description gives higher states in 
good approximation as well. Or equivalently, it implies 
definite assumptions about the nature of the phonon 
cloud around the polaron in the intermediate state,”° 
thus partly canceling the advantage mentioned above. 
It is still interesting to compare the results of Low and 
Pines with the simple resonance picture sketched above, 
because the discrepancies, indicating a true breakdown 
in the simple resonance picture or reflecting the inade- 
quacies of the Lee, Low, and Pines description in 
combination with the one-quantum approximation, will 
suggest criteria for interpreting the mobility theory 
developed in Sec. V. 

For Po—0O the structure of the transition rate 
calculated by Low and Pines is just that of (3.3) with 


E(P)=E(P 0) 
+hwx*[1—aF (x) [1+eF(x)}', (4.1a) 

(4.1b) 

(4.1c) 


u,= f(a)(2hw/m)!, 


(n|3Cint| 7) |?= Ve, 
and 


B=8rrh (m/m*)*on| (n| Hint |r (4.1d) 


Here F(x) and f(a) are functions given by Low and 
Pines, x= P/(2mhw)', and x, is the solution of 


1=x/7[1—aF (x,) [1+eaF (x,) }. 


We wish to make four remarks: 


(4.1e) 


(1) According to (4.1d), 6 is not given by (3.4) as 
would be expected in a simple resonance structure. This 
could be a fault of the one-quantum approximation or 
a result of a true breakdown of the simple resonance 
picture, suggested by (3.2), for the intermediate state, 
although in the latter event, one would expect 6 to be 
modified by a factor relating to the intermediate state 
rather than by (m/m*)*, which relates to the slow 
polaron state. 

(2) According to (4.1a) there is no renormalization 
of the coupling constant. This is certainly not the case 
for intermediate or strong coupling,”' so that one might 
expect corrections to first order in @ just as for the 
other important physical quantities. 

(3) The resonance momentum P, has been computed 
for various values of a from (4.le). In Fig. 2 it is 
compared with the resonance momentum obtained with 
the parabola approximation and the Lee-Low-Pines 
effective mass, i.e., P-= (2muphw)', and with the reso- 
nance momentum obtained from L£yp»(P,)=Eup(0) 

*” A detailed discussion of this point is given in A, Chap. 5, 
Secs. E, F, and G. 

*1 See, for example, Pekar, reference 1, Sec. 17. 





SLOW ELECTRONS 
+hw, where En,(P) is the slow polaron spectrum 
computed by Lee, Low, and Pines. It is remarkable 
that the resonance momentum from the scattering 
theory is significantly larger than the other two, sug- 
gesting either that the parabola approximation in this 
and other theories is bad, or that the residual interaction 
in the Lee-Low-Pines Hamiltonian has a much larger 
effect than permitted by the one-quantum approxi- 
mation, or both. 

(4) For small a the resonance velocity u, is not 
changed to first order in a, as is the resonance momen- 
tum and as other quantities would be expected to be. 
More significant perhaps is that the resonance velocity 
is an increasing function of a, rather than a decreasing 
function as it would be with the parabola approximation 
where it is (2hw/m*)}. 

In conclusion we suggest that even if the Lee-Low- 
Pines theory gave the mass m* accurately, certain 
features of the mobility calculation would still cast 
some doubts on its applicability to this calculation. It 
is not even clear that it gives the right first-order 
corrections to the Fréhlich-Mott mobility formula 
(obtained by perturbation theory). For intermediate 
values of @ it, as other theories, seems inapplicable. 
For these reasons we proceed to a calculation of 
mobility based on Feynman’s description. 


V. RESONANCE SCATTERING OF A 
FEYNMAN POLARON 


A. Formulation of Theory 


A mobility calculation based on Feynman’s polaron 
theory will have two advantages: the parameters of 
the free polaron as they affect the mobility will be 
given by the more accurate Feynman theory, and most 
of the objections previously encountered in making the 
parabola approximation or in using the Low scattering 
formalism” will be overcome. The curious behavior for 
the resonance velocity found by Low and Pines re- 
mains, however, and is even stronger, a difficulty still 
unresolved. There remain some necessary approxi- 
mations mainly to do with transients, which have not 
been rigorously justified but which, it seems, should 
not seriously affect the quantitative results. 

The essential features of Feynman’s approach to the 
polaron are the replacement of the particle-field prob- 
lem by a two-particle problem and the formulation of 
the two problems in such a way that they can be 
directly compared. The parameters of the two-particle 
problem are chosen by a variational principle to 
optimize the degree to which the second system 
approximates the first, insofar as the dynamics of the 
first particle are concerned. To use the two-particle 
approximation to the polaron ground state in calculat- 
ing the polaron mobility, we must formally satisfy two 
requirements. First, we should like an exact formu- 
lation of polaron-phonon scattering in which the 


2 F. E. Low, Phys. Rev. 97, 1392 (1955). 


IN POLAR 


CRYSTALS 533 
properties of a free polaron are in some way separated 
from the intricate details involved in the scattering 
process. Second, we should like, if possible, to replace 
the polaron as it appears in such a formulation by the 
two-particle approximating system introduced by 
Feynman. 

The first requirement has been met in Feynman’s 
formulation of quantum electrodynamics.” There it is 
shown that the transformation function from a state 
with an electron at r’ and the field in the bare vacuum 
state at time ¢’ to the state with the electron at r’”’ and 
the field again in the bare vacuum state at time ?”’ is 
given by the path integral** 


(rt |r't’) = J Dr(2) exp f Lydt Goolr(t)], (5.1) 


t 


where L,,=}m/(d*r/dt*)? is the particle Lagrangian and 


Goolr() ]=TIk | f f dX .dX yl bot (Xu) 0( XU) 


x fox.) exp if (Ly* +L (5.2) 
Jy 


Here ©o(X;’t’) is the ground harmonic oscillator wave 
function with a phase factor exp(—}iwt); Ly* and L;* 
are the Lagrangians of the kth mode of the field and 
its interaction with the electron, respectively. Thus 
Goolr(t)] is the vacuum-to-vacuum transformation 
function for the field, assuming the electron to move on 
a path r(¢). For the electron-lattice Lagrangian one finds 


Pr 
GoaLn()]= exp] i Siaa*(2me) ff | r(¢) 
# 8, 
—r(s)|e-ivlt ‘aud | 


Similarly, if initially a phonon k’ is present and finally 
a phonon k” is present, Feynman obtained the trans- 
formation function 


(r"k"t” | r'k’t’) 
t’? 


- f oni exp f Lt our} 


t 


=exp(iS). (5.3)? 


For the electron-lattice problem one finds 


yee 
Gere Le () = —vvowf f dtydtye~ *# (41-2) 


ye 
x f ort exp| —i f f(¢)-r(d)dt |GooLr(d) |, 
” 


23. R, P.. Feynman, Phys. Rev. 76, 769 (1949). 
*4 For convenience we usually set #=1 here and in what follows. 
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where 


f(t) = —k’6(t—t)) +k’5(t—te), (5.6) 


and the term f(t)-r(#) in the action represents the 
effect of the two phonon collisions on the path of the 
polaron. 

Expression (5.5) has the two features we have 
required. First, as it stands it allows an exact formu- 
lation of the scattering problem. One has only to sum 
over all particle paths r(¢) consistent with the con- 
straints of the problem. Thus if one wishes the proba- 
bility amplitude that a polaron be scattered from 
velocity u’ to u” by a phonon going from k to k’’, one 
must use the kernel G,--»-[1r(¢) ] and sum over all paths 
that get through a pair of shuttered collimating slits 
set to select particles of velocity u’ shortly after time 
’ and that also get through a similar filter selecting 
velocity u” shortly before ¢’’. One must in addition 
make two corrections. One must correct for the decrease 
in particle flux effected by the initial filter by renormal- 
izing the incident flux so that unit particle flux emerges 
from the first filter. Also one must realize that at the 
final time ¢’’ the polaron may be almost anywhere in 
space depending on the times at which k’ was emitted 
and k” absorbed. Thus the determination of final 
velocity must be done with a continuous set of velocity 
filters distributed over space and the path integral over 
paths through the filter at a particular point in space 
must be multiplied by a definite but somewhat ad hoc 
phase factor appropriate to that point, reflecting the 
correlation of velocity measurements at different points. 
Although the particle is initially and finally a bare 
electron rather than a polaron, this should not affect 
the final scattering probability, since when the velocity 
filters are introduced it is the average velocity of the 
particle over a period of time that is selected. During 
most of this time the interaction can be considered 
turned on and the particle will have its cloud of virtual 
phonons.”® 

The second advantage of Feynman’s formulation is 
that the properties of the free polaron are contained 
explicitly in the propagation kernel Goo[_r(¢) ], which 


*6 Here we have implicitly assumed that the phonon-polaron 
collisions take place after the particle has gone through the initial 
velocity filter and before its final velocity is determined; i.e., we 
have assumed that the virtual phonon cloud has been acquired 
on turning on the field before the first phonon-polaron collision 
(absorption or emission) and that the second collision (emission 
or absorption) occurs before the interaction is turned off and the 
phonon cloud is lost. This assumption is rigorously valid in the 
limit of a very long time between the two filters; the probability 
of the collisions occurring in any particular finite time interval 
will become negligible in this limit, so that one can, with negligible 
error, neglect contributions to the transformation function arising 
from collision times near the end points. Somewhat simpler is the 
case of free propagation treated in Appendix A in which the 
vacuum-to-vacuum transition itself is of interest. There again 
one must look at the propagation only over long time intervals 
so that the times, in these intervals, during which the electron is 
acquiring and losing its virtual cloud constitute a very small part 
of the total interval. Then the behavior of the electron during 
these times has negligible effect on the average behavior over the 
whole interval. 
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refers only to the coordinate of the electron and can 
therefore be replaced approximately by the kernel 
describing the propagation of the electron in the two- 
particle problem, imposing some appropriate initial 
and final conditions on the second particle. Writing 
Goo=exp(iS), Feynman’s approximation was to replace 
S by So, where 


te’? 
Sv= 3c ff e—1(oyeemnaus 
4 


+f (A+B)dt, (5.7) 


w and C are certain parameters, and A and B are 
related constants. 

It is useful to see the precise relation of So to a system 
composed of an electron of mass m connected to a 
fictitious particle of mass M by a zero-length spring of 
spring constant k and with potential energy of the 
unextended spring defined to be Uo. If the electron m 
is fixed at the point r, it is convenient to introduce time 
independent harmonic oscillator states ¢,(x—r) around 
r for the second particle corresponding to a frequency 
(k/M)*. Then the transformation function from the 
state at ¢’ in which the electron is at r’ and the second 
particle is in go(x—r’) to the state at ¢’’ in which the 
electron is at r’ and the second particle is in go(x—r’’) 
can be shown to be” 


(r'bo(x”— rt” | r'bo(x’—r’)t’) 


ye 
= foro exp|i f Llt+ So 
* 


t’’ 
xexp| —ic f { (r()—r’)2e ee) 
t’ 


+ (el —r"pieseer-ny | (5.8) 
if?” 
Up= — (A+ B+3w), R=2Cw", and M=2Cw-. (5.9) 


A study of (5.8) indicates that the dynamical effects 
of the electron arising from the motion of the second 
particle are principally contained in So and that the 
additional terms in the effective action represent the 
transient effects due to the specific choice of initial and 
final states of the second particle. Strictly speaking, 
the effects of a particular initial and final state are not 


26 This is a straightforward calculation, since the action is 
quadratic in the coordinates. See reference 23; A, p. 155; or K. 
Yamazaki, Progr. Theoret. Phys. (Kyoto) 15, 508 (1956). 

27 The extra term $w is due to the fact that the state ¢o(x—r) 
is taken to be time independent, whereas in (5.2) it was assumed 
to have the phase factor appropriate to the zero-point energy of 
the phonon field. 
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transients, since in the two-body system under con- 
sideration no possibility of decay has been introduced. 
This can be remedied in part if we ascribe to w, when- 
ever it appears in So or the transient terms of the 
action, a small negative imaginary part so that w— w 
—ie and exp[ —iw(t—1’) ]— 0 as t—> ©, etc. In calcu- 
lating path integrals using the approximate action So 
instead of the exact action S, the velocity filters then 
reduce the emergent flux both because only one velocity 
is selected and because of the enforced decay of higher 
internal states of the two-particle system resulting 
from the imaginary part of w.”8 

It would now seem that if So is a good approximation 
to S, a good approximation to the scattering amplitude 
can be obtained from (5.4) by replacing S by So and 
making the appropriate renormalizations described 
above. One real failure of this approximation is that 
the Feynman polaron’s energy levels being the energies 
of the two-particle system are all real. The width of the 
intermediate state using So in (5.4) would therefore be 
zero and the integration over all intermediate states 
(characterized for example by k’ or k” for given u’ 
and u’”’) would not be finite. For this reason we must 
introduce corrections to the description of propagation 
in the intermediate state. 

We may consider the replacement of S by So as the 
zeroth-order approximation in the exact expansion 


exp (iS) =exp(iSo) exp[i(S—So) ] 


=exp(#So)[1+i1(S—So) +--+], (5.10) 


so that the scattering amplitude is 


te" 
(uk? | u'k’/’)= —veve f f dt,dts 
t’ 


xexpl— iol 4} f Or(t)[1+7(S—So)+-++] 


xexp|i f (dm (dr/dl)?—f-1)dr+i8o (5.11) 
4 


Any of the path integrations appearing in these expres- 
sions can now be reduced to the evaluation of ordinary 
Riemann integrals because of the quadratic structure 
of So. For example, since 


jel =a fk k-2eik-r, 


r=[V,2ei"-r], = f dke™9,9(k), 


28 For a more complete discussion, see A, p. 155 ff. and Appendix 
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“ee 
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> 

—(A+B)T f Dr (0) 


t’’ 
xex|i jm (@/ae)dt+iso), (5.12) 


t 
where 


f,= —k[5(t—t) —5(t—te) J. 


Similar expressions can be derived for higher powers of 
(S—So). The structure of the correction terms as 
exhibited in (5.11) suggests that, as in quantum 
electrodynamics, they can be represented by higher- 
order Feynman diagrams in which the bubbles now 
stand for what we shall call ‘“quasi-phonons.” By a 
quasi-phonon bubble diagram we shall mean the 
diagram representing the three correction terms 
exhibited in (5.12) taken together. 

We propose to include corrections in the form of 
virtual quasi-phonons only for the propagation of the 
Feynman polaron between the absorption of k’ and the 
emission of k’. Since, as in ordinary perturbation 
theory, no finite order corrections can yield a finite 
width for the intermediate state, we must sum over an 
infinite set of diagrams. To make calculations easier 
it is desirable to work in a Hamiltonian operator 
formalism rather than in the path integral formalism. 
We wish to set up an extended Hamiltonian K which, 
if treated by path integrals, would lead to an expansion 
such as (5.11). From our discussion of So it is clear that 
a Hamiltonian leading to an action So is 
K part= (P?/2m)+H,+ Uo 

= (P#/2me) + (x?/2u) + 3u0" 
—(A+B+3w). 
Here P is the momentum operator canonically conju- 
gate to the center-of-mass coordinate R= (mr+Mx)/ 
(m+ M); x is canonically conjugate to the interparticle 
separation 9=r—x; myp=m+M is the polaron mass m* 
in zeroth approximation; u=mM/mo; and v=+/ (k/u) 


(5.13) 
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is the frequency of the two-particle oscillator. In 
calculating all transformation functions, we must re- 
member that the initial and final states should be the 
ground harmonic oscillator state in their dependence 
on 9. 

Contributions to the virtual quasi-phonon diagrams 
like the first terms of (5.12) are exactly obtained by 
including the original Hamiltonian (setting the zero- 
point energy equal to zero) in the unperturbed part Ko 
of K and the interaction part of the original Hamil- 
tonian in the perturbed part K,. Contributions to the 
virtual quasi-phonon diagrams like the second term of 
(5.12) have a similar structure except that the factor 
U,V/2(2r)* is replaced by the very singular factor 
—1CV26(«%). To account for such a factor one must 
include in the interaction part K, a term with similar 
structure to the original electron-lattice interaction 
term but with the coupling constant U, replaced by 
the constant +7[42°CV26(«%)/V_]!, and one must in- 
clude in the noninteracting part Ko a field with all 
modes having the same frequency w and with zero-point 
energy equal to zero. 

The third term in (5.12) is obtained simply by 
including the additive constant A+B in K,. Actually 
whether it is considered part of Ko or K, should not 
make any difference, if we sum over all quasi-phonon 
diagrams. However, considering it part of K, will in 
general make first-order corrections to the self-energy 
vanish for a polaron at rest. This has the advantage 
that inclusion of K, in something like a one-quantum 
approximation will not change the polaron self-energy 
from what it would be if Ky were neglected. The 
one-quasi-phonon terms will therefore relate solely to 
the scattering. 

We are thus led to consider the extended Hamiltonian 
K=Ko+A, with 

o= (P?/2my)+ (2?/2u)+43ur*9?— (A+B+3w) 
+>). wre td. wh,"d,, 

Ky =>, U,(r,e* '+7;,'e ik-t)_ 7 (49C/V)3 
Xd «(V.26(«)) Lb, exp(ix-r)+c.c. J, 


and with the additional constraints that initially and 
finally in any transformation function, the relative 
coordinate o and the b,, 6,' field shall be in their ground 
states and the 7,, 7,‘ field shall be in the appropriate 
states. The use of this Hamiltonian in a time-dependent 
formalism with these initial and final constraints gives 
the same results as the evaluation of the corresponding 
path integrals of (5.11) when the appropriate renormal- 
izations due to transients are performed.” 


(5.14) 


B. Evaluation of Resonance Scattering Amplitude 


We now use the extended Hamiltonian K to make an 
approximate calculation of the scattering amplitude. 

2 Tt is observed that the extended Hamiltonian K is not 
Hermitian. This should cause no real concern, since the constraints 
will require that the non-Hermitian part always occur multiplied 
by its Hermitian conjugate and this product is Hermitian. 
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Since we intend introducing quasi-phonon corrections 
only in the intermediate state, the velocity filters 
selecting paths with average velocities u’ and wu” are 
equivalent to the requirement that the initial and final 
states of the two-particle system have momenta P’ 
and P” where P’=mou' and P’”=mvu’’. That we are 
justified in neglecting quasi-phonon corrections to the 
free propagation of a slow polaron is indicated in Sec. 
II and Appendix A where mp is shown to be a good 
approximation to the polaron mass. Thus we seek the 
transition amplitude (P’’0; k’’0/’’| P’0; k’0t’), where the 
first zero in a state vector indicates the ground internal 
state of the two-particle system and the second zero 
indicates the vacuum state of the b,, 6," field. Since 


e- iE (tt) (E— K+ie)- dE 


—® 


lim 1(27)7 
«0+ 


=¢@ i ("= 8") rrr, 
=() Nat, 


’ 


we have 


t’’ 
(P90; k"or"| Po; Kor)=—i ff dtydts 
e 


| 1 Ln 
x(P'0; k”0 ec iKo(t!’—t2) K,,,t— f LE e7 iF (a-ty) 
2r 


| —® 


| 
xX (E—K+ ie) 1 Kye Xo) PO; 0). (5.15) 


Here Ky? and Ky are respectively the parts of Ki 
creating a phonon k” and annihilating a phonon k’, 
and e— 0 + is understood. 

In (5.15) we have explicitly neglected quasi-phonon 
corrections except to the propagation of the inter- 
mediate state. For large ¢’’—?’, in the usual way, 
(P’0; k’’00’| P’0; k’0?’) 

=29i6(E"”—E')Rpry pre, (5.16) 
where 
R pry, pry =(P"0; k0| Ky t (E’— K+ ie) 
<K,-| P’0;k’0). (5.17) 


Substituting explicitly for Ky and Ky, 


Rpriger, pry = Ver Oe (P”+k'0; 00] exp(— ik” -oM/mo) 
X (E’—K+ie)™ exp(ik’-oM/my)| P’+k’0; 00). (5.18) 


We may introduce the formal expansion 


(F/—K+ied=Ge ¥ (KiGe)’, —_ (5.19) 


v=0 


where Gg = (k’—Kot+ie). From (5.12) we see that 
nth-order corrections from (A+B) always accompany 
2nth-order corrections from K,=Ki—(A+B). Also, 
only terms in (5.19) with an even power of K, can 
contribute to R. Hence we may regroup terms in (5.19): 
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Rovner = DyrDy P”+K'0500 exp(—ik’’- 0M /mp) 


| 
| 
| 
| 


XGe 0 [(RiGeRi+A+B)Gu) 
v=0 


Xexp(ik’- 0M /mo)| P’+k’0; 00). (5.20) 
| 


To make further calculation possible we now make 
two approximations: 

(1) In a diagrammatic analysis of (5.20), we neglect 
all diagrams except those in which only one quasi- 
phonon is present at a time. 

(2) Whenever there are no quasi-phonons present, 
we assume the two-particle oscillator is internally in its 
ground state. Thus we sum over graphs in Fig. 3. 

The first of these approximations is analogous to (but 
slightly different from) a one-quantum approximation. 
It is made in the belief that in most ways the Feynman 
polaron is a good approximation to the intermediate 
state and that the decay of this resonance state can be 
calculated by summing over the diagrams of Fig. 3. 
We shall see that including these quasi-phonon correc- 
tions has little effect on the resonance momentum but a 
considerable effect on the resonance velocity. 

The second approximation is felt to be reasonable on 
the following two grounds. First, the matrix element 
(0| exp (ik -9M/mo) |0)=exp[— (k?/4uv)(M/mo)?], and 
the element (0|exp(ik-oM/mo)|n) has an additional 
factor (k?/2uv)"/?(¢M/mo)"(n!)—}. Transitions to excited 
internal states will thus be relatively important only for 
k~ (2uv)*(mo/M) = (2mv)*(1—ws?) This quantity 
tends to © both fora—0 and a— , having a mini- 
mum of about (11mw)! at about a=5. For such large 
k, all matrix elements are small through the factor 
exp — (k?/4uv)(M/mp)* |. Secondly, for weak coupling 
the associated energy denominators will be large due 
to the recoil with such a large momentum of the light 
two-particle system, and for strong coupling the associ- 
ated energy denominators will be large because of the 
high excitation energy v of the internal two-particle 
oscillator states. The increase in energy denominators 
due to internal excitation should be very strong when 
there are no virtual quasi-phonons present, since then 
the energy denominators would otherwise be close to 
zero.” Since it is possible to proceed without assuming 
the two-particle system to remain in its ground state 
while virtual quasi-phonons are present, we shall do so. 
It is then easy to see explicitly that to assume no 
internal excitation while quasi-phonons are present 
would introduce only small corrections. 

Making the above-mentioned assumptions we replace 
the operators exp(—ik”:oM/mo), KiGe-Ki+A+B, 


% They would not be exactly zero, since the momentum of the 
phonon absorbed in resonance scattering of a very slow Feynman 
polaron will turn out to differ somewhat from (2mqw)* for which 
the energy denominator would vanish. 
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Fic. 3. Diagrams summed over in calculating phonon-polaron 
scattering with quasi-phonon (wavy lines) corrections. Solid lines 
represent the two-particle oscillator propagating in its ground 
internal state, and the dotted lines represent propagation in an 
arbitrary internal state. 


and exp(ik’-0M/mo) by the appropriate diagonal 
matrix elements so that 
Rpg: pk = Ve Ve exp[ — (k’’?+-’?) (4vy)—!(M/mo)* ] 
X6(E’— E”)5(P’ +k’, P’ +k”) [E’+a—(P0; 00| Ko 
+KiGe'Ki:+A+B| PO; 00)}", (5.21) 
where 
p- P’+k’= P’+k’”, 
FE! = (P’”2/2m))+w+3 (v—w)— (A+B) = total energy, 
and 
(PO; 00| Ko| PO; 00) 
= ( P2/2mo) +3 (v—w) ed (A +B). 
This suggests that the coupling constant is modified 
with the factor 
Z,$=exp[— (k?/4uv) (M/mo)? ]. 
The term (P0;00| KiGg-Ki+A+B] P0;00)=Vo0(F’,P) 


is a function of the initial energy LE’ and the total 
momentum P. It is shown in Appendix B, that in the 
limit P’ +0 and FE’ > w, 


(5.22) 


(5.23) 


DL 


V 00(w, P)/w=an-'( P?, 2m)! f dre 


0 


rr(i 1/1) (y7) 1 


x F ((x7/7)!)+ (1 —wv) { — (30/40) (1— wv) 

x[¥= (V¥+20-)"]— (30/4) Ye 4} 

+(A+B)—tax'P’ exp[— (P?/2uv)(M/mo)*], (5.24) 
where* 

x= P?/2my, 

VY = (P?/2mo+w—w)/w, 


J= jt) =14+ (tw/w*) (1 —w*v*) 1" (1—e-*7/*), (5.25) 
F(x)= exp(—x") f exp(é*)dé. 
0 


The resonance momentum is obtained by setting the 
real part of the denominator of R equal to zero: 


w= P?/2mot+ReV oo(w,P,). (5.26) 
The resonance velocity is obtained by differentiating 
the right-hand side of (5.26) with respect to P, and 
Miller and A. R. 


31 F(x) is tabulated by W. L. Gordon, J. 


Phys. Chem. 35, 2877 (1931). 
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using the relation F’ (x)= —2xF(x)+1: 


0,= (P,/m)—ax-Ma/2m)) f dr e727-/1) 
0 


XL(2+ (47) )F ((x7/7))+ (x7 j)*)] 
+ (1—w*v*) (w/v) (P,/mo){ (30/4w) (1 —w?v-*) 


x[¥-2— (¥+-2w) 2] 4-3 (w/v) ¥-*— 3x}. (5.27) 


Finally, the resonance width is 


48=ax,"P’ exp(—2Mx,2/v) 


=ax,"P’ expl—(P?/2uv)(M/mp)*], (5.28) 


which agrees exactly with the emission rate 6 of a 
polaron with a mass at rest of mo and with a coupling 
constant renormalization factor given by (5.23). 

The resonance scattering rate for very slow polarons 
is finally obtained from (3.6) with the occupation 
numbers m, replaced by their thermal average 1%, 


[exp(hw/kT)—-1}>: 
1/r= f W(Pq,P0)dQn= 2wanZ,(2w/m)v,-1, (5.29) 


VI. EVALUATION OF RESULTS AND COMPARISON 
WITH OTHER THEORIES 


From the standard mobility expression n= er/m* and 
(5.29), one obtains for the mobility of a slow polaron 


e im Vy 
—- ——— esu. 
2mw fiaZ, mo (2hw/m)! 


(6.1) 


Here mo= (v/w)*m is tabulated in Table I. Numerical 
evaluations of P,, v, and Z, for a=3, 5, and 7 are 
compared with their values in the limit of zero coupling 


in Table IV. 
A. Resonance Momentum 


Of particular interest is the value of P,. If the 
corrections we have made to the zeroth-order Feynman 
description are to be meaningful, they must be small. 
In particular, we should compare P, with the value 
obtained by making the parabola approximation, 
P,=(2mw)'. The corrections to the parabola value 
are seen to be never more than about 15%. 

We observe also that the resonance momentum can 
easily be within a factor of three or four of the maximum 


TABLE IV. Resonance momentum, velocity, and coupling 
renormalization of a polaron for various a’s. 


a 3 5 7 


~ P,/(2mtio) 1.54 243 3.83 
vr/(2hw/m)* 2.58 3.57 3.92 
Ze 0.736 0.444 0.096 
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phonon wave vector k,=2x/a." The large resonance 
momentum can invalidate the assumed forms of both 
the free field term and the electron-field interaction 
term of the original Hamiltonian, at least for short 
wavelengths. Although this may not seriously alter the 
value of the self-energy and effective mass, which may 
depend mainly on virtual phonons of longer wavelength, 
it can affect calculations of mobility in two important 
ways. First, the frequencies of the short-wavelength 
modes involved in resonance scattering may differ 
considerably from the constant w assumed for all longi- 
tudinal modes, since the constant frequency assumption 
is reasonable only for long wavelengths. The short- 
wavelength modes probably have a lower frequency, 
nearer to the frequency of the transverse modes, since 
there is less polarization charge associated with the 
short wavelength modes.® This should first of all change 
the value of the resonance momentum, P, (and hence 
u, and Z,) because a different phonon frequency will 
enter into the resonance condition (5.26). Secondly, 
the temperature-dependent factor [exp(hw/kT)—1]}" 
should show a difference from that involving the usual 
frequency w= (€/€»)*wrest,* which may be observable 
and which would be a valuable check on the theory. 
For this check, it would be useful to have an inde- 
pendent determination of the longitudinal optical spec- 
trum by a method such as neutron diffraction. Unfortu- 
nately at temperatures high enough to separate the 
optical mobility from the effects of acoustic modes and 
imperfections, the initial polaron momentum may not 
be so near zero. Then phonons of a range of wavelengths 
become important in the scattering, a range where the 
frequency is not constant. Consequently the density of 
phonons effective for scattering would not vary simply 
as [exp(hw/kT)—1]}". 

A second important possible error in the original 
Hamiltonian derived from the continuum approxima- 
tion is in the interaction term. The coupling strength 
between polaron and resonance phonon can be signifi- 


For an NaCl type lattice, a is the side of the basic cube, 
5 A. The maximum & in the [100], [110], and [111] directions 
are then respectively 2x/a, (27/a)v2, and (2x/a)v3/2, For the 
alkali halides k,™~12(2mw/h)*. The Debye cutoff is ko= (3/2) 4k... 
This raises an additional objection against the mobility theory of 
Pekar. Consider NaCl for example. Supposing the electron mass 
due to the periodic potential to be 2.78m, as Pekar deduces from 
his F-center theory, an unreliable estimate but one which favors 
the strong-coupling theory, Pekar finds a to be about 8.8 and the 
polaron mass m,=386m,. Even if the resonance momentum were 
as small as given by the parabola approximation, one would find 
k,= (2m,/h)§~1.82X 108 cm™ compared with 27/a=1.114X 108 
cm™, so that the scattering mechanism assumed to be responsible 
for mobility could not even occur, for want of any phonons of 
such short wavelength. Even assuming m=m, and making the 
parabola pepe Pekar would find a=5.3, m,~18.3m,, 
and k,=0.394X 108 cm™, too close to the lattice cutoff to allow 
the constant-frequency approximation and the continuum 
approximation treatment of the resonance phonon mode’s inter- 
action. Corrections to the parabola approximation increase k, 
and so worsen the approximation. 

33 See, for example, M. Born and K. Huang, Dynamical Theory 
of Crystal Lattices (Clarendon Press, Oxford, 1954), Chap. 2, Sec. 6. 

4 Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941); H. 
Callen, Phys. Rev. 76, 1394 (1949); Pekar, reference 1, Sec. 30, 
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cantly incorrect even before it is renormalized through 
the factor Z,. An accurate estimate of this would have 
to be made before mobility could be used for an experi- 
mental determination of the effective mass of the bare 
electron. 


B. Resonance Velocity 


We notice that the resonance velocity v, is much 
greater than would be predicted by the parabola 
approximation (which gives a decrease rather than an 
increase of resonance velocity with increasing coupling 
constant). This behavior is similar to that found by 
Low and Pines in their analogous f(a) function and 
probably springs from the same source, the use of a 
one-quantum approximation in evaluating the R ma- 
trix. It is not surprising that the resonance velocity 
should differ considerably from the velocity that a 
polaron of momentum P, would have if it were acceler- 
ated slowly to this value rather than scattered there 
suddenly in a phonon collision. In fact, it is the very 
nature of the decaying intermediate state that it should 
depend on the manner in which it is created. Whether 
the resonance velocity is so much higher, even higher 
at all, than would be obtained by slow acceleration of 
the polaron to P, is still an open question. Neither the 
theory of Low and Pines, in which the effect is small, 
nor the theory presented here, in which it is corre- 
spondingly larger, suggest any reasonable way of 
internally checking the validity of this conclusion. 


C. Coupling Renormalization 


The third important quantity is the renormalization 
factor Z,. The presence of this coupling constant 
renormalization is to be expected and appeared in the 
strong coupling theory of Pekar but not in Low and 
Pines’s theory. Both Z, and Pekar’s similar factor go 
to zero for large coupling, although Pekar’s goes to 
zero for small coupling rather than to unity as does 
Z, and as one expects in terms of the physical picture 
suggested by Feynman’s polaron. 

For small coupling the polaron is a point electron 
moving slowly round a second fictitious particle over a 
large region of localization. The electron behaves as a 
free point charge during the short time the phonon is 
being absorbed, so there is no renormalization of the 
interaction. In this respect the description is better 
than that of Pekar (which is not expected to hold in 
the weak-coupling region, although applied by Pekar 
to the relatively weak coupling cases of PbO and 
Cu,0), since in the various adiabatic approximations, 
the electron moves rapidly round a point in the lattice, 
which moves with uniform velocity but which does not 
vibrate instantaneously against the motions of the 
electron. Thus in the various adiabatic theories, the 
polaron simply behaves as a more and more diffuse 
charge cloud as the coupling becomes smaller, and the 
effective coupling constant to phonons of a given 
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wavelength tends to zero when the radius of the 
polaron exceeds this wavelength. 

For large coupling two things happen. First, the 
polaron’s mass increases, and in consequence so does the 
resonance momentum P,. The wavelength of the ab- 
sorbed phonon decreases as 1/m* or 1/a*. At the same 
time, the electron is becoming more localized and is 
moving faster in its region of localization. For strong 
coupling, the incident phonon sees the smeared out 
electron charge distribution, whose radius decreases, at 
least until it gets down to the order of magnitude of a 
lattice spacing, but only as 1/a*. Thus for strong 
coupling, the phonon wavelength is smaller than the 
polaron size and the resonance phonon goes right 
through the polaron with very little scattering. For this 
reason Z, goes to zero with large a. Thus, if we could 
neglect the natural cutoff introduced by the lattice and 
assume the resonance to be arbitrarily sharp, then for 
this idealized case, we would conclude that the mobility 
has a minimum as a function of a and then begins to 
increase for large a.** 

These considerations of Z, raise another important 
point. If the coupling is sufficiently strong, the detailed 
structure of the charge distribution in the polaron 
becomes important. It is just this structure which is 
most in doubt in any theory in which the periodic 
potential is treated in the effective-mass approximation 
and the lattice vibrations of short wavelength are 
treated in the continuum approximation, and even more 
so in the Feynman theory where, in addition, the 
charge distribution is assumed Gaussian. 

The rapid decrease of Z, with increasing k can also 
have its effect on the temperature dependence of the 
mobility. For higher temperatures the resonance scat- 
tering becomes unsharp in a temperature dependent 
way depending on the energy distribution of slow 
polarons. Phonons of nonresonance wavelengths with 
significantly different renormalized interactions with 
the polaron become important so that the effective 
interaction that limits mobility becomes temperature 
dependent. 


VII. EXPERIMENTAL SITUATION 


The most important aspect of the experimental 
situation is that as yet there has been no independent 
attempt to verify polaron theories other than mobility 
measurements. Thus, both the weak- and _ strong- 
coupling theories, in which the mobility is a rapidly 
changing essentially monotonic function of one variable 


35 Yafet!® has considered this unphysical behavior an objection 
to the strong-coupling theories, emphasizing the need to include 
both the lattice structure and nonresonance scattering. He 
concludes for the strong-coupling theories that in the limit of 
extremely slow polarons the nonresonance scattering contribution 
goes to zero but that even at low temperatures the resonance is 
sufficiently broad as to make nonresonance scattering important. 
Actually calculations of the nonresonance contribution proved 
very formidable in Yafet’s formulation of mobility in the strong- 
coupling theory and they seem equally formidable for our formu- 
lation in the Feynman theory. 
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parameter, m (decreasing for weak coupling theories, 
increasing for strong coupling theories), have ‘“ex- 
plained” the results. 

In actual experiments on polaron mobility the 
assumptions made in the various theories have not 
always been fulfilled. One difficulty has been to isolate 
the effect of the optical modes from those of the acoustic 
modes, imperfection scattering and trapping by shallow 
traps. Another difficulty has been the relatively limited 
range of temperatures over which both the Boltzmann 
equation and the inequality k7>>h/r have been satis- 
fied. In spite of very careful experiments, there have 
been almost none in which the microscopic mobility 
due to optical-mode scattering has been unambiguously 
identified over a reasonable range of temperatures in 
which the present theory (including the Boltzmann 
equation) is valid and in which the coupling constant is 
large enough to distinguish the results from the simple 
perturbation theory of Frohlich and Mott.* 

The most detailed direct measurements of drift 
mobility are those of Brown*’ and Brown and Dart® 
in AgCl. AgCl has the advantage that the time before 
trapping of photoelectrons can be made of the order of 
several microseconds, so that the actual drift velocity 
of electrons excited at one face of a thin crystal by 
strongly absorbed optical excitation or by single 8 
particles can be measured by measuring the transit 
time across the crystal. Unfortunately, it is not possible 
to isolate the optical-mode scattering to a sufficiently 
low temperature because of apparent multiple trapping 
in shallow traps.™ 

More recent measurements of Hall mobility by 
Kobayashi and Brown* in AgCl avoid the shallow 
trapping difficulty and give data down to 10°K. 
Although unknown imperfection scattering mechanisms 
make the interpretation uncertain below about 25°K, 
a reasonable fit of the data above this temperature 
can be achieved by combining an optical mobility 
po Lexp(0/T)—1] with an acoustic mobility u.« T-! 
according to wft=po'+ue%. For AgCl, using w 
= (€/€,) wrest, €=12.3 and ¢,=4.04, one obtains 0 
=280°K, which is within the limits of experimental 
error. Unfortunately, the experimental data are not 
sufficient to determine 0 directly from the temperature 
dependence (which, according to Sec. VI A, should give 
a different value) or to distinguish deviations from a 
fixed 6 with varying 7 mentioned in Sec. VI. Further- 
more, this low value of 0 limits the applicability of any 
of the polaron mobility theories to a rather narrow 
range of low temperatures, because of the restriction 
to slow polarons. Even more restrictive, possibly, is the 
temperature range over which the Boltzmann equation 


86 H. Frohlich and N. F. Mott, Proc. Roy. Soc. (London) A171, 
496 (1939). 

37 F, C. Brown, Phys. Rev. 97, 355 (1955). 

88 F. C. Brown and F. E. Dart, Phys. Rev. 108, 281 (1957). 

%® F. C. Brown and K. Kobayashi, J. Phys. Chem. Solids 8, 300 
(1959). 

“ K. Kobayashi and F. C. Brown, Phys. Rev. 113, 507 (1959). 
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itself is valid. Specifically, if we accept Kobayashi and 
Brown’s experimental estimate of the optical mode 
mobility and their use of Low and Pines’s mobility 
formula, then a=2.2 with m=0.29m,, so that at 
T=100°K the collision time of optical phonons with 
polarons is m*yo/e=5.74X10-" sec compared with the 
characteristic time for this temperature, h/kT=7.62 
X10-" sec. Even at T=70°K the inequality (3.1) 
assumed in deriving the Boltzmann equation is only 
weakly fulfilled since r=2h/kT at this temperature.” 
The situation is somewhat different if we choose the 
mass m to fit the data of Kobayashi and Brown with 
our mobility formula (6.1). We must then choose 
m/m,=0.85 for which a=3.64, mo=2.15, m=1.83m., 
0,=2.95(2hw/m)* and Z,=0.65. This value of m/m, is 
obtained by trial and error in which mo/m is interpo- 
lated from Table I, and 2, and Z, are interpolated from 
Table IV. For this value of m/m, we can also find, 
interpolating from Table IV, that P,=1.7(2mhw)}, 
which is to be compared with k,=19.18(2mw/h)* for 
AgCl. Thus the continuum approximation is valid. 

These results suggest three observations. First, even 
though the coupling is not strong in AgCl, still the 
differences between the theory of Low and Pines and 
the present theory are already marked. Second, the 
great sensitivity of mobility to the assumed bare elec- 
tron mass m allows almost any theory to fit the data 
with a not unreasonable assumption for the value of m. 
Finally, for the present theory, AgCl is already in a 
region where the theory is becoming quantitatively 
unreliable, not only because of the curiously large 
values of v, but also because of a renormalization factor 
Z, based on a Gaussian charge distribution in the 
polaron which is at best a rough approximation. 

An attractive crystal in one respect is MgO which 
has a Debye temperature for the longitudinal optical 
modes of 1710°K for which a=2.3(m/m,)!. The high 
Debye temperature insures a fairly wide temperature 
range in which the polaron can be considered very slow 
and the resonance can be considered reasonably sharp. 
Assuming m=m,, our theory gives P,=1.4(2mhw)! 
compared with k.=7.63(2mw/h)}, so that the resonance 
momentum is not too large either. Measurements of 
the drift mobility of the charge carriers has been made 
in MgO between 200°K and 600°K by Marshall, 
Pomerantz, and Shatas® by bombarding a thin crystal 
of MgO with 1—ysec pulses of 1.3-Mev electrons and 
measuring the current of the electrons and holes excited 
thereby. A rough fit to the data can be obtained by 


41 It is possible, however, that this criterion for the validity of 
the Boltzmann equation is too severe, and that it should be 
replaced by one of the form #/rAE in which AE is a measure 
of the energy change of the polaron in a collision. [See F. J. Blatt, 
in Solid-State Physics, edited by F. Seitz and D. Turnbull (Aca- 
demic Press, New York, 1957), Vol. 4, p. 311 ff.] Since the double 
scattering process is essentially elastic for moderate 7, the 
Boltzmann equation would then be valid to much higher temper- 
atures. This modified criterion has not been rigorously proved, 
however. 

2 Marshall, Pomerantz, and Shatas, Phys. Rev. 106, 432 (1957). 
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combining reciprocals of an acoustic mobility yw, and 
an optical mobility y.. This fit suggests that above about 
260°K the optical modes dominate. Unfortunately the 
experiments do not give the mobility unambiguously 
because of two uncertainties. First, the mobility due to 
holes is not distinguished from the mobility due to 
electrons. Second, the mobility itself is not measurable, 
only the secondary current. This depends on the 
number of charge carriers excited by each bombarding 
electron and the average distance they move before 
being trapped, neither of which has been directly 
determined experimentally. 


VIII. SUMMARY 


We have started with a comparison of the Feynman 
polaron theory with earlier theories of polaron self- 
energy and mass and have concluded that except in the 
truly weak and strong coupling situations it is the only 
satisfactory theory. Turning to the problem of mobility, 
we have rejected previous mobility calculations based 
on earlier polaron theories on additional grounds arising 
from a study of the Boltzmann equation and the theory 
of resonance scattering. We have then developed a 
theory of resonance scattering based on Feynman’s 
polaron formulation and used it to evaluate the polaron 
mobility approximately. It was found that the resonance 
momentum, velocity, and coupling constant renormal- 
ization played critical roles. Even at very low tempera- 
tures when the resonance is sharp, both the assumption 
of constant lattice frequency and the continuum 
approximation have been shown to be important and 
questionable in determining those features of the 
polaron, the free lattice, and their effective interaction 
that are important for mobility. We have furthermore 
indicated that the resonance scattering may be very 
sensitive to departures from a sharp resonance, which 
are associated with rising temperatures. This could 
lead to temperature-dependent effects if the coupling 
were strong enough, although they would be very 
difficult to calculate and probably also to observe. 
Finally in analyzing three sets of experiments we have 
seen that the range of 7 may be relatively small in 
which both the Boltzmann equation and the slow- 
polaron approximations are valid, and that imperfection 
scattering, acoustic mode scattering, and trapping 
make an unambiguous determination of optical mode 
scattering difficult. The sensitivity of mobility to the 
unknown effective electron mass m and the mono- 
tonicity of weak and strong coupling theories with m 
diminish the value of having ‘‘explained” experiments, 
particularly in view of a lack of another experimental 
approach to the polaron. 
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APPENDIX A 


It is possible to estimate the accuracy of my or mo by 
using the extended Hamiltonian formalism developed 
in Sec. V to calculate corrections to mo due to quasi- 
phonon processes. The ground energy of the polaron 
should be the lowest eigenvalue of the extended 
Hamiltonian K or equivalently, the lowest pole of the 
Green function (E—K-+ie)—! when e > 0 +. To eval- 
uate the self-energy and effective mass approximately, 
consider the matrix element (P0; 00| (E—K+ie)—| PO; 
00). Using approximations similar to those made in 
obtaining (5.21), we have 
(PO; 00| (E—K+ie)—| PO; 00) 

~[E—Eo(P)+ie—Vool(E,P)}', (A-1) 
where Eo(P)=Eys+(P?/2mo) and where Vo0(E,P) 
=(P0; 00) KiGeK,+A+B|P0;00) as in Sec. V. A 
first-order value for the self-energy, £:(P), of a polaron 
of momentum P is obtained from the pole of (A-1) 


when e—> 0: 
Ey (P)= Eo(P)+Vo0(F1,P). (A-2) 
A calculation analogous to that given in Appendix B 
shows that 


V oo ( E,P)= A+B- a (AE,P)- ®(AE,P), (A-3) 


where 


Q(AE,P) =2xr- ew f dr 


0 
Xexp{— (1—-w AE) +[P2r/2moj(r)} 
X (Pr/mo)F ((P?r/2meuwj(7))!), 


and 
@(AE,P) =} (v?—w*?)v{1— [vA E/w(v+w) J} 
X[1— (AE/w) }°[1— (AE) (0+-0)"}2 
— (P?/2mo) (v?—w*)v*[1— (AE/w) *.  (A-5) 
Here F(x) and 7(r) are given by (5.25). From these 
definitions we see that 
(0,0) = B. (A-6) 


@(0,0)=A and 


The transcendental equation (A-2) for AE then becomes 


AE(P)=[.@(0,0)— @(AE,P) ] 


+[@(0,0)—@(AE,P)]. (A-7) 


For P=0 the solution to (A-7) is obviously AR=0, 
or Voo(£o,0)=0. There is no correction to the Feynman 
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energy at P=0, since the term A+B was included in 
K, to produce just this result. 

To compute the first-order effective mass m, we must 
expand (A-7) in powers of P*. Differentiating with 
respect to P? at P=0, AE=0, we find that 
(8(AE)/AP?) po= — (8(@+@8)/A(AE))o,0 

X (0(AE)/AP?*) pio— (0(@+ B)/dP*)o 0, 
so that 
(0(AE)/0P*) poo= = (0(@+ B)/OP*)o,o 


X[1+ (0(@+B)/d(AE))o0}". (A-8) 


Now 
1/m,=2(0E,/dP*) = (1/mpo) 


+2(0(AE)/dP*)p.o. (A-9) 


It is interesting to compare this with Feynman’s 
expression for the effective mass. It is easily seen from 
(2.3) that 

m= mo 1+ 2mo(0(A@+ B)/dP?)o,0]. 


Combining (A-8), (A-9), and (A-10) we obtain 


(A-10) 


m= mo{ 1—[(m,/mo)—1] 


X[1+(0(@+@)/a(AE))}P"}. (A-11) 


For very small a, [0(A+B)/d(AE) ]oo=O(a) and 
(m;/mo)—1=O(a), so that m=m,[1+O(a*) ]. This is 
an improvement over mo, which, though never differing 
from my, by more than about 10%, does not agree with 
my, to first order in a for small a. For increasing a, 
[d(B+A)/0(AE) ]o,o increase from zero rapidly, and 
since (m,/mo)>1 for all a, we have for large enough a 
the inequalities 
mo < my—~mof{ 1+ (m;/mo)—1] 

X[1+(0(@+8)/d(AE))oe}} 
<mo{1+[(my/mo)—1]} =my. 
Thus the correction made by m, to mp is less than the 
correction made by my and in the same direction. In 


particular, for a=3 and 5 we have computed m;. The 
results are as follows: 


(A-12) 


m,/m 


1.82 
3.63 


m,/m my/m 


a 
3 1.89 
5 3.89 


1.78 
3.56 


The smallness of the difference between zeroth- and 
first-order effective masses is another justification for 
the procedure employed in Sec. V. 

We have also computed AZ as a function of P for 
a=5 up to P=1.76(2mw)'. AE is negative and increases 
in absolute value with increasing P. For P=1.76(2mw)* 
it is still only —0.084w, compared with a self-energy for 
this P of the order of —5w, so that insofar as this is a 
good first-order correction procedure, the zeroth-order 
Feynman approximation is a good one and the correc- 
tions can be treated as small. 
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We wish to evaluate 


Voo(E’,P) =(P0; 00|K,Gz-Ki+A+B| PO; 00) 


=VU'(2n) f dt kX |e’ —Ky(P) 


—wtiche®+|0)—3¢ f @s(oyve 


X(0| exp(ix-r)[E’— Ko(P)—wt+ie}" 
Xexp(—ix-r)|0)+(A+B) (B-1) 
in the limit that the initial momentum P’ 0. It is 
sufficient here to evaluate only the first term on the 
right, since the second term is similar and elementary. 
For simplicity, we take w= 1. 
Since r= R—(M/mo)o, we have 


(0| e*-*(E’— Ko(P)—1+ie}%e-**-*| 0) 
=(0| exp[ik- 9(M/mo) ][E’— Ko(P—k) 
—1+ie}" exp[—ik-0(M/mpo)]|0).  (B-2) 


Furthermore, since E’=(P’?/2m)+1 for P’ 0 and 
since (x+ie)= —i f0dt exp[ (— e+ix)t], we obtain 


f d®kk-X0| ee’ — KP) —1 + ie }He--*| 0) 


x P?— (P—k)? 
= -if di a Sieg exp | 
0 2mo 


X(0| expLik- 9(M/mo) ] exp(—ivy'- y/) 
x exp[—ik- 9(M/mo) }| 0) 
(B-3) 


= 0(uv/2)!+-ix(2Quv)-4 


yt = 9 (u0/2)!— ix (2u0)4. 


Simple operational manipulations with harmonic oscil- 
lator variables give 


(0| exp[7k- 0(M/mp) | exp(—ivyt- yt) 
Xexp[—tk- o(M/mo) ]|0) 
=exp[— (M/mo)?(k?/2uv) (1—e-***) ].  (B-5) 
Using (B-5), choosing the polar axis along P and calling 
cos(P,k)=£, and performing two of the k-space inte- 
grations, we obtain 


1 . p'— P?(1— §/ 7 (6 
[=2 f ae f ae exp tt ”) 


2myo 


(B-4) 





X[2rmo/itj (it) }', (B-6) 


where j(r7) is as given in (5.25) with w=1. 
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We now write 


L=1,+12, (B-7) 


where J; and J, are the contributions to J for §<é&, 
and £>&,, respectively, and where 


t?=1—(P'/P)?. (B-8) 


To evaluate J;, we observe that for {¢] > © and 
Im/<0, j (it) > 1 and P*[1—(#/j(it)) |—P”>0. Hence 
in 7; we may integrate from 0 to —i% rather than 
from 0 to ». Using the function F(x) defined in (5.25) 
and letting &— 1, we can also perform the £-integra- 
tion, obtaining finally 


ey 
h= —iaetP | ar e*** 
0 


Xexp{ — (P?2r/2mo)[1—(1/7(7)) ]} 


 F((P2r/2moj)})(P2r/2mo)—,  (B-9) 


a convergent integral to be evaluated numerically. 
To evaluate Jo, pick a fixed T so large that 
(v?—w*) (vw?) /T<1. (B-10) 

Now decompose /2: 


I,=I1n+] 2, (B-11) 


where J»; and J». are the contributions to J; from t<T 


and t>T, respectively. Js; is of the order (1—&,)T and 
may be neglected when £_— 1. In J22 we may expand: 
1/7 (it) =1— (v?—w*) (vw?) [1 — exp(—ivt) ](it) 

+0(1/?), (B-12) 


so that 
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1 wo 
Tx2.= 2m exp — (P?/2y2) ] ae f dl e~* 
Ec 


3 


X exp[it(P?/2mo) (x?— x0?) ] 


ot P2 yr—w\" 2rmo i 
(EES HID) 
n=—0n!\2mo vw 


x[1+0(1/T)]. 


(B-13) 


As &.— 0 all but the 7=0 term in the sum give contri- 
butions to the double integral of the order (1—£,), 
since when =€,, the integral on / converges for n¥0 
neglecting O(1/T); and‘writing /7*dt as fo*dt— fo" dt, 
the second double integral of the n=0 term is also of 


order 1—£,. Thus 
l i) 
o2= Qe expl — (P?/2yr) ] ae f dt e~* 
tc 


0 
X exp[it( P2/2mo) (#—&2) ](2emo/it)! 


+O(1-£,). (B-14) 
Letting /=is’, the remaining double integral can be 
performed : 
T99= 44*moP— exp(— P?/2yr) In - — 
t 


Se 


+O(1—&,). (B-15) 


As &— 1, J22.=O((1—€.)') justifying the neglect of 
O(1—&.). Hence finally 


To. — 29? P’ (P?/2mo) exp(— P?/2yr). (B-16) 


The first term on the right in (B-1) is now obtainable 
from (B-7), (B-9), and (B-16). The second term on 
the right in (B-1) is readily obtained using (B-5). In 
the appropriate units (B-1) reduces to (5.24). 
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Many-body perturbation theory is used to determine the effect of electron-electron correlation on the 
optical properties of metals. The formula for the current induced in such a system by an electromagnetic 
wave is written in such a form that it may be conveniently evaluated with diagrammatic techniques. 
Lowest order diagrams give the usual conductivity of a noninteracting electron gas. First order (in the 
Coulomb field) diagrams are typical of the random phase approximation and do not appreciably influence 
the conductivity. In second order processes outside the random phase approxiination occur, and have an 
important effect on the optical properties. A formula is derived for the contribution of such diagrams to 
the conductivity. It gives a vanishing correction for the case of the free electron gas (where current, as 
well as momentum, is conserved in electron-electron collisions) but a finite value for real metals in which 
electron current and momentum are not proportional to one another. This formula is used to discuss the 
optical properties of the double (electron-hole) plasma that occurs in metals with overlapping bands. In 
this instance correlation causes a shift in the dielectric anomaly (defined as the point at which the real 
part of the dielectric constant is zero), and produces absorption through processes in which an electron 
and hole share the energy of an incoming photon. 


1. INTRODUCTION pared to the kinetic energies of the particles involved. 
Unfortunately, in real metals this is never the case— 
the Coulomb energy of conduction electrons is always 
comparable to their kinetic energy. Thus, we can 
hardly expect to use perturbation theory to perform 
precise calculations of the many-body properties of 
real metals. It may, however, yield valuable qualitative, 
or semiquantitative information about their behavior. 
Information of this type is the goal of the work de- 
scribed below. We wish to explore the nature and order 
of magnitude of optical effects caused by correlation, 
without attempting a precise theory of their magnitude. 

In view of the inexactness of the methods to be used 
in calculating the conductivity, one might expect that 
the free electron gas would provide a sufficiently accu- 
rate model of a metal for the purpose at hand. This is 
not, however, the case. Indeed, the theory shows that, 


HE purpose of this paper is to investigate the 

effects of electron-electron correlation on the 
optical properties of metals. In nonmagnetic materials 
these properties are determined, through Maxwell’s 
equations, by the complex conductivity (or dielectric 
constant) of the solid in question. Calculation of this 
conductivity is the basic difficulty in the optical prob- 
lem, and the one to which the major part of this 
article is devoted. The conductivity, though perhaps 
not the most fundamental property of a many-electron 
system, has the great advantage of being fairly acces- 
sible to experimental measurement. Thus, provided one 
had an adequate theory of its behavior, it might be 
used as a tool to probe the correlated motion of the 
electrons in the solid. It is this possibility which has, 
in large part, motivated the calculations to be described 


below. 

Recent years have produced great advances in our 
understanding of many-body systems in general, and 
of the electron gas in particular. The development of 
the linked-cluster expansion! has systematized and 
clarified the use of perturbation theory in many-body 
problems, and the difficulties peculiar to the Coulomb 
case have been solved through the work of Brueckner, 
Gell-Mann, and Sawada.? These ideas, and the tech- 
niques associated with them, will be used extensively 
in the following calculations; indeed, the calculations 
would be impossible without therm. On the other hand, 
it should be emphasized that these are perturbation 
methods, in which the interparticle interaction (in our 
case the Coulomb interaction) is assumed small com- 


1K. A. Brueckner, Phys. Rev. 100, 36 (1955); J. Goldstone, 
Proc. Roy. Soc. (London) A239, 267 (1957); J. Hubbard, Proc. 


Roy. Soc. (London) A240, 539 (1957); N. M. Hugenholtz, 
Physica 23, 481 (1957). 
2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 


(1957); K. Sawada, Phys. Rev. 106, 372 (1957). 


as far as correlation effects are concerned, the optical 
properties of the free electron gas are singularly 
uninteresting. In the free electron gas the current and 
momentum are proportional to one another. Thus 
current, as well as momentun,, is conserved in electron- 
electron collisions and (as will be seen in more detail 
later), the Coulomb interaction has a very small effect 
on the conductivity. In all but the simplest metals, on 
the other hand, the particle velocity is not related in 
as simple a way to the momentum—the extreme case, 
of course, being that of a metal containing holes as 
well as electrons. In such materials electron-hole scat- 
terings, though still conserving momentum, drastically 
alter the current. One may anticipate, therefore, that 
the most pronounced effects of correlation on optical 
properties will occur in metals having rather compli- 
cated band structures. 

The perturbation theory formalism to be used in this 
paper is that due to Hubbard, and is clearly explained 
in his paper.’ We will not, therefore, go into detail in 
this matter but only discuss those points at which our 
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analysis differs from his. The main point of departure 
is that we are interested in the expectation value of the 
current, which is an operator that is different from 
(and rather more complicated than) those he considered. 
Our first task, therefore, will be to derive a formula 
for the expectation value of this operator that can be 
simply evaluated with the diagrammatic techniques 
that Hubbard discusses. This derivation is given in 
Sec. 2 of the paper. Sections 3 and 4 are devoted to a 
perturbation theory evaluation of the current. Zeroth 
order and random phase diagrams are discussed in Sec. 
3. These cause only minor correlation effects but are, 
nevertheless, of considerable interest. The lowest order 
diagrams that produce important correlation effects 
are discussed and evaluated in Sec. 4, and a formula 
obtained for their contribution to the conductivity. 
Finally, in Sec. 5, we apply this result to study the 
optical properties of a double plasma such as exists in 
a metal containing both holes and electrons. Such a 
material should provide the best opportunity for 
experimental observation of the correlation effects. 


2. GENERAL FORMALISM 


The system with which we will deal in the following 
pages consists of a set of electrons moving, at the 
absolute zero of temperature, through a periodic po- 
tential and interacting with one another via the 
Coulomb field. The electron field operator for this 
system will be denoted by y(r), and satisfies the 
familiar commutation rules® 


[Y(r)v(r’) ],=5(r—-r’), 
(V(r) 0(0’) 1, =(0 (0), o(r’) J, =0. 


The Hamiltonian, H, consists of two parts; the inde- 
pendent-particle energy, Ho, and the electron-electron 
interaction, V. Ho is of the form 


(1) 


v2 
m= f v0 — +U( Won, (2) 


2m 


where LU’(r) is the periodic crystal potential which we 
assume to include the diagonal matrix elements of the 
Coulomb interaction in the manner discussed by 
Hubbard.‘ y(r) and (r) may be expanded, as follows, 
in terms of Bloch waves: 


¥(r) =). Apu? pull), vin=>d Apu pul), (3) 
PH Pie 


where ¢p,(r) is a Bloch wave of crystal momentum, p, 
in band y, and the @»,’s are the usual annihilation and 
creation operators for these states. In terms of this 
expansion Eq. (2) may be rewritten in the form 


Ho=D. Goud pupE(p,u), (4) 
PH 


3We set h=1, and denote the conjugate of an operator or 


function y, by y. 
4 J. Hubbard, Proc. Roy. Soc. (London) A244, 191 (1958). 
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where E(p,u) is the energy of the state ¢,,. Finally, 
the electron-electron interaction is given by 


V=3 f Hierro (ew (nara, (5) 


with 
Al 
1) 


v(r—r’)=e?/eo'r—r 


and €9 the dielectric constant of the background lattice. 
To the system defined by Eqs. (2-5) we now apply a 
vector potential, A(r)e'*‘, whose coupling to the elec- 
trons is described by the interaction Hamiltonian 


é 
H,= = ei H(A) WW (er (6) 


imc 


(Q is the angular frequency of this electromagnetic 
wave.) The basic problem of the paper is then that of 
determining the current induced in the electron system 
by this interaction. 

A formula derived by Lax® provides a convenient 
starting point for the calculation of this current. It 
states that the average current-density is given by the 
expression 


(r))=(1 Dem f et’ e~’ trace{y(r,t’)[ 1,00 |}dl’, (7) 


0 


where po is the density matrix in the absence of the 
applied electromagnetic wave (but with the electron- 
electron interaction), € is a small, positive convergence 
factor, and 


(1, =e 4 (re (8) 


is the Heisenberg operator for the current density. 
Passing to the limit of absolute zero temperature and 
rearranging Eq. (7) slightly yields the result 


G(n))=(1 ‘ein f ei ee (Ho F5(1,),1 odd’, (9) 


0 


where Wo is the exact (assumed nondegenerate) ground- 
state wave function of the electron system. To this 
formula we must add the diagonal matrix element of 
the current that arises from the term in the operator 
j(r) that is proportional to A (this did not appear in 
Lax’s work since he dealt with a scalar potential). 
For wavelengths large compared to a lattice spacing 
it is simply (weA/mc)e'*, where n is the electron density. 
The equation for the current then takes the form 


(j(r)) = (ne/mc) A(r)e 


L 


+(1 em f ee Oh [a (r,’),As Wo)dt’. (10) 


5M. Lax, Phys. Rev. 109, 1921 (1958); see also Ryogo Kubo, 
J. Phys. Soc. Japan 12, 570 (1957). 
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This is the fundamental formula from which our 
calculation of conductivity proceeds. 

The most practical way to evaluate Eq. (10) is by 
diagrammatic analysis of the type used in the linked 
cluster expansion—we will follow closely the version of 
this expansion that has been discussed by Hubbard. 
In his method (as in other field-theoretic perturbation 
techniques) operators, whose matrix elements one 
wishes to evaluate, appear as time ordered products in 
the interaction representation. Wick’s* theorem then 
permits one to associate a set of diagrams to each such 
matrix element, and provides simple rules for computing 
their contribution to it. We are led, therefore, to rewrite 
Eq. (10) as the matrix element of a suitable time- 
ordered product. This end may be achieved with the 
aid of the operator’ 

U(tt’)= 
which has the property of generating the wave function 
V(t) from that at time ?’ through the relation ¥(é) 
=U(t,t')¥(t’). Lippmann and Schwinger give the 
following perturbation expansion of U(t,t’): 


ae 1 n t 
U(tt)=> ( ) fa 
ola! Ni ’ 


x fa tn TLVimt(ty) «++ Vire(t, 1) (12) 


— —s’) 
eiHote iH (t-t 


(11) 


—iHot’ 
C . 


where 
F ao ott ’ op —iHy ee: 
V 8 (f) = eat eit, (13) 
and “7” is Wick’s time-ordering operator. In terms of 
U, and with the aid of the adiabatic hypothesis, one 
may write 


Yo=U(0, -—« )Po, (14) 


where ® is the ground-state wave function of Ho. The 
Heisenberg operator for the current density takes the 
form 

(15) 
where j'™(r,/) is the current-density operator in the 
interaction representation. Finally, one may use the 
group property of U’, and the fact that Vo is a steady- 
state, to write 


Wo=U (0, — © )hy= U(0,~ JL 


j(r,t)= U(0,t)j'™*(r,t)U (4,0), 


[( 00, _ 210 )Py 


=U(0,0 )#o. (16) 


Combining Eqs. (14-16) yields the relation 


(Vo,j (r,t )H,(0) Vo)= (U( (0,« 0 Do, U ip t’) 
XU (t0)H,(O)l \b,), 


which, because of the group property and the unitarity 
of U, may be written in the form 


(0,0 (00 ,t’)y™*(r,t’)U (0) H,(0)U (0, — © )®p). 
6G. C. Wick, Phys. Rev. 80, 268 (1950). 
7 This operator is extensively discussed by B. 


and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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Since t/>0 [Eq. (10) ] this equation is in time ordered 
form and we may insert a T operator. The final result is 
(Vo,j (r,t’ )H,;(0) Vo) 
= (0,7 LU (~ ,’)j**(r,t)U (0) H1(0)U (0, — © ) Jo) 
= (60, T[.Sji™*(r,/’) (0) 60), (19) 
where 
S=U(2,—2), 
and is to be evaluated using the expansion of Eq. (12). 
The rearrangement that leads to Eq. (19) is made 
possible by the fact that in the previous equation all 
factors are acted upon by the time-ordering operator 
and thus may be reordered at will. 
The third term of Eq. (10) may be reduced in the 
same way by noting that 
(%0,H ,(0)j (0,0) Vo) = (j (r,t’)H(0)V 0,0) 
= (Wo,j(r,t')Hi(0)Wo)*. (20) 
Combining Eqs. (10), (19), and (20) gives a formula 
for the current density in the form we desire: 


ne 
(j(r)) 


x 
—A(r)e'*+ net f e ~iMt! pet’ 
0 


mc 
 { Po, TLSJ"*(1,) Hi (0) Po) 


— (4, 7LSji"*(1,t') 1 (0) }ho)*}di’. (21) 


From here on the analysis parallels very closely that 
given by Hubbard. We will not repeat it in detail, but 
merely sketch the procedure that is used to obtain a 
representation of Eq. (21) in terms of diagrams. The 
matrix elements that we wish to evaluate are, of course, 
different from those that Hubbard calculates; this 
means that the diagrams we consider are slightly 
different from his. We will indicate the differences and 
how they affect the calculations below. Later sections, 
in which several diagrams are evaluated in some detail, 
will also serve to illustrate the procedure. 

To obtain a perturbation expansion of Eq. (21) one 
substitutes into it the series for the S-matrix that is 
obtained from Eq. (12) by setting i= ~, t/=— ©. One 
then uses Wick’s theorem to write each term in the 
expansion as a set of diagrams of the Goldstone type. 
Before doing this, however, it is convenient to redefine 
the vacuum by interchanging the roles of creation and 
annihilation operators for states of Ho that lie below 
the Fermi surface. The transformation that effects this 
reversal is discussed by Hubbard so we will not go into 
the matter here. Its importance lies in the fact that in 
the new representation 9 becomes the vacuum state 
(since it has no holes below the Fermi surface and no 
electrons above it). Thus all matrix elements that 
contribute to Eq. (21) are vacuum expectation values, 
and the diagrams that represent them of a particularly 
simple type. 

The matrix elements that appear in Eq. (21) differ 
from those that Hubbard calculates because of the 
presence of the operators j'™*(r,t’) and H,(0). In the 
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diagrams that represent them H,(0) will be indicated 
by a wavy line (an incoming photon) and the operation 
of j'**(r,t’) (which may be thought of as a measurement 
of current) will be denoted by a cross. Figure 1 illus- 
trates some of the important diagrams that will be 
discussed in later sections. With the exception of 1(a), 
which represents a current induced in a system of 
noninteracting electrons, all diagrams in Fig. 1 can be 
obtained from corresponding diagrams in Hubbard’s 
analysis by the insertion of a photon line (wavy line) 
and a current measuring interaction (cross). It is easy 
to see that this is a general rule—that the diagrams that 
contribute to Eq. (21) are obtained by inserting, in all 
topologically different ways, a photon line and a current 
measuring interaction into the diagrams that represent 
the expectation value of the S-matrix (which are those 
considered by Hubbard). This rule determines the 
numbers and types of diagrams that must be con- 
sidered. Our only remaining task is to discuss how 
Hubbard’s rules for calculating the value of a diagram 


must be modified by the presence of the interactions , 


H,(0) and j'"*(r,t’). The two extra rules we need are: 
(i) For each photon interaction [which will be of the 
type indicated in Fig. 2(a) ] introduce a factor 


é 
—S{ 
Ime 


Yolo; r,0)A(r)-¥,S(r,0; ri/1), (22) 


into the matrix element, and integrate the variable r 
over all space. 

(ii) For each current measuring interaction [which 
will be of the form indicated in Fig. 2(b) ] introduce a 
factor 


1 
—{S( 
2mi 


rol; rl’) [VS (rl; rit) | 


—[V,S (rele; rl’) |S(rt’; rits)}, (23) 
into the matrix element. 


In these expressions S(rj/1; fle) is the Green’s 
function discussed by Hubbard which is given by 
S(ril; Tots) 

=6(t;—te) a4 


(a) d 
states 


—O(b—-h) Dd; 


a) 
states 


i ili ace 


(b) 


“es ALY 


(c) 


¢; (11) @:(re)e ~i Ej (ti—t2) 


Gi(T1) Di(T2)e7*F 1 —-), (24) 


Fic. 1. Lowest order diagrams that contribute to the current. 
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(r1,t1) 


(8) 


Fic. 2. Diagrams representing photon and current 
measuring interactions. 


where @(x) is the step-function defined by 


6(x)=1, 
6(x)=0, 


x>0, 7 

x<0. = 
The two rules given above, when combined with those 
stated by Hubbard, enable one to immediately write 
down the contribution of any diagram to Eq. (21). We 
will use them in succeeding sections to evaluate several 
diagrams that contribute in an important way to the 
optical properties. 

We conclude this section by pointing out that, as in 
Hubbard’s analysis, it is only linked diagrams that 
must be considered. Unlinked clusters (which do not 
contain the operators H; or ji™*) can be completely 
summed to give a phase factor in the S-matrix. Since 
the calculation exactly parallels that given by Hubbard, 
we do not discuss it here. 


3. LOWEST ORDER DIAGRAMS 


In this section we wish briefly to discuss the contri- 
bution of the lowest order diagrams [graphs 1(a), 1(b), 
and 1(c) of Fig. 1) to the conductivity. These do not 
produce important correlation effects, but are of con- 
siderable interest in their own right, and will also serve 
to illustrate the technique. The simplest is 1(a) which 
represents a current induced in a noninteracting electron 
gas. Its contribution can be determined from the two 
rules discussed in the previous section and turns out 
to be 


J 0 
') —[S(rt; r'0) }—[S(r’0; rt) ] 
lax Ox’ 


—<@¢ | 0 
Facer: 
2mc 


0? 
— S(rt; r’0) —L[S(r'0; ri) ] . (26) 


Ox0x 


Here we have made the assumption that the vector 
potential A represents a plane (though not necessarily 
exponential) wave traveling in the z direction, polarized 
in the x direction. This is a convenient convention 
which will be maintained throughout the rest of the 
paper. 
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Equation (26) may be evaluated directly from the 
definition of S(rl;; ref2). To save writing it is useful to 
introduce a function V(p,u) which is defined as follows 
if E(pmu)<Er, 
if E(pyu)> Er, 


N(p,u)=1 


(27) 
N(p,u)=0 \ 


where Ey is the Fermi energy. In addition we Fourier 
analyze the vector potential by writing 


1 x 
A(z’)= J e~**?’A(k)dk, 
dr ¥_, 


where the k vectors that contribute to this integral are 
small compared to reciprocal lattice vectors. The A(k) 
component of the vector potential will excite the 
corresponding Fourier component of the current density 
which we denote by j(k). A straightforward calculation 
then shows that the contribution of Eq. (26) to j(k) is 


(28) 


e 
- ford 'r’ A(k)e 
m* 


XL L i(c1 —V (pu) IN (p',u)0(V') 
pe pn’ 
~N(p’,u’) JA -) 
0 
~Pp'u' (I) 


+N (p,u)[1 


X Pour (ne i[E(p,u)—# rane), (29) 


The integral over d*r’ in this equation is 


0 
fe ike Ppu(t’)- Ppa’ | 
Ox 


and has a finite value both for p¥y’ and p=y’. The 
two types of matrix elements have, however, quite 
different effects on the conductivity. In the case p¥y’ 
one may neglect the e~*?’ term in the integral. Inte- 
gration over r’ then gives a delta-function of p—p’ 
well-known vertical selection rule for 
optical transitions. The dielectric constant that 
obtains from these terms is the usual one® that is 
calculated for a gas of noninteracting Bloch electrons. 

The terms in Eq. (29) with w=y’ are slightly more 
subtle. They can only contribute to the current provided 
the energies E(p,u) and E(p’,u) are on opposite sides 
of the Fermi surface [see Eq. (29) ]. Since the d*r’ 
integration gives a momentum conservation condition, 
p’=p+k, we see that these terms only contribute to 
Eq. (29) in virtue of the fact that the photon brings in 
a momentum, k, which, when given to an electron in 


r’)d®r’, (30) 


which is the 
one 
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New York, 
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1940). 


®See, for example, F. 
(McGraw-Hill Book Company, Inc., 
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the Fermi sea, lifts it to a state outside the sea. This is 
just the sort of process that is responsible for the 
anomalous skin effect. It is not surprising, therefore, 
that when the intraband matrix elements of Eq. (30) 
are substituted in Eq. (29), and combined with the 
first term of Eq. (21), one obtains the Reuter-Sond- 
heimer® integral relation between current and electric 
field. Since this relation is well known, and the calcu- 
lation fairly straightforward, we do not include the 
proof of this assertion. 

We now wish to consider graphs 1(b) and 1(c). 
Before doing this, however, it is necessary to discuss 
the modification of the Coulomb interaction caused by 
screening. As is well known, the infinite range of the 
bare Coulomb field causes it to have a matrix element 
that diverges in the limit of zero momentum transfer. 
This infinity is, however, a spurious one as has been 
shown by the work of Gell-Mann and Breuckner. In 
actual fact, the field of any particular electron polarizes 
the surrounding medium in such a way that the effective 
force it exerts on other particles is that of a screened 
Coulomb field. Hubbard’s!® formalism provides an easy 
way of discussing this polarization effect. In it one 
obtains the modified Coulomb interaction (to lowest 
order in e®) by adding to the usual interaction diagram 
[ Fig. 3(a)], all subdiagrams of the type illustrated in 
Fig. 3(b). Since the series is geometric it is readily 
summed. The result is a retarded interaction which we 
write in the form 


dw 
(x/;x’t’)= f= > e%4: 
(27r)8 


(x -x’ )piw(t t’) 


4rre* 
x|- | (31) 
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Fic. 3. Polarization diagrams. 


where 


f(w,q) = 


aie 


—q, ») | | (32) 


9G. E. H. Reuter and E. H. 
(London) A195, 336 (1948). 

0 See reference 1. Also J. Hubbard, 
243, 336 (1958). 
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In obtaining Eq. (32) all interband matrix elements of 
the Coulomb field have been neglected. This is a 
reasonable approximation since we are interested in 
f(w,q) for small q, and in this limit the interband 
elements go to zero. In the case of the free electron gas 
U and f reduce, of course, to the formulas given by 
Hubbard. Because of its retarded nature the interaction, 
U, is complicated and makes the integrals that must be 
performed in evaluating diagrams (particularly those 
of the next section) very difficult. In our subsequent 
calculations, therefore, we will set w=0 in the function 
f(w,q). The w integration in Eq. (31) can then be 
performed, giving 6(¢—?’), and the interaction is once 
more an instantaneous one. Finally, in the limit of 
small q (which is where the screening is of importance) 
f(0,q) turns out to be independent of q so that we 
obtain simply a screened Coulomb potential for VU. 
The approximation of setting w=0 in f(@,q) is not good, 
but one can also see that it is not disastrously bad. In 
view of the fact that the whole perturbation theory 
converges poorly at metallic densities, it has seemed 
worthwhile to make this approximation in order to 
obtain relatively tractable integrals. Subsequent work, 
therefore, will employ an interaction potential of the 
form 


4rre? 


d*q 
v(ax)= f— — eft: (z-2") 
(2:)8 (q?-+ka’) 


(33) 


where «a= 4e? {(0,0). In the free electron gas case the 
Gell-Mann Brueckner work implies a value 


Ka = (4ar, 1) pr’, (34) 
where a= (4/9r)!, pr is the Fermi momentum, and r, 
is the usual dimensionless parameter 


r,= (3/4rn)}(me?/h?). (35) 


Having chosen the potential U(x,x’) we are now in a 
position to evaluate graphs 1(b) and 1(c). As was 
mentioned previously, these diagrams do not produce 
important correlation effects so we only discuss them 
briefly. We may also anticipate the result to the extent 
of noting that the four spatial integrations in the 
diagrams each gives a delta function expressing the 
conservation of crystal momentum at one of the 
vertices. Thus, in 1(b) for example, a photon of mo- 
mentum —k is absorbed in the left-hand loop of the 
diagram, creating an electron-hole pair with momenta 
p—k and —p. These then annihilate in a Coulomb 
scattering—in which momentum —k is transferred 
and a second pair (having momenta p’—k and —p’) 
created. Finally the diagram is closed by the current 
measuring interaction (again a momentum transfer —k) 
which destroys the second pair. Interband matrix 
elements do not contribute appreciably to this process 
since the interband matrix elements of the Coulomb 
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potential, which appear in the form 


J ervw(oe ike oy (r)d'*r, (36) 


are small compared to intraband elements when the 
momentum transfer, —k, is small compared to a recipro- 
cal lattice vector. To this approximation the matrix 
element of graph 1(b) is 


ep. A(RU(R) 
: fa ape 


4 [ee P,u)v2(p’,u) 
1¢ 2r PH p/n 


K etl E (p.w)—E (pe, w) | tig iL E (p’,w)—E (p’—Ke, w) I(t »| 

x [o(—1)0—4) [1 — (pn) WV (pk, so 

<[1—N(p’,u) }V(p’—k, u)+0(t,)0(s—2)N (py) 

x[1-V(p—k, ») Vw) L1-V(p'—k, w) J], (36) 
where 


1 0 
v.(p,u) = f emt: ? pu(r)d*r. (37) 
ax 


im Vx 


For the free electron gas, and in situations where k is 
parallel to a symmetry axis of a real crystal, the 
integrand of Eq. (36) is an odd function of pz so that 
the integral vanishes. Even when this is not the case, 
the integral will generally be small since both the p 
and p’ integrations are restricted to shells of width 
k at the Fermi surface (the integrals are over values 
of p such that the states p and p—k are on oppo- 
site sides of the Fermi surface). One of these small 
factors is compensated by an equally small energy 
denominator, but the other energy denominator is 
at least of order 2 and the whole expression turns 
out to be of order r,(kve/2) compared to the first 
term in Eq. (21), which gives the conductivity in 
the absence of electron-electron interaction. The quan- 
tity (kvr/Q) is, however, small provided that the 
frequency, Q, is sufficiently large that the metal is 
not in the anomalous skin effect range. From now on 
we will specifically assume that this is the case and may 
then neglect graph 1(b). A similar argument also 
applied to graph 1(c) and it, too, will be omitted from 
further calculation. 

We conclude this section by pointing out that graph 
1(b)—in which an external field of momentum k is 
coupled to the kth Fourier component of the Coulomb 
interaction—is typical of the random phase approxi- 
mation that has been extensively discussed by Pines." 
This graph gives zero (for the free electron gas) and 
one might suspect that, in general, there would be no 
correction to the free electron conductivity within the 
random phase approximation. This result is, indeed, 
correct and may be demonstrated quite directly with 


J), Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 
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Fic. 4. Portion of excitation 
diagram. 


(r,t) 


Wentzel’s’ pseudo-Hamiltonian, since in this repre- 

sentation the transverse current and the Coulomb 

interaction are easily seen to commute with one another. 
4. EXCITATION DIAGRAMS 

In this section we wish to consider graphs of the type 
illustrated in Fig. 1(d). We call these excitation 
diagrams since in them the momentum transferred by 
the Coulomb field is not restricted by that of the 
incoming photon. Thus the virtual excitation energies 
involved are characteristic of the medium, rather than 
of the field with which it interacts. In this sense these 
diagrams are considerably more fundamental than 
those discussed previously. 

There are five diagrams of the type shown in Fig. 
1(d) which are obtained by inserting the photon and 
current measuring interactions into the basic structure 
in various ways. Evaluation of these diagrams is a 
straightforward, but tedious, matter which we will not 
discuss in detail. There is only one point which deserves 
comment, and which we may illustrate by considering 
the portion of diagram 1(d) shown in Fig. 4. This 
portion of the graph contributes a factor 
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approximation and perform the integration over d*r, 
this expression reduces to 


x {a(®)[6(—1)L1- (pu) 1-64). (7.x) | 


x [o()[1—(p—k, u)]-0(—)V (pk, »)| 


x [v-(pm) P pu (Ts) ?p—k,u(Fo) 
Keto kad tg HCo.0H |b, (39) 


Equation (39) contains two distinctly different kinds of 
terms—those proportional to N(p,u)N(p—k,u) or 
[1—N (pu) ][1—N(p—k, u)] in which the energies 
E(p,u) and E(p—k, uw) are on the same side of the 
Fermi surface, and those proportional to N(p,u)[1 
—N(p—k, uw) ] or [1—N(p,u) JN (p—k, wu) in which the 
momentum, k, of the photon is used to excite an 
electron across the Fermi surface. The latter terms are 
like those which give rise to the anomalous skin effect 
and will play a role when the metal is in the anomalous 
range. If, however, the frequency is high enough that 
the metal is not anomalous (and we have explicitly 
assumed that this is the case) they are small and may 
be dropped from Eq. (29). Their order of magnitude, 
as compared to the larger terms in this equation, may 
be estimated as follows. The virtual energies that 
contribute to the large terms (this will become clear 
later) are of order of the Fermi energy. Thus their 
values are given by a certain integral—which ranges 
over momenta comparable to the Fermi momentum— 
divided by an energy denominator of order Ep. In the 
anomalous terms, on the other hand, we have a smaller 
energy denominator—of order 2—but the range of the 
momentum integral in the numerator is also cut by a 
factor k/pr. Thus, these terms are of order 
(k/pr)(Er/Q)= (kvr/Q), 

compared to the dominant ones and may be neglected 
if kup/Q<K1. This condition is, however, just that for 
the metal to be out of the anomalous range on the 
high-frequency side. 

Neglecting the anomalous skin effect terms and 
making the single-band approximation leads, after 
some calculation, to the following formula for the 
contribution of graphs of type 1(d) to the current, j(k): 
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This is the principal formula of the paper and will be 
used, in the next section, to discuss the double plasma. 
Though complicated, this formula has a fairly simple 
physical interpretation. It represents a process in which 
a pair of electrons in the Fermi sea interact with one 
another via the screened Coulomb field and are excited 
to the virtual states labelled p—q,u and p’+q,w’, 
thereby producing holes in states p,u and p’, yu’. The 
excited particles (both holes and electrons) then scatter 
the incoming photon, and finally the system is returned 
to its ground state by a second Coulomb interaction. 
Equation (40) is merely the rate, in fourth order 
perturbation theory, for such a process. 

It should be noted that Eq. (40) vanishes in the free 
electron case since then v,~ pz and the current term in 
the numerator becomes 


[p2— (p2—Gz) + pz — (p:'+qz) P=0. 


This cancellation is hardly surprising for in obtaining 
Eq. (40) we have included graphs in which the current 
is measured on all segments of the basic structure 
shown in Fig. 1(d). Since the total momentum carried 
by all the electron lines is zero (neglecting k), it is not 
surprising that the current is also zero in a material in 
which v,~ pz. However, in real metals v and p are 
usually not proportional. An extreme, but very inter- 
esting, case is that of a metal in which there are both 
holes and electrons and the ratio v,/p, changes sign in 
going from one type of carrier to the other. We may 
expect that in such materials the current contribution 
from Eq. (40) will markedly affect the optical properties. 

The single-band approximation used in deriving Eq. 
(40) is not necessary, but does enormously simplify the 
calculations and enable one to obtain a formula whose 
physical interpretation is apparent. In general, of course, 
this approximation is not a particularly good one. 
There are, however, two important cases in which it is 
moderately accurate. The first is that of the alkalis, in 
which it is known that interband matrix elements are 
rather small; the second that of a metal in which there 
are a small number of carriers whose energy versus 
momentum curves are quadratic. For such a metal one 
may imagine the whole calculation we have performed 
above to have been done in the effective-mass formal- 
ism." There are then no interband matrix elements of 
the momentum, and those of the Coulomb potential 
are small since momenta transferred by it are of order 
ka, Which is small compared to a reciprocal lattice 
vector [see Eq. (36)]. At first sight it may seem 
surprising that one should even attempt to apply Eq. 
(40)—which is essentially a high-density approximation 
—to a metal with very few carriers. It may turn out, 
however, that the dielectric constant of the background 
lattice is sufficiently large, and the effective mass 
sufficiently small that the expansion parameter, f,, is of 


18 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
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order unity even though the carrier density is low. This 
is, indeed, the case in as poor a metal as Bi (where 
€o~ 10 and m*/m~0.1)" and may well be true in other 


metals with slightly overlapping bands. 


5. THE DOUBLE PLASMA 


In this section Eq. (40) is used to investigate the 
optical properties of metals containing both electrons 
and holes. Unfortunately, real metals of this type seem 
always to have carriers with quite anisotropic masses. 
This fact, as we shall see presently, enormously compli- 
cates the integrations that must be performed to 
evaluate Eq. (40). In this exploratory work we will, 
therefore, consider an idealized model of a two-carrier 
metal in which electrons and holes have isotropic and 
equal masses. In choosing such a model one sacrifices, 
of course, any possibility of calculating anistropy 
effects. Nevertheless, the principal features of the 
problem remain and, as we shall see presently, give rise 
to important optical effects. 

For the two-carrier case the only terms in Eq. (40) 
which give a contribution are those in which one pair 
of particles in graph 1(d) comes from the hole band, 
and the other from the electron band. It is important 
to realize that these are nol interband processes, in the 
sense that none of the particles change bands when 
they scatter. Processes in which all particles are from 
the same band do not contribute since, by the argument 
of the previous section, the current they carry is 
proportional to their momentum and therefore zero. In 
the hole-electron case, on the other hand, the velocities 
of the particles labeled p’ [in Eq. (40) ] are opposite to 
those with momentum p. Thus, with the equal-mass 
assumption, the current term, 


Lv. (p,u)—v.(p—q, w)+22(p’,u’)—0.(p’+q, u’) P, 
becomes 
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(41) 
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This result is a reasonable one since in an electron-hole 
scattering the current changes is twice the momentum 
transfer, q. 

Equation (40) which, as it stands, is rather cumber- 
some may be formally simplified by defining the exci- 
tation energy 


E,=E,(pi— q) + E2(po+q)— FE: (pi1)— E2(pe), (42) 


and the function 


14 The effective mass given here is a geometric mean of the 
highly anisotropic electron and hole masses which have been 
determined by cyclotron resonance [ Galt, Yager, Merritt, Cetlin, 
and Brailsford, Phys. Rev. 114, 1396 (1959) ]. The dielectric 
constant has been measured by Boyle, Brailsford, and Galt, 
Phys. Rev. 109, 1396 (1958). 
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Here the momenta and energies, p;, 2; and po, £2, refer 
to the electron and hole bands, respectively. Equation 
(40) now takes the rather simple form 
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where the symbol P means that the principal value of 
the integral is to be taken. The main difficulty in 
evaluating this expression is that of calculating the 
function p(Z). This turns out to be very complicated 
even for the simple model used here. It is, however, 
fairly straightforward to calculate p(/) in the limits 
E/Er<&\ and E/Ep>>1. For purposes of illustration we 
consider the case in which the holes are in a band 
centered at p=0, and the electrons in Z valleys centered 
at points p~0. The results (which are derived in the 
Appendix) are then 


4Z me’ 
p(k)~ yg 
9(2m)* Kaeo" 


lonp = (mE)'e' 
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where € 9 is the dielectric constant of the background 
lattice, m the density of electrons, and p that of holes. 
To obtain some idea of the behavior of p(/2) in the region 
E~ Ey, we extrapolate the two limiting forms. This is 
a crude procedure, but is probably no worse than the 
model we are using, and will permit us to obtain rough 
answers by analytical methods. The integral for p(£) 
is sufficiently complicated that an accurate evaluation 
of it will probably require machine methods—especially 
if one wishes to take account of mass anisotropy. 

A simple calculation shows that the two limiting 
forms are equal for a value of E~2E,r (holes).!® Thus 
p(£) is a function that rises cubically from E=0 (this 

16 Since we assume the electrons distributed in Z equivalent 
valleys, the Fermi energies for holes and electrons are not the 
same if n=p. 
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is a density-of-states effect), has a broad maximum 
near E=2E,p (holes), and then falls slowly because at 
large E, large Fourier components of U(q) are required 
to produce excitation. From Eq. (44) it is clear that the 
important optical effects occur for frequencies near or 
below Er. We will, therefore, approximate p() by the 
function 
E3 4Z me! 
p(b)=yvyE , Y= ice (46) 
(F?+-E,?)? 9( 2r)3 Kaeo 
where £ is an energy of order 2/ (holes). This func- 
tion has the proper behavior for small £, and should 
not be badly in error for E~ Ey. With this formula 
the integrals of Eq. (43) may be evaluated, and the 
correlation correction to the dielectric constant deter- 
mined. To the order to which we are working the total 
dielectric constant turns out to be 


2 *) Fy} ( Ee’ —{¥) 
(Ee +22)? 


4rre” Ey'Q 
7 ae 
iv (Epe+02)2 
where wp*?=4a(n-+ p)e’/m. The first two terms in this 
equation represent the usual dielectric constant of a 
noninteracting electron-hole gas; the second two are 
corrections—real and imaginary—due to correlation. 
As is evident from Eq. (44), the latter are related by a 
dispersion relation of the Kramers-Kronig type. The 
resistive part of this correction arises from processes in 
which a photon is absorbed by an electron and hole in 
interaction, exciting both of them. The reactive part 
may be interpreted as an effective-field correction 
which, because of the correlated motion of electrons 
and holes, reduces the field at either particle below its 
average value in the metal. 

The correlation corrections in Eq. (47) affect the 
behavior of the metal in two obvious, but important, 
ways. They lower the frequency at which the real part 
of the dielectric constant becomes zero (at this point— 
sometimes called a dielectric anomaly—the metal be- 
comes totally reflecting), and produce an additional 
absorption not encompassed in the classical theory. 
Both of these effects might be observable experi- 
mentally. For instance, if r,=1 and Z=6, the dielectric 
anomaly is shifted by about 5% from its classical value 
of wp/eo!. Under the same circumstances Eq. (47) 
predicts an extinction coefficient of the order of 0.1 for 
Q~wp. For larger values of r, these figures will increase 
(roughly as 7,'), but in this range, of course, the 
treatment of the Coulomb interaction as a perturbation 
becomes very dubious. 

We may conclude this section by emphasizing that 
the model we have used is a rather artificial one, and 
that it is highly unlikely that Eq. (47) describes the 
behavior of any real metal. On the other hand, there 
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can be little doubt that the general type of effect 
predicted by this equation must occur in all metals that 
contain both holes and electrons, and it seems probable 
that in a favorable case one might be able to see these 
correlation effects experimentally. — 


6. DISCUSSION 


The preceding calculations are unsatisfactory in a 
number of respects, and contain several crude approxi- 
mations. Some of these could be refined with sufficient 
effort—one could, for instance, determine the effect of 
screening more accurately than is done in Eq. (33), 
take account of interband transitions in Eq. (40), or 
include mass anisotropy in the calculation of p(£). 
But the basic problem, which is that of the poor 
convergence of the perturbation series at actual 
metallic densities, remains and cannot be eliminated so 
easily. It will not be possible to make accurate calcu- 
lations of correlation effects in real metals until some 
way is found to surmount this difficulty. 

Nevertheless, the picture is not entirely gloomy. The 
results given above have a physical reasonableness that 
is encouraging. Furthermore, the theory shows that 
optical correlation effects can be appreciable, and shows 
that they will be most important metals having compli- 
cated band structures—particularly those containing 
both electrons and holes. Since these predominate in 
the periodic table, one may hope that experimental 
evidence on this problem will be forthcoming. 


7. ACKNOWLEDGMENTS 
The author wishes to express his gratitude to Pro- 
fessor M. L. Goldberger, Dr. J. K. Galt, and Dr. J. J. 
Hopfield for a number of stimulating conversations on 
the topics discussed in this paper. 


APPENDIX 


The function p(Z) is given by Eq. (43) of the text. 


In evaluating it we will assume that 


(¢p1,e'9 *yp1—a) = (¢p2,e° "9 Fyp2tq)=1. (Al) 


This is a rather good approximation since the values of 
q of interest are small compared to reciprocal lattice 
vectors. With U(q) given by Eq. (33), the integral for 
p(F) takes the form 
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In the limit of large £ it is a straightforward matter 
to evaluate this expression since the conditions | pi—q 
>pir and |po+q|>p2r are automatically satisfied. 
The d*q integration then runs over all space and may 
(since the whole integral is invariant under rotation) 
be written 


d’g 4g? (4me*)? g gq 
f- < — i E- fo. 
(2m)’ 3m? €?(q?+ Ka’)? mm 


Using polar coordinates, one may now perform the 
angular integration to obtain 
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where the gq integration is now restricted by the con- 
ditions 


g’—mE 
<——< 1 (A5) 
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In the limit of large E one then obtains the limits 


(mE)'—3]| pi— p2| <q< (mE)!+3| pi—pe|.  (A6) 
The dq integration is now evaluated by setting g~ (mE)! 
in the integrand, giving the result 
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Finally, one may perform the d*p,d*p. integrations to 
obtain the equation in text. 

The evaluation of p(£) for small £ is somewhat more 
involved since the limits |pi—q|>fir and | po+q 
> por now play a role. One may use the delta function 
to rewrite these conditions in the form 


pir’ S | pi—q |? 2ME+t prt pr — poe’. (A8) 


This equation can be satisfied only if 


pir’ S2mE+ prt pe por’, (A9) 
which is a condition that will be used later in carrying 
out the dpidp2 integrations. We now use polar variables 
to perform the d*g integration, measuring the polar 
angle of q from p;. The delta function then takes the 
form 
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¢, are the polar angles of q and @, ¢ those of 


The delta function is pike only 


where 6,, ¢ 
p2 (with respect to p,). 
place in which the variable g, appears, so we may 
perform this integration, obtaining the result : 
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From Eq. (A8), however, we infer that 


q’—2gp; cosé,=O(E), (A12) 


so that we may drop these terms from (A11) and obtain 
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Further integrations must be over values of the vari- 
ables that make the square root in this expression 
positive. From (A8) we see that the range of the 
d(cos@,) integration is of order E, so we may carry it 
out by setting cos#,=q/2p, in the integrand. One then 
obtains the result 
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The dg integration runs from zero to the positive 
branch point of the square root. Since the integrand is 
an even function of g, we may integrate between the 
branch points. Such an integral may be evaluated in a 
straightforward way by contour integration and gives 
twice the residue at the pole g=ixg. The integral then 
takes the form 


dp, edp, & ft 
j— 4-4) 
—— + pi +P2*— pir 
(a+bx,)! 


, ?| 
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where 


| Dpe p2? 
a= p sin’@, b= if — cost 


pi pr 
Finally, one may set pi~pir, p2~ per in all slowly 
varying parts of (A15), and carry out the d*p,d*p. 
integrations. The result, if one neglects the bx’ term in 
the denominator of (A15), and, multiplies by a factor 
Z to take account of the Z electron valleys, is Eq. (45) 
of the text. 
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The band structure of aluminum is reconsidered in a combined experimental and theoretical approach 
very similar to that originally used by Heine. A more careful analysis of the de Haas-van Alphen data of 
Gunnersen has indicated a considerable flexibility in models consistent with it and has allowed the proposal 
of a Fermi surface which is much closer to that expected on theoretical grounds than the model suggested 
by Heine. It is found here that the first Brillouin zone is completely filled; that the second zone contains 
a single closed surface surrounding a region of holes; and that the third zone contains a multiply-connected 
surface which gives rise to all of the observed de Haas-van Alphen oscillations. 


I. INTRODUCTION 


EINE’ has proposed a model for the shape of the 
Fermi surface in aluminum. His work was based 
largely upon studies of the de Haas-van Alphen effect 
in aluminum by Gunnersen? and upon experimental 
studies of the anomalous skin effect? and low-tempera- 
ture specific heat.t This experimental information was 
supplemented by band calculations which he performed.® 
Since the determination of the Fermi surface from such 
information is not a unique, straightforward procedure, 
it appeared desirable to re-examine this problem. 

The approach here differs from that of Heine only in 
emphasis; the same experimental and theoretical in- 
formation is used, but a very much different conclusion 
is reached. Heine has suggested that pockets of holes 
exist at the corners of first Brillouin zone; pockets of 
electrons (centered on each zone face) exist in the second 
zone, and very small pockets of electrons exist along 
the edges of the third zone. Here it is proposed that the 
first zone is completely full, that the second zone con- 
tains a single closed surface enclosing about one hole 
per atom, and that a multiply connected region exists 
in the third zone again lying along the edges of the zone 
but connected at the zone corners. 

The procedure followed here involves first the con- 
struction of the Fermi surface in detail using a free- 
electron model. Particular distortions of the surface are 
then suggested on the basis of Heine’s band calculations. 
The de Haas-van Alphen effect is considered by re- 
examining the high-frequency data of Gunnersen. It is 
found that the pockets proposed by Gunnersen are in no 
sense uniquely given by the data, but that the data are, 
in fact, completely consistent with the free-electron 
model as modified slightly in either of two different 
ways. Consideration of the anomalous skin-effect meas- 
urements eliminates one of these possibilities. The result- 
ing model is found to be consistent with specific heat 


1V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 

2 E. M. Gunnersen, Phil. Trans. Roy. Soc. (London) A249, 299 

1957). 
ee E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955). 

4 Howling, Mendoza, and Zimmerman, Proc. Roy. Soc. (Lon- 
don) A229, 86 (1955). 

5 V. Heine, Proc. Roy. Soc. (London) A240, 354 and 361 (1957). 


data and still contains sufficient flexibility to accom- 
modate the low-frequency data of Gunnersen. 

The resulting picture, then, fits all of the data con- 
sidered and is very close to the picture originally pro- 
posed using the free-electron model. The small devia- 
tions from the free-electron model are in all cases in the 
direction suggested by the band calculations and of a 
magnitude consistent with them. The proposed model is 
felt to contain a much higher degree of consistency with 
the theoretical considerations than that originally pro- 
posed by Heine. 


II. FREE-ELECTRON MODEL 


As a first approximation, the free-electron Fermi sur- 
face is constructed. This was done by Heine,! but is 
repeated here for completeness and in order to give a 
more detailed geometric description. 

In this approximation it is assumed that the Fermi 
surface is a free-electron sphere in wave-number space, 
large enough to contain three electrons per atom. Por- 
tions of this sphere lie in the second, third, and fourth 
Brillouin zones, the first zone lying completely within 
the sphere. The portions in the higher zones might be 
rearranged into the first zone by translating various 
sections by a reciprocal lattice vector. This then is the 
reduced zone scheme used by Heine. It, however, leads 
to many isolated portions which intersect the zone faces. 
It is much easier to picture the surface if these are again 
rearranged to obtain closed or multiply-connected re- 
gions with as little intersection with the zone face as 
possible. Here these steps are replaced by a single 
equivalent construction which is much easier to perform. 

The reciprocal lattice is constructed and a-free-elec- 
tron sphere is drawn around each reciprocal lattice point. 
Then any point in wave-number space which lies within 
one of the spheres corresponds to an occupied electron 
state with an energy determined by the distance from 
that point to the center of the corresponding sphere. 
Points which lie within two spheres are occupied in two 
zones, etc. Thus several sets of Fermi volumes are ob- 
tained, each of which repeats throughout wave-number 
space with the periodicity of the reciprocal lattice, with 
points differing by a reciprocal lattice vector being 
equivalent. Then to find the Fermi surface in the second 
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Ist ZONE 2nd ZONE 316 ZONE 4th ZONE 


Fic. 1. Schematic determination of the free-electron Fermi 
“surface”’ in a two-dimensional square lattice. The diagram above 
indicates free-electron “spheres” drawn around each reciprocal 
lattice point ; the dashed squares (a) and (b) represent two choices 
of Brillouin zones used in the drawings below. The cross-hatched 
areas below correspond to regions occupied by electrons. 


zone, for example, a single Brillouin zone is drawn 
around some convenient point and the surface bounding 
the doubly-occupied volume in that zone is drawn. Such 
a procedure is carried out schematically for a two- 
dimensional square lattice in Fig. 1. The corresponding 
surfaces obtained for aluminum are shown in Fig. 2. 
Various symmetry points are indicated. It is noted, of 
course, that the symmetry of a point is determined by its 
position in the reciprocal lattice rather than its position 
with respect to the zone surface. Furthermore, the figure 
drawn has the same symmetry as the point at the center 
of the selected zone, which may not be full cubic sym- 


y’ 


Ist ZONE -FULL 2nd ZONE-POCKET OF HOLES 


= a 


3rd ZONE-REGIONS OF EL'NS 4th ZONE-POCKETS OF EL'NS 


“ 


Fic. 2. Free-electron Fermi surface in aluminum, constructed 
in a manner analogous to that indicated in Fig. 1. Various sym 
metry points are specified in each zone; points K and U are 
equivalent. The dotted curve (a) corresponds to an electron orbit 
in wave-number space corresponding to a particular orientation 
of magnetic field discussed in the text. 
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metry. The third zone has been centered on X and the 
fourth on L. 

This approximation to the Fermi surface is not as 
crude as might at first be thought. Heine’s band calcula- 
tions indicate that the free electron energies are quite 
close to those he obtained except within 0.05 atomic 
unit of the zone face in the first and second zones. (The 
distance '—X is 0.822 for comparison.) This feature 
can probably be extended to the higher zones, where 
deviations are expected only near various symmetry 
planes. However, much of the surface in the third zone, 
and all of the surface in the fourth zone lies close to such 
symmetry planes and some distortions may be expected. 
The nature of the distortions of the surfaces in Fig. 2 
may be guessed by considering the results of band calcu- 
lations performed by Heine. 


III. CONSIDERATION OF BAND CALCULATIONS 


Heine has calculated the energy of points of high 
symmetry in the various zones. He has pointed out that 


TABLE I. Energies of high-symmetry points (Heine). Energies 
are in rydbergs relative to the band minimum. The values in 
parentheses represent rougher calculations than the others, 


Band 
calculation 


Free 
electron A(E—Ep) 
0.00 


1.11 


Fermi level 1.09 
+0.02 
—0.06 
—0.04 
—0.06 


0.00 
0.81 
0.93 
1.01 


0.00 
0.89 
0.99 
1.09 


First zone 


(0.72) 
0.93 
0.97 
1.01 


(+0.05) 
+0.06 
0.00 
—0.06 


0.69 
0.89 
0.99 
1.09 


Second zone 


(—0.14) 

(+0.11) 

(+0.02) 
—(.01 


(2.40) 
0.99 
(1.74) 
1.09 


Third zone 


Fourth zone 1.09 


+0.11 


such calculations are of limited reliability; thus we will 
use them only to indicate qualitatively how the free- 
electron surfaces may be modified. Table I gives the 
free-electron energies’ and those obtained from band 
calculations for the relevant symmetry points. The shift 
of each state with respect to the Fermi energy is also 
listed. These will be considered, band by band, to see 
what modifications of the surfaces shown in Fig. 2 are 
to be expected. 

For the free-electron model, the first zone was full. 
The presence of the lattice potential lowers the energy 

® The free-electron energies were calculated using the Bohm- 
Pines model (D. Pines, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, 
p. 408], by Heine. Energies of states above the Fermi energy are 
out of the range of the expression given by Pines and were de- 
termined from E= (k?/kp) Ep. 
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of the highest-energy state (W) in this zone and sub- 
stantiates the conclusion that the zone is full. 

The band calculations indicate that in the second 
zone the symmetry points near the edges and corners of 
the free-electron Fermi surface are lowered, while those 
near the faces are raised. This tends to smooth off the 
surface and make it more nearly a sphere. This con- 
siderably strengthens the free-electron conclusion that 
there is no contact between the second-zone Fermi 
surface and the zone boundary. 

In the third zone, the energy of the points W, corre- 
sponding to the intersections of the arms of the surface, 
are slightly lowered, tending to fatten up the surface 
around these intersections. Points at the centers of the 
arms, on the other hand, are raised near to the Fermi 
energy, suggesting that the arms are narrowed down 
and possibly pinched off. 

The energy corresponding to W in the fourth zone is 
raised considerably above the Fermi energy, and these 
pockets are expected to be emptied. 

Thus the Fermi surface suggested by the band calcu- 
lations is that of a large, fairly smooth surface in the 
second zone, and six pockets in the third zone which 
may or may not have connecting arms. 

If such pockets in the third zone were the size and 
shape of the pillows proposed by Gunnersen on the basis 
of de Haas-van Alphen data, their total area would be 
small. Thus the total area of the Fermi surface would be 
approximately equal to that of the surface in the second 
zone, which is somewhat less than the area determined 
from anomalous skin-effect data. This led Heine to 
propose the distortions of the second-zone surface into 
the zone faces and consequent distortions of the third- 
zone surface, as well as pockets of holes, in the first zone. 
In view of the crucial consequences of Gunnersen’s 
proposed surfaces, it seems advisable to re-examine the 
de Haas-van Alphen data. 


IV. DE HAAS-VAN ALPHEN EFFECT 


The de Haas-van Alphen effect gives a measure of the 
maximum or minimum cross-sectional area of a piece 
of the Fermi surface, where the cross section is taken 
perpendicular to the magnetic field. Thus measurements 
with various field directions give a kind of mapping of 
the Fermi surface. It is only possible to deduce the shape 
of the Fermi surface, however, if the surface is relatively 
simple and contains a center of symmetry. Since this 
would not appear to be the case in the third zone, the 
best that can be done is to propose a surface and adjust 
it until it fits all of the data. This is, of course, where the 
theoretical considerations which have been made are of 
great value. 

Two possibilities are suggested in the previous section 
for the Fermi surface in the third zone; isolated pockets 
at points W, or a multiply connected surface, such as 
that shown in Fig. 2, suitably modified. These two 
possibilities will be considered in order. 


SURFACE 


IN Al 











Fic. 3. Tetrahedral pockets having the symmetry of a point W 
in the reciprocal lattice. The dimensions a and / are adjustable. 


1. Isolated Pockets 


Since the pockets have the symmetry of a tetrahe- 
dron, it is appropriate, as a first approximation, to try 
a tetrahedron having the appropriate symmetry. Such a 
surface is shown in Fig. 3, with the two adjustable pa- 
rameters a and /. Six such figures would appear in the 
third zone, two of which lie at zone corners for the zone 
centered on X in Fig. 2. They would be located at the 
position of the fourth-zone pockets for the zone centered 
on L. The possibility that these surfaces are joined at 
the corners is neglected for the moment. 

Assuming six such surfaces with appropriate orienta- 
tions, it is possible for any orientation of field to consider 
cross sections perpendicular to the field and shift these 
back and forth along the field to obtain a maximum 
area. This involves a somewhat tedious geometric calcu- 
lation, but it has been done for all fields perpendicular to 
a [100] direction or to a [110] direction. This includes 
enough directions to give a quite complete description 
of the effect. From these areas, the period of the de 
Haas-van Alphen oscillations for all such field directions 
can be calculated in terms of a and /, using the relation 


A(1/H)=49'e/hcA, 


where A(1/H) is the period and A is the area in wave- 
number space. 

It turns out that the smallest area obtained for a field 
in [110] direction is al/(2v2). If this is associated with 
the small period oscillation found by Gunnersen, it is 
found that a/ equals 0.0214 atomic unit. For comparison, 
note that the area of a square face of the Brillouin zone 
is 0.338 atomic unit. The ratio a// is abritrarily set at 
0.425 and the results plotted in Figs. 4 and 5 along with 
Gunnersen’s data. The effect of changing the ratio a/1 is 
simply to shift the dashed portions of the curves in 
proportions to a/] without changing the solid portions. 
This, of course, also shifts the cusps where the dashed 
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Fic. 4. de Haas-van Alphen periods as measured by Gunnersen,? 
along with theoretical curves. The magnetic field lies in the (001) 
plane; y is the angle the field makes with the [100] direction. The 
solid and dashed curves combine to give the results deduced from 
tetrahedra located at symmetry points W. The solid and dotted 
curves combine to give the results deduced from infinite prisms 
lying along [110] directions. 


portions join the solid ones. All of the curves shown are 
found to be simple sine curves. 

The fit is remarkable and is achieved with only a 
single adjustable parameter, so long as a// remains small. 
Correspondingly, Gunnersen’s pillow-shaped pockets 
(which correspond to symmetrized combinations of the 
above tetrahedra) may be made arbitrarily large and 
thin so long as the area looking at them edge-on is fixed. 
The particular shape he proposed depends directly on 
his particular extrapolation to low periods, where no 
data exist (corresponding to the dashed portions of our 
curves). 

One might ask what modifications in the proposed 
shape would be required to improve the fit to the data 
at the cusps in the [100] and [110] directions. It is 
found that in almost all cases the maximum cross- 
sectional area of a tetrahedron does not include a corner 
of the tetrahedron. It does, however, include a corner 
at each cusp and each cross-over point in Figs. 4 and 5 
with the exception of that in the [111] direction. In 
addition, the areas corresponding to the entire solid 
curves A in Fig. 4, include a corner. Rounding off the 
corners of the tetrahedra would lower the area and in- 
crease the period in these regions without affecting the 
rest of the curves. Thus the required improvement in fit 
can be obtained by simply rounding off the corners. 

It should be noted that the only solid curves of Figs. 
4 and 5 which fail to appear in the data are the curves A. 
This could be associated with the fact that these are 
the only curves for which the maximum cross-sectional 
areas run into the corners and therefore have a lower 
density of states (that is, the area changes more rapidly 
with displacement parallel to the field for these curves). 
Since the dashed curves are not found experimentally, 
though they correspond to areas which do not traverse 
the corners, it is concluded that these portions of the 
data lie below the threshold of observable periods. This 
implies that a// must be less than about 0.35; thus / 
would be greater than 0.25 atomic unit while @ would 
be less than 0.087 atomic unit. 


HARRISON 


It is seen that these tetrahedra give a very natural 
explanation of the de Haas-van Alphen data. 


2. Multiply Connected Region 


If the Fermi surface in the third zone resembles that 
shown in Fig. 2, it is reasonable to expect de Haas- 
van Alphen oscillations associated with the arms. The 
band calculations have indicated that these arms may 
be reduced in size at the centers and expanded at the 
intersections, thus reducing the taper. A reasonable 
starting model, then, consists of untapered arms of 
cross-sectional area Ao. If Ao is associated with the 
largest observed period in the [110] direction, the solid 
and dotted curves of Figs. 4 and 5 are obtained. Again 
all curves are sinusoidal. 

Improvement of the agreement with experiment at 
lower periods can be obtained by introducing a taper 
in the arms such that the cross-sectional area is smaller 
at the intersections. The curves beyond the [100] cusp 
correspond to areas such as that indicated by (a) in 
Fig. 2. Such contributions would disappear if the arms 
were distorted slightly so that the maximum cross sec- 
tions ran into the intersections of the arms. Thus if the 
arms were bent [the arm (a) being bent in the plane of 
the paper ], such highly inclined orbits would tend to 
increase monotonically from one end of the arm to the 
other, and no maximum would occur. This would tend 
also to eliminate the curves A of Fig. 4. 

A fit to the data has been obtained without specifying 
the shape of the cross section of the arms Ao. The data 
require that the magnitude of the area be about 0.0075 
atomic unit, while the free-electron model gives 0.015 
atomic unit, thus a modification in the linear dimensions 
of the arms of only 30% is required. 

This model also gives a quite natural explanation of 
the data but requires some patching to explain the dis- 
appearance of the data in some regions of orientation. 


3. Comparison of Models 


The fact that the multiply connected surface lies very 
close to that of the free-electron model (modified in the 
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Fic. 5. de Haas-van Alphen periods as measured by Gunnersen,’ 
along with theoretical curves. The magnetic field lies in a (110) 
plane; y is measured from the [001] direction. The solid and 
dashed curves combine to give the results deduced from tetrahedra 
located at symmetry points W. The solid and dotted curves com- 
bine to give the results deduced from infinite prisms lying along 
[110] directions. 
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direction indicated by the band calculations) gives 
strong support for this model. The pocket model would 
require rather large deviations from the free-electron 
model ; on the other hand, though these also could be in 
the direction suggested by the band calculations. When 
the anomalous skin effect is considered in the following 
section, it will be seen that the pocket model becomes 
untenable. 


V. OTHER INFORMATION 


Heine has pointed out that the anomalous skin effect 
data indicates that the total area of Fermi surface is 
very close to the free-electron value. In the free-electron 
model, some 80% of the Fermi surface lies in the second 
zone, 20% in the third, and less than 1% in the fourth. 
The major modification of second zone Fermi surface 
suggested by the band calculations is the suppression of 
the points near symmetry points W. This tends to re- 
duce the area in the second zone, but not drastically 
since most of that surface is quite far removed from the 
zone faces. The disappearance of the pockets in the 
fourth zone has negligible effect, so the surface in the 
third zone must certainly hold its own and probably 
increase in area. 

In order for tetrahedral pockets to give the required 
area, a/l would have to be reduced to about 0.06 so that 
1=0.6 atomic unit. But this extends the Fermi surface 
deep into regions where the free-electron approximation 
should be good and where the free-electron energy is 
much higher than the Fermi energy. Also, Heine’s calcu- 
lations for points near W in the third zone do not indi- 
cate such flat energy surfaces. Thus the pocket model 
must be discarded. 

In order to fit the de Haas—van Alphen data with the 
multiply-connected Fermi surface, it was necessary to 
reduce the cross-sectional area of the arms below the 
free-electron value by 50%. This, of course, tends to 
reduce the area of Fermi surface, but it was pointed out 
that the shape of the cross section is not determined by 
the de Haas-van Alphen data. If the cross section is 
elongated as it is reduced in area, the total Fermi-surface 
area may be kept the same or increased. Such an elonga- 
tion only requires shifts in the energies of states which 
lie close to a symmetry plane, where such corrections to 
the free-electron model are to be expected. 

The proposed model can be seen to be consistent with 
specific heat measurements at low temperatures. Heine 
has used these measurements to make a rough calcula- 
tion of the length of line along which the Fermi surface 
cuts zone boundaries, which he found to be 92 atomic 
units. Such a calculation is quite crude, as he has indi- 
cated. Furthermore, similar effects might be expected 
whenever the surface intersects any other symmetry 
plane (except those including I’). In the model proposed 
here the length of intersection with the zone boundary 
(using the reduced zone scheme as done by Heine) is 
about twice the total length of the zone edges or 40 
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atomic units; this being entirely in the third zone. There 
is an equal length of intersection with symmetry planes 
in the second zone, corresponding to “edges” of the 
Fermi surface, which brings the total to 80 atomic units. 
These numbers are not to be taken very seriously; it is 
simply noted that a high electronic specific heat is ex- 
pected to arise from the large amount of Fermi surface 
which lies close to symmetry planes in wave-number 
space. 

Finally, the low-frequency de Haas—van Alphen oscil- 
lations, which Gunnersen observed in aluminum, will 
be considered. These correspond to a cross-sectional 
area of about 0.0008 atomic unit and are fairly isotropic. 
Alloying data indicate that they arise from electrons 
rather than holes. The only place where these fit con- 
veniently into the proposed structure is at the inter- 
sections of the arms. Reasonably isotropic oscillations 
would result from minimum cross-sectional areas of the 
arms, since there are arms lying along each of the [110] 
directions. The cross-sectional area of the arms at the 
intersections is about 0.0008 according to the free-elec- 
tron model. Thus in this instance, no modification is 
required. This is consistent with the high-frequency 
oscillations which indicated that the arms are tapered 
toward the ends. It is interesting to find that, though 
the intersections and the ends of the arms are tiny, the 
arms are not pinched off. 


VI. FINAL PICTURE AND DISCUSSION 


The structure of the Fermi surface which is consistent 
with the data considered and with Heine’s band calcula- 
tions is actually very close to that deduced from the 
free-electron model and illustrated in Fig. 2. The first 
zone, as before, is full. The second zone contains a closed 
surface, filled with holes, which resembles that of Fig. 2, 
but with the corners rounded off. The fourth zone is 
empty. The third-zone surface is similar to the free- 
electron figure, but the arms are to be flattened slightly 
and their cross-sectional area reduced by 50%. The 
cross-sectional areas of the arms near the intersections 
are essentially unchanged. The bowing of the arms 
suggested by the disappearance of de Haas—van Alphen 
oscillations associated with the most elongated orbits 
should probably not be taken seriously; the amount 
required, in any case, would depend upon the variation 
of the cross section along the arm. Neglecting this last 
aspect of the distortion, the third-zone Fermi surface is 
redrawn in Fig. 6.* The shapes of the arms are somewhat 
schematic, but their positions are fixed by symmetry 
and their maximum and minimum areas are fixed 
experimentally. 

Certainly the most striking aspect of these results is 
how closely they are predicted by the free-electron 


* Note added in proof.—Further band calculations by the author 
(to be published) indicate that the arms are probably not flattened 
as indicated here, but resemble the free-electron shape more 
closely. Thus it seems preferable to abandon agreement with the 
somewhat meager anomalous skin effect data. 
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Fic. 6. The proposed Fermi surface in the third Brillouin zone 
for aluminum. A cross section of one of the arms is given and 
compared with the free-electron cross section; the detailed shape 
is somewhat schematic. Some further bowing of the arms is possi- 
ble and suggested by the data. 


model. They are, in fact, even more closely predicted 
than might be guessed by looking at the results of 
Heine’s calculations. Because of this validity of the 
free-electron model, the anomalous skin-effect result 
that the total area of the Fermi surface is equal to the 
free-electron need no longer be regarded as 
accidental. 

Another striking point is that a wide variety of models 
give the same sinusoidal variation of the de Haas—van 
Alphen period. Thus, only if measurements are made 
to smaller periods, where deviations occur for some 
models, can reliable conclusions about the shape of the 
Fermi surface be made. On the other hand, once a 
particular surface has been proposed, these measure- 
ments are extremely valuable in giving particular di- 
mensions of the surface. The experience with aluminum 
here would suggest that the free-electron model is some- 
times sufficient for proposing a surface without the use 
of band calculations, though such calculations are cer- 
tainly of help. 

The rather marked resemblance of the proposed 
Fermi surface for aluminum and that proposed by Gold? 
for lead is also interesting, and, of course, not coinci- 
dental. Lead also is face-centered cubic, but has four 
rather than three conduction electrons per atom. This 
increases the free-electron Fermi-surface radius by 10%. 


area 


7A. V. Gold, Proceedings of the Fifth International Conference 
on Low-Temperature Physics and Chemistry, edited by J. R. Dil- 
linger (University of Wisconsin Press, Madison, Wisconsin, 1957), 


p. 454. 
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Thus it tends to shrink the second zone Fermi surface 
somewhat, fatten up the arms in the third zone, and 
enlarge the pockets in the fourth. Gold, in fact, finds 
that the pockets in the fourth zone in lead are not 
emptied as they presumably are in aluminum. 

It should be pointed out that Heine’s model, as well 
as the model proposed here and the alternative model 
discussed involving pockets at W in the third zone, fits 
all of the data. The major support for the one proposed 
here is its extremely close agreement with the free- 
electrons picture as modified by the results of the band 
calculations. 

One point in support of the alternative model dis- 
cussed here is its natural explanation of failure of the 
curves A and the dotted curves to appear in the de Haas- 
van Alphen data. Also, this model, as well as the other 
two, can accommodate the existence of low-frequency 
de Haas-van Alphen oscillations, which could be associ- 
ated with small members connecting the tetrahedra at 
the corners. These features have not been considered 
sufficient to outweigh the very large deviations from 
the expected picture which would be required. It would 
seem unwarranted to put a great deal of weight upon 
the failure of certain periods to appear in the de Haas- 
van Alphen data. 

Finally possible ways of definitely deciding between 
models should be considered. Certainly more extensive 
de Haas-van Alphen data or band calculations near the 
points K and U in the third zone would be a help. 
However, since considerable flexibility is allowed in the 
detailed shapes for any of these models, these would 
still leave ambiguity. Knowledge as to whether the 
de Haas-van Alphen data were coming from electrons 
or holes would be definitive, but Gunnersen was unable 
to determine this by alloying; in any case, the interpre- 
tation of such an experiment rests on the theory of 
alloys and is open to some question. 

A decision might be made as to whether the de Haas— 
van Alphen data come from pockets of holes in the first 
zone or pockets of electrons in the third if it were known 
whether the second-zone surface intersects the zone 
boundary. If this surface does not intersect the zone 
boundary, then the states at W are certainly occupied 
in the second zone and must also be occupied in the 
first zone. This would eliminate the possibility of the 
pockets proposed by Heine. If, on the other hand, the 
surface does intersect the zone boundary, then the states 
at W are certainly unoccupied in the second zone and 
must be also unoccupied in the third and fourth zone. 
This would eliminate the pocket model discussed here 
and would require that the arms be pinched off in the 
model which was proposed. Then in order to explain the 
low-frequency oscillations, holes would again need to be 
postulated in the first zone. This leads again to Heine’s 
model, only with the holes in the first zone and the 
electrons in the third zone changing their roles.® 


8 Still another model exists which will explain all of the data. It 
consists of very flat surfaces at the square zone faces in the second 
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Ultrasonic attenuation measurements in the presence 
of a magnetic field should provide the answer to this 
question. Geometric resonances in these experiments 
give a measure of maximum and minimum diameters of 
the Fermi surface® and tend to see the grosser aspects of 


zone which contain electrons and which give rise to the high- 
frequency de Haas-van Alphen oscillations. Remaining portions of 
surface could be distorted to explain the remaining data. Heine 
discarded this possibility on the basis that theoretically one would 
expect these surfaces to be flatter than the de Haas-van Alphen 
data allow. It was seen in Sec. IV, however, that this is not true, 
so they cannot be discarded on such grounds. This possibility is 
not considered here because it requires rather major deviations 
from what is expected theoretically (deviations comparable with 
those required by Heine’s model). If it were to turn out that the 
second-zone Fermi surface does intersect the zone face, and that 
major deviations are, in fact, required this possibility should be 
reconsidered. 

9 Such effects were originally proposed by A. B. Pippard [Phil. 
Mag. 2, 1147 (1957) ] and have been observed in copper by R. W. 
Morse and J. D. Gavenda [Phys. Rev. Letters 2, 250 (1959) 1]. 
They have been treated for a free-electron gas by T. Kjeldaas 
and T. Holstein [Phys. Rev. Letters 2, 340 (1959) ] and some- 
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the Fermi surface rather than small pockets. Thus 
resonances associated with the second-zone surface 
should be seen. If this surface intersects the zone bound- 
ary, then the resonances should become profoundly 
modified when the field orientation is such that the 
diameter in question leads to the region of intersection. 
Such modifications have been seen by Morse and 
Gavenda™ in the resonances in copper. If the surface 
does not intersect the zone, the simple resonance should 
be seen for all orientations. Very possibly the results 
of such a measurement would not be simple and some 
interpretation would be necessary, but they should shed 
light on the question. Attempts are being made at this 
laboratory to observe the geometric resonances in 
aluminum. 


what more extensively by Cohen, Harrison, and Harrison (to be 
published). 

1 R. W. Morse and J. D. Gavenda, Phys. Rev. Letters 2, 250 
(1959). 
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Paramagnetic Resonance Spectra of Chromium and Manganese 
in the Spinel Structure* 
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The paramagnetic resonance spectrum of Cr*+ was measured on the single crystal of ruby spinel MgAl,O, 
at the wavelengths of 3 cm, 1.2 cm, and 8.6 mm. The spectrum confirms that Cr** is at a B site and can 
be described with an axial spin Hamiltonian S=$, 2D=0.990+0.005 cm™, gi;=1.986+0.001, gi =1.989 


+0.002. 


The paramagnetic resonance spectrum of Mn*+ was measured on the single crystal of ZnAl,O, at 3 cm. 
The spectrum consists of six nearly isotropic lines with A=74.9+0.5X10™ cm™, g=2.0002+0.001. The 
cubic or axial splitting was less than 8X10 cm™!. The spectrum is indicative that Mn?* is located at an 


A site. 


I. INTRODUCTION 


HE mineral spinel, MgAl.04, and other crystals 
isomorphous with it, are of the general composi- 
tion MRO, in which M and R are divalent and trivalent 
ions, respectively. The system forms a close-packed 
structure. The lattice can be considered to consist of 
two sublattices. One type of cation is surrounded by 
six oxygen ions arranged approximately at the corners 
of an octahedron and this is in general referred to as 
the B site. In the A site the cation is surrounded by 
four tetrahedrally situated nearest-oxygen neighbors.! 
Spinel-type compounds containing ions belonging to 
the first transition group have become recently import- 
ant. They are nonconducting and antiferromagnetic or 
The magnetic properties of these 
* Supported in part by the U. S. Air Force, Office of Scientific 
Research European Office of the Air Research Development 
Command. 
1R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1957). 


ferrimagnetic. 


materials are determined to a large extent by their 
relative distribution of the ions M and R at the octa- 
hedral or tetrahedral sites.?~® 
The distribution of the various ions among A and B 
sites has been investigated by x-ray and neutron 
diffraction.7~” Recently a simple theoretical explanation 
of the cation distribution has been given by McClure" 
and by Dunitz and Orgel” using crystal-field and 
symmetry considerations. 
’. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
J. B. Goodenough and A. L. Loeb, Phys. Rev. 98, 39 (1955). 
J. B. Goodenough, Phys. Rev. 100, 564 (1955). 
> J. B. Goodenough, J. Phys. Chem. Solids 6, 287 (1958). 
6 P. W. Anderson, Phys. Rev. 102, 1008 (1956). 
7 F.C, Romeijn, Philips Research Repts. 8, 304 (1953). 
’ E. W. Gorter, Philips Research Repts. 9, 403 (1954). 
9 J. M. Hastings and L. M. Corliss, Phys. Rev. 104, 328 (1956). 
1 Nathans, Pickart, Harrison, and Kriesmann, Proc. Inst. 
Elec. Engrs. (London) B104, Suppl. No. 5, 217 (1956). 
1 T). S. McClure, J. Phys. Chem. Solids 3, 311 (1957). 
2 J. D. Dunitz and L. E. Orgel, J. Phys. Chem. Solids 3, 20, 
318 (1957). 
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Fic. 1. The paramagnetic resonance spectrum of Cr* at 
9.4 kMc-sec. The magnetic field is rotated in a plane defined by 
the directions [111] and [001]. 


We have embarked on a systematic study of the 
spinel-type crystals using paramagnetic resonance 


techniques. This technique determines the lowest 
energy levels in a magnetic field. The order of these 
energy levels is determined by the symmetry and the 
strength of the crystal field acting on the paramagnetic 
ion. It is not difficult to discriminate between octahedral 
and tetrahedral symmetries, since the sign of the cubic 
field parameter is either positive or negative, respec- 


tively. We hope to obtain in this way new data on 
the properties of ions in the tetrahedral symmetry 
for which only few magnetic and optical data are 
available. 

It is the authors’ belief that a systematic study of 
the spinel-type crystals in their paramagnetic phase 
(i.e., diamagnetic crystals with added paramagnetic 
impurities) may shed light on their properties in the 
ferromagnetic phase. The explanation of many of their 
properties was based on conjectures such as ad hoc 
assumptions on the role of the Jahn-Teller distortions 
and covalent bonding. 

In this paper we discuss the paramagnetic properties 
of chromium and manganese substituted spinels. In 
subsequent articles we shall present optical and 
magnetic spectra on cobalt and iron spectra in the 
spinel symmetry. 


II. THE SPECTRUM OF Cr*+ IN MgAl.O, 
A. Experimental Results 


The paramagnetic resonance spectrum of Cr*+ was 
studied in a number of natural crystals. These grow 
in pink octahedrons. The measurements were made at 
3 cm, 1.25 cm, and about 8.6 mm of wavelength. 

The spectrum can easily be detected at room 
temperature. A cursory inspection of the spectrum at 
3 cm indicates that there are 4 ions in the unit cell. 
Each ion shows the same spectrum and corresponds to 
an ion located in the center of an octahedron of oxygen 
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ions which is distorted along the body diagonal of the 
cube of the unit cell, i.e., along the [111], [111], [111], 
and [111] directions. The spectrum of each ion at 3 
cm can be explained with a single spin Hamiltonian 
of the form 


H,=gu/BHS.+¢,' (GH S:+6H,S,), (1) 


with S’=3, gi’=1.986+0.002, g,’=3.924+0.002, in 
which gi; is measured along the body diagonal direction 
[111] and g, along the [110] direction. 

The spectrum has been investigated as a function of 
the direction of the magnetic field with some of the 
symmetry planes. In Fig. 1 the spectrum is shown when 
the magnetic field is rotated in the plane defined by the 
direction [111] and [001]. In the plane the [111] 
and [111] directions are located symmetrically with 
respect to the [110] direction, forming an angle of 
35°16’ with it, and are also symmetrical with the [001 ] 
direction at an angle of 54°44’. The other directions 
[111] and [111] are again symmetrically located with 
the [001] direction and form an angle of 54°44’ with 
the plane. Their projections on the plane coincide and 
we therefore observe only one transition for both these 
ions at low fields. 

In the [111] direction we observe one transition of 
one ion at gy; and one transition at a low field, corre- 
sponding to the superposition of the other three ions. 
(These transitions correspond to M=—}— —3, where 
M is the strong field quantum number. If one uses the 
quantum notation in which the quantization is along 
the [111] axis this would correspond to the }— —} 
transition.) In the [001] direction the four ions occupy 
equivalent positions and their spectra, therefore, 
coincide. In the [110] direction the projection of the 
[111] and [111] coincide and give rise to a transition 
at g, for these ions. 

In Fig. 2 the spectrum is shown when the magnetic 
field is rotated in a plane defined by the directions 
[111] and [110]. In this plane the projections of the 
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Fic. 2. The paramagnetic resonance spectrum of Cr* at 
9.4 kMc-sec. The magnetic field is rotated in a plane defined by 
the directions [111] and [110]. 
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directions [111] and [111] coincide. Both form an 
angle of 67°37’ with the [111] direction (i.e., with 
6=0) and 28°7.5’ with this plane. The absorption 
spectrum of these ions appears at a maximum at 
6=67°37'. The spectrum is symmetrical with respect 
to the [110] plane. The projection of the [111 ] direction 
gives a low field absorption. At @=0 this corresponds to 
an angle of 70°32’ for these ions. At @= 90° the transition 
of the ion at the [111] direction coincides with that of 
the [111 ] direction. 

No other transitions are observed at 3 cm up to a 
field of about 6000 gauss. Similar spectra were observed 
at 22.84 kMc/sec. It is well known that the ground 
state of the chromium ion I, is split into two Kramers’ 
doublets by a trigonal field. The fact that only one 
transition is observed indicates that the initial splitting 
2D is larger than 0.8 cm“. 

The initial splitting can be evaluated by a number of 
methods even if the other transitions corresponding to 
M=}3— —}3,$-—>}, or Am=+2, +3 are not observed. 
One method is to solve the full spin Hamiltonian, 


H,=D[S2—3S(S+1) ]+-guBH cos0S, 
+4,8H sinO(S,e~*+S_e'*), (2) 


for a number of angles and find the best possible fit. 
For this purpose we have solved the matrix of the form 


W4—3(1+202?)W?+4 (1-3 cos’0)e’W +75 
+327(1-6 cos?@)+9at=0, (3) 


where W = E/2D and x= g8H/4D for various parameters 
of x and for angles from 0°—> 90° for every 5°. In 
addition we have obtained the matrix elements 
|({M'|J,|M)|? and |(M’|J,|M)|?. Knowing these 
elements, the intensity of the absorption lines can be 
calculated for any orientation of the rf field, the axis of 
quantization, with respect to the static external field.” 

There are three unknowns, gi, gi, and D, but there 
are a number of equations corresponding to each angle 
measured. In particular, the angles 6=0, 54°44’, and 
90° are useful since the 4X4 matrix factors into 22 
matrices. However, the angular variation is not exceed- 
ingly sensitive to small variations in D or g if the 
initial splitting is very large compared with the micro- 
wave energy. 

We have evaluated D using the computed energy 
levels and assumed for simplicity that g;,=gi. The 
value of gi, can be obtained accurately by measuring 
the transitions at @=0° since at this angle the transition 
is independent of D. The value of g, can be obtained 
by fitting it more closely to the computed value. It 
can also be obtained from perturbation calculation, 
since g,’ in the S=} formalism is given in terms of gy 
in the S=3 formalism at 90° by 


g.' =2g,[1—$(g.8H/2D) P. (4) 


18The authors have a limited number of copies available of 
these tables, which can be obtained on request. 


RESONANCE 


SPECTRA OF Cr AND Mn 563 
For any other angle g’ is a function of gi, giD and a 
complicated function of 6."4 

A good fit is obtained by taking 2D=0.990+-0.005 
em™, gi:=1.986+0.001, and g,=1.989+0.002. 

The values quoted here fit the spectrum at 1.2 cm 
and 8.6 mm within 0.3%. 

We have interpreted the spectrum to correspond to 
—}— —3 and assumed that D is negative. This is 
consistent with the fact that g,>g,, since D is given to 
a first approximation by D=4)*((A,—A,)/A,A;], 
where ) is the spin coupling and A,, A, are the separa- 
tions of the next higher orbital level along the z or 
x axes, respectively. Similarly gi—gii= —8A[(A,— Az)/ 
A.A, |=—2D/x.t Therefore D is negative, the same as 
in Al,O3.!5 


B. Discussion 


The paramagnetic resonance spectrum indicates 
clearly that the chromium is surrounded by a distorted 
octahedral configuration (i.e., B site). This is in, 
agreement with susceptibility and x-ray measurements, 
and is also predicted from theoretical considerations." 
Another confirmation comes from the optical spectrum 
of chromium in ruby spinel which does not differ 
essentially from that in aluminum oxide. 

The initial splitting of the order of 1 cm™ in spinel is 
about three times as large as that in aluminum oxide. 
It is not quite clear why the trigonal field is so much 
larger in the spinel structure. 

The larger initial splitting may in part be the cause 
of the low-magnetic moments in spinels containing 
chromium. The susceptibility x parallel to z axis is 
given by X,= (15g:2/32T)[1—4(D/T) |. Hence a larger 
trigonal distortion will give rise to a smaller suscepti- 
bility at low temperatures. Baltzer and Wojtowicz'® 
have argued that the low-magnetic moments in con- 
centrated chromic spinels are brought about by 
Jahn-Teller distortions of the lattice. These distortions 
may arise because of the magnetic interaction of the 
A and B sites. While this cannot be excluded, our 
measurements indicate that there is a large distortion 
even in the paramagnetic spinel. 


Ill. THE SPECTRUM OF Mn?* IN ZnAl,0, 


A. Experimental Results 


The spectrum consists of 6 nearly isotropic lines with 


the following parameters: A=74.9+0.5X10™ cm", 
g=2.0002+0.001. The full width at half intensity of 
the hyperfine lines m=+} was approximately 16 


14 Geusic, Peters, and Schulz-DuBois, Bell. System Tech. J. 
38, 291 (1958). 

t See also the discussion on the magnitude of the splitting by 
P. H. E. Meijer and H. J. Gerritsen, Phys. Rev. 100, 742 (1955). 

157. G. Daunt and K. Brugger, Z. physik. Chem. (Franfurt) 
16, 3 (1958). 

. K. Baltzer and P. J. Wojtowicz, Fourth National Con 

ference on Magnetism and Magnetic Materials, Philadelphia, 
November, 1958, J. Appl. Phys. 30, 27S (1959). 
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gauss along the [111] direction, and varied slightly 
with orientation. Assuming a pure cubic field, we can 
infer the maximum cubic splitting from the line width. 
In a cubic field the maximum separation of the +} — 
+} and +3 — +} transitions would occur at +$a and 
2a, where 3a is the initial splitting. From the line 
width variation we infer that 3¢a<8X10- cm. 
However, it is quite possible that an axial splitting is 
present. D, the axial splitting parameter, and a, 
the cubic splitting parameter, may be of opposite sign 
and thus in part may cancel each other. The square 
line shape at the m=-+$ lines and the sharper lines 
of m+} seem to indicate that the splitting is primarily 
caused by a cubic field. It would be instructive to 
confirm this by double-resonance techniques. 


B. Discussion 


The results reported here are very similar to those 
obtained by Dorain on ZnO.'’ The spin Hamiltonian in 
ZnO is axial and the spectrum can be accounted for 
with g=2.0016+0.0006, 3a=—6.041.5X10 cm", 
A=76.0+0.4X10 cm, and D=—216.942.2K10 
cm~!. It is, therefore, reasonable to assume that the 
Mn?" is substituted for the zinc ion at an A site. 

The small initial splitting indicates that the symmetry 
of the A site must be a nearly perfect tetrahedron. 
Apparently the tetrahedron is not distorted in the 
Spinel lattice although the octahedron of AlsO3; shows 
a fairly large distortion. 

In a tetrahedron one would expect, from theoretical 
reasonings, the cubic field splitting to be small. 
Watatabe'* has shown that the cubic splitting in cubic 
crystals is proportional to a first approximation to the 
square of the crystal field strength. In a tetrahedral 
symmetry the crystal field strength is about 4/9 that 


17 B. P. Dorain, Phys. Rev. 112, 1058 (1958). 
‘6H. Wanatabe, Progr. Theoret. Phys. (Kyoto) 18, 405 (1957). 
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of an octahedral symmetry. The splitting 3¢ of MgO 
is about 56X10~* cm™. One would therefore expect 
that of ZnO to be less than 11X10 cm“. 

The hyperfine structure constant A is somewhat 
larger than in tetrahedral ZnS (~65X10~ cm), 
This is indicative that in spinel the covalent bonding 
is certainly not larger than in ZnS." 

Neutron diffractions of manganese ferrite have shown 
that the manganese spinels have a normal structure, 
ie., that the Mn** occupies an A site.*° Our results 
confirm this assignment for the diluted spinels. 

Susceptibility measurements indicate that the mag- 
netic moment equals 5.65 wz for the compound MnAl.O,4 
compared with a “spin only” value of 5.92 w».2° Good- 
enough and Loeb,’ as well as Wickham,” have suggested 
that the reduction of the magnetic moment is caused by 
covalent bonding which induces a large cubic field 
splitting of the d levels in tetrahedral symmetries. Our 
results seem to indicate that the manganese ion behaves 
normally in the diluted crystal and that the suscepti- 
bility if measured would yield the ‘‘spin-only” value. 
The reduction of the magnetic moment in the con- 
centrated crystal has very likely its origin in strong 
exchange interactions. Possibly a fraction of the 
manganese ion occupies a B site in the MnAl.Ox, spinel. 
In the B site the Mn** ions may have an antiparallel 
alignment compared with the A site. Susceptibility 
measurements would in this case measure the average 
magnetic moment and would not be able to discriminate 
between the two sites. Another possibility is that a 
small fraction of the manganese ions exist as Mn* or 
Mn** in the MnAl.O,4 spinel. The resultant moment 
would, therefore, be correspondingly reduced. 


19]. S. Van Wieringen, Discussions Faraday Soc. 19, 120 
(1955). 

*P. F. Bongers, Ph.D. thesis, University of Leiden, 1957 
(unpublished). 

*1—D. G. Wickham (to be published). 
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A Monte Carlo sampling scheme similar to that used by Metropolis, Wood, and others in equations of 
state computations for gases has been used to investigate order-disorder phenomena in a face-centered cubic 
A;B alloy. The model of the alloy assumes that the structure of the lattice is fixed and that interactions 
exist between first neighbors and second neighbors only. In most of the calculations detailed consideration 
is given to an array consisting of five unit cells on an edge (five hundred sites) with periodic boundary con 
ditions. The long-range order and short-range order for first and second neighbors has been computed above 
and below the critical temperature. Using the energy parameter, 7,=[(V aa" +V ap") /2]—Vap™, for 
nth neighbors it is found that v2/7,= —0.25 and 7; =816 cal/mole gives the best agreement with experiments 
on Cu;Au. The critical temperature appears to vary linearly with the ratio 72/2. 


I. INTRODUCTION 


ITH the high speed and large memory capacity 

available in modern computing machines there 
has been considerable interest in using them as a tool 
to attack certain problems in statistical mechanics by a 
rather direct Monte Carlo approach. This approach 
consists of generating a sample ensemble by Monte 
Carlo techniques in which the distribution of the 
systems approximates the correct statistical me- 
chanical ensemble. The sample ensemble is then used 
to compute mean values of the desired thermodynamic 
functions. 

Several years ago Metropolis and others! used this 
kind of a method to treat the two-dimensional hard 
sphere gas. Rosenbluth and Rosenbluth? extended these 
calculations to the three-dimensional system and 
obtained some results for a two-dimensional system of 
molecules with a Lennard-Jones interaction. Wood and 
Parker* continued these calculations to three-dimen- 
sional systems of molecules interacting with a Lennard- 
Jones potential. Wood and Jacobson‘ have also repeated 
some of the earlier work on the hard sphere system. 
This same method has also been applied to the lattice- 
gas model’ and the two-dimensional Ising model.® In 
the latter two cases, where the exact results’ are 
available for comparison, the Monte Carlo method 
gives estimates of the configuration energy which are 
accurate to 1% or better, except in the immediate 
neighborhood of the phase transition, in a reasonable 
amount of computing time. 

This paper discusses an investigation of order- 
disorder phenomena in a binary alloy, A;B, with face- 

*This work was supported in part by the Office of Naval 
Research. 

1 Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller, J. 
Chem. Phys. 21, 1087 (1953). 

2M. N. Rosenbluth and A. W. Rosenbluth, J. Chem. Phys. 22, 
881 (1954). 

3 W. W. Wood and F. R. Parker, J. Chem. Phys. 27, 720 (1957). 

mf W. Wood and J. D. Jacobson, J. Chem. Phys. 27, 1207 
Fi iii Jacobson, Fichett, and Wood (to be published). 

6 L. D. Fosdick, Bull. Am. Phys. Soc. 2, 239 (1957). 

7G. Newell and E. Montroll, Revs. Modern Phys. 25, 353 
(1953). 


centered cubic structure, using a Monte Carlo sampling 
technique similar to that used in the work mentioned 
above. The calculations were performed on an IBM 704 
computer using a program known as Monte Crysto. 


II. GENERAL DESCRIPTION OF THE METHOD 


We consider a system of NV atoms, A and B in the 
ratio 3:1, and assume them to be situated on the sites 
of a rigid, face-centered cubic lattice. The allowed 
states of this assembly of atoms correspond to the 
different arrangements of atoms on the sites, a specific 
state, say 7, of the system being represented by the V 
component vector u;. The components y;(0), ui(1), ---, 
ui(V—1), are the two valued occupation numbers for 
the .V sites. For the purpose of the discussion in the 
next section it will be assumed that yu;(k) equals +1 
or —1 corresponding to the &th site in the ith con- 
figuration state being occupied by an A or B atom, 
respectively. The energy, /;, of the 7th configuration 
is assumed to be due to the interactions between first 
neighbors and second neighbors only: 


E:=(Naa™) Vast (Ves) Ves 
+ (Nas) Vast (Naa™) Va 


+ (Nes) Vep?+(Nas™) Vas, (1) 


where the V’s are the interaction energies for a pair of 
atoms indicated by the subscript AA, BB, or AB 
which are first neighbors, indicated by the superscript 
1, or second neighbors, indicated by the superscript 2; 
the V’s are the total numbers of pairs of atoms of the 
type indicated by the subscript and superscript in the 
ith configuration. For this system it is desired to com- 
pute the mean equilibrium values of the long- and 
short-range order parameters, which describe the 
interatomic correlations over large and small distances, 
as functions of temperature and the interaction energies. 

The computation proceeds by generating a Markov 
chain of configurations wo, ui, Um'**Un-** using the 
one-step transition probabilities ;;, which give the 
probability that the state 7 will be immediately followed 
by the state 7. These probabilities are the elements of 
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the stochastic matrix ? which operates on the 2% 
component® probability vector tj. The components of 
t:, are just the probabilities for each of the 2% states of 
the system at the start of the kth step in the chain. The 
transformation t,— ty4:, resulting from one step, is 
described by the equation 


U.P us, +1y 
and for n steps we clearly have 
uy, p* = ws ime 


Provided that the elements of P satisfy the usual 
normalization condition 


p py=1 


all 7 


(all 2), (4) 


and that the states of the chain are ergodic it can be 
shown®.” that a limit for P® exists. In particular 


lim [P" ];;=u,;>0, 


and the vector YW, having as components the limit 
probabilities ~;, is an eigenvector of P with eigenvalue 
1, hence 

wP=W, (6) 


This equation and the normalization condition 


uniquely determine WF. 

The essence of the computational procedure lies in 
selecting P such that the elements of W are just the 
Boltzmann weight factors 


uj;=e E; ai = e~F: kT (8) 
all j 


With this choice of P, the existence of the limit of P” 
implies that after a “sufficiently long time” the states 
of the chain wo, wi, wy---u.:-- form an ensemble 
approximating the distribution defined by Eq. (8). 
The average value (F) of some function F; of the system 
parameters 


(F > [F e-t 


ull y 


T/T e-k 


can then be approximated by 


é 1 
(F)spprox=(1/M) > F(d), 


t=6 


(10) 


* For simplicity we will ignore here the restrictions imposed by 
the 3:1 composition. 4 

* This discussion follows closely that of Wood and 
reference 3. 

“W. Feller, Probability Theory and Its Applications (John 
Wiley & Sons, Inc., New York, 1950), Chap. 15. 
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where /(f) is the value of F for the system at the /th 
step in the chain. The error in (F)approx Will tend to zero 
as 6 and M tend to infinity but the practicality of this 
method, of course, rests on the possibility that the 
error can be made small enough without an excessive 
amount of computing. 

It is clear from the conditions expressed by Eqs. (6), 
(7), and (8) that P is not uniquely defined. Ideally the 
freedom remaining in the choice of P should be con- 
strained by a condition expressing the desire for rapid 
convergence of the approximations of the average 
values. From the standpoint of over-all computing time 
rapid convergence implies that both 6, denoting the 
point in the chain at which the averaging process 
started, and M, denoting the number of samples over 
which the average is performed, are small. The choice 
of 6 depends on the rate of convergence of P” which in 
turn depends primarily on the second largest eigenvalue 
of P. This is immediately evident if one expresses the 
probability vector Yo for the initial state of the chain 
(which contains 1 for one of its elements and zero for 
all the rest) as a linear combination of the eigenvectors 
of P. The problem of picking P such that the magnitude 
of the second largest eigenvalue and hence 6 is mini- 
mized has not been solved. It should be pointed out 
that minimization of 6 does not necessarily imply 
minimization of the computing time since the com- 
puting process thus defined might be so complicated as 
to require more over-all time than a simpler method 
requiring a larger 6. Nevertheless, the solution to the 
above problem would be of considerable interest. In 
its absence the choice of P is determined largely by the 
desire for simplicity and hence speed in carrying out the 
calculations which correspond to making a single step 
in the chain. Without knowledge of the second largest 
eigenvalue a good criterion for picking 6 is lacking. 
Previous applications of this method have generally 
resolved this problem by directly considering the chain 
of sample values of some parameter of the system and 
setting 6 at that point where the results for this parame- 
ter appear to become “‘steady.”’ Experience has shown 
that this is not always a safe practice since the system 
may become partially trapped in a metastable state, 
exhibiting a steady behavior, and only after a long (on 
the computational time scale) time does it leave the 
metastable state. The system may become trapped for 
such a long time that states which should make a 
significant contribution to the ensemble average are 
completely omitted; this happened in the early hard 
sphere equation of state calculations.‘ The present 
computation scheme uses a quite different criterion for 
fixing 6 which considerably reduces the chance that a 
metastable situation will be overlooked. This procedure 
involves the simultaneous generation of two or more 
independent chains with different initial states with 
the requirement that the mean values of certain system 
parameters agree among the different chains to within 





ORDER PARAMETERS 
a preset margin of error. Details are given in the next 
section. 

Referring again to Eq. (10), the number of terms, 
M, used for computing (F)approx depends in detail on 
the physical system and the accuracy desired. When a 
relatively large volume of configuration space makes a 
significant contribution to the ensemble averages, as 
near a phase transition, it is necessary to take corre- 
spondingly more terms for a given accuracy. In the 
present computations the standard deviations of the 
averages are computed to verify that M is large enough 
for the desired accuracy. If M is held fixed, large 
variations in the standard deviations may be used to 
indicate the possible presence of a phase transition. 


III. DETAILS OF THE COMPUTATION 
A. The Model 


The size of the system is a parameter of the Monte 
Crysto program which permits systems of up to fifteen 
unit cells on an edge, however, almost a!l of the com- 
putations were done with a system containing five unit 
cells on an edge, and consequently five hundred lattice 
sites. Indices 7, 7, k are used to label the sites as illus- 
trated in Fig. 1(a) and Fig. 1(b) for the 5X5X5 model. 
To simulate a lattice of infinite extent periodic boundary 
conditions are imposed, hence in the 5X5X5 model the 
indices are interpreted modulo 10. 

Every site of the model is occupied by either an A or 
B atom. The ratio of A atoms to B atoms, 3:1, is held 
fixed throughout the calculation, new configuration 
states being generated by the interchange of pairs of 
atoms. A configuration state of the model is conven- 
iently realized in a binary computer since a single 
binary digit can be used to represent each site; the 
digit is one if the site is occupied by an A atom, while 
it is zero if the site is occupied by a B atom. 

Although one can distinguish the six coupling 
energies, Vaa‘?, Vee", Vag for first neighbors and 
Vana, Ves, Vag for second neighbors, only the 
two energy parameters 


n1=[( Vaca +Vep), 
v=[(Vaa+Vapn) 


(11) 


(12) 


ay ean”, 


2)- Vas™, 


z 
| 





(bd) 


Fic. 1. The model showing coordinates of the sites. Layers 
shown in (a) and (b) alternate; (a) corresponds to even k, and 
(b) corresponds to odd k, 
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arise explicitly in the computation. The computation 
is concerned with the change in the energy, AZ, cor- 
responding to an interchange of a pair of first neighbor 
atoms and it is easily seen that if a pair of such atoms, 
A and B, located on sites S and 5S’, respectively, are 
interchanged, then 


AE=2(Ng— Np’ —1)0:+2(V—— Np? 


v2, (13) 


where .Vg" and Vg’ are the numbers of first neighbor 
B atoms of S and S’, respectively, before the inter- 
change and Vz, Vz are like quantities for second 
neighbors. It is to be noticed that positive 2; tends to 
make the ordered state have lower energy, while nega- 
tive 2; would energetically favor a complete separation 
of A and B atoms. Since second neighbors tend to be 
alike in the ordered state, a negative vs enhances the 
tendency to order produced by a positive v7. For the 
later discussion we introduce a parameter \, the ratio 
of vo to 21, 

NV}. (14) 
B. Generation of the Chain of 

Sample Configurations 


As mentioned above, new configurations are gener- 
ated by interchanging pairs of first neighbor atoms. 
This process will be described first and then it will be 
shown that it satisfies the convergence conditions. Let 
us fix attention on a particular site of the lattice which 
is to be called the central site. The manner in which 
this site is selected will be described shortly. One of the 
twelve first neighbors of the central site is selected at 
random!" and if the atom on this first neighbor site is 
unlike the atom on the central site, then the change in 
energy AF, which would result from an interchange of 
their positions is computed. If AF<O, the positions of 
the two atoms are interchanged and the resultant 
configuration is taken to be the new configuration of 
the system. On the other hand if AE>0 then the 
positions of the two atoms are interchanged with 
probability e~4“/*7; that is, a random number, R.\, 
taken from a uniform distribution on the interval (0,1) 
is generated and if R.V <e~4”/*’, then the interchange 
is made, otherwise it is not made. In either case the 
resultant configuration is taken to be the new con- 
figuration of the system. If the first neighbor site and 
the central site are occupied by like atoms, the new 
configuration is the same as the present configuration. 
With the completion of these considerations relative to 
a particular central site a new central site is selected 
and the process described above is repeated. 

The face-centered cubic lattice can be pictured as 
being composed of the interpenetration of four simple 
cubic sublattices. Referring to Figs. 1(a) and 1(b), 


multiplicative 
Carlo Methods, 
, New York, 


' Random numbers are generated by the 
congruent method: see Symposium on Monte 
edited by H. A. Meyer (John Wiley & Sons, Inc 
1956), p. 17. 
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sublattice I is composed of sites with 7, 7, and k even; 
sublattice II is composed of sites with i and 7 odd and 
k even; sublattice III is composed of sites with 7 odd, 
j even and k odd; sublattice IV is composed of sites 
with « even, 7 and k odd. The central sites are picked 
methodically, first picking all sites in sublattice I, next 
all sites in sublattice II, and so forth. In sublattice I 
the site (0, 0, 0) is chosen first as a central site and new 
central sites are selected by advancing the 7 coordinate 
in steps of 2 until all sites in sublattice I, row (7, 0, 0) 
are selected; next, sites in row (1, 2,0) of sublattice I 
are similarly selected, this continues until all sites in 
this sublattice with k=O are selected; next, the sites 
in plane k=2 are similarly selected, etc., until finally 
all of the sites of sublattice I have been processed as 
central sites. Following this the sites in sublattices IT, 
III, and IV are similarly selected. One iteration of the 
calculation consists of one pass through the entire 
lattice, processing each site as just described. 

It is now to be shown that this process does produce 
a chain of states which, in the limit of a long chain, tend 
to be distributed according to the Boltzmann proba- 
bilities. That the ergodicity condition is satisfied 
follows immediately from the following observations. 
There is a nonzero probability for interchanging any 
pair of unlike first neighbor atoms. Any two configu- 
ration states differing only by the interchange of a pair 
of unlike atoms may be linked by many different chains 
corresponding to interchanges of first 
neighbor pairs. Finally, since there is nonzero proba- 
bility for the interchange of any such pair of atoms 
there is a nonzero n-step transition probability linking 
any two configuration states. 

Next, we will verify that the stochastic matrix, P, 
for this process does satisfy Eq. (6), where the elements 
of W are given by Eq. (8). Let P(k&) be the stochastic 
matrix associated with consideration of the kth site as 
the central site. The product matrix 


P=P(0)P(1)---P(N—-1) 


successive 


(15) 


is the stochastic matrix for one iteration of the calcu- 
lation, where the .V sites have been numbered in the 
order in which they are considered as central sites. The 
elements of P(k) are defined precisely as follows: 

(a) iA 7j: 


[P(k)J= pee (2-BOMT, (E> E,) 
(E;<E;) 
if and only if 
Milk) +y;(k) =0, 
ui(k’)+py;(k’) =0, 
ui(m)+yu;(m)= +2, 
where k and k’ are first neighbor sites and the third 
condition is true for all m except m=k or m=k’. If 
these conditions are not satisfied then this matrix 
element is zero, 


LOYD DD. 


FOSDICK 


(b) 1=7: 

CP (hk) ists Deml1— en Fm EAT + en; (k), 
where the summation over m is a sum over all states 
for which 

[P(H) Jin ter (mB, 


and ,;(k) is the number of first neighbor sites of k, in 
the jth configuration, which are occupied by the same 
type of atom as site k. 

Consider the vector ® given by 


wWP(k)=®, (16) 


where the elements of W are given in Eq. (8). The jth 
element of ®, 


(®);=d. uP (a) is, (17) 


will consist of a sum of terms of the following three 
types: 
1 1 ec Bi/kT 
K —e7 (Bi- EAT = — a 
>: e~EilkT 492 12 >: e—EiskT 
e—Em/kT 1 
eo ———K—, 
ere 
e-EilkT 1 


(iii) — XD (1—e- (Em EDAT) 4-9, R)) 
> rT 12s : 


, eB k 


1 (e~FilkT—e-EalkT) 4 (k)e—Sil*t 


os 12 . = e-BilkT 


where the types (i) and (ii) arise from the off-diagonal 
matrix elements. In particular, the type (i) terms arise 
from transitions into the configuration j which result 
in an increase in configuration energy and the type (ii) 
terms arise from transitions into the configuration 7 
which result in a decrease in configuration energy. The 
type (iii) term arises from the diagonal matrix element. 
It should be observed that there will be precisely 
12-n;(k) terms of type (i) and (ii) altogether, since 
there will be one such term for every unlike first 
neighbor of the atom on site &. For each term of type 
(ii) there is a term of equal magnitude and opposite 
sign in (iii), resulting in a cancellation. Combining the 
terms which remain, it will be found that one obtains 
[OH eo FilkT/S ; eB =, (18) 
Therefore, we have the result 
W=WP(k) (19) 
and since this is true for all k, we have 
w=wP(0)P(1)---P(V-1)=P. (20) 


It has thus been shown that P does satisfy the con- 
ditions for the existence of the limit, Eq. (5), and that 
the limit elements are the desired ones. Furthermore it 
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is to be observed from Eq. (19) that the result W=4P 
is independent of the order in which the central sites 
are chosen. 


C. Estimation of Convergence 


The Monte Crysto program treats eight independent 
lattices simultaneously, generating from them eight 
statistically independent chains of sample configu- 
rations. Four of the lattices are given an initial con- 
figuration of perfect order; these lattices will be 
referred to as the low-temperature (LT) lattices since 
they begin from the equilibrium configuration at 
absolute zero. In the remaining four lattices the A and 
B atoms are distributed on the sites at random in the 
initial configuration and these lattices are corre- 
spondingly called the high-temperature (HT) lattices. 

At the end of each iteration the current values of six 
configuration parameters for each of the eight lattices 
are recorded: V[A/I], N[A/IL], NLA/MT], NLA/TV], 
the number of A atoms on each sublattice; V4,", the 
number of first neighbor 4B pairs of atoms; .V 4°, the 
number of second neighbor AB pairs of atoms. All four 
numbers V[A/I], VNCA/11], V[A/TIL], and V[A/IV ] 
are recorded for checking purposes. Storage space in 
the computer is provided for recording thirty-two 
values of each parameter for each lattice. The first 
phase of the computation consists of performing thirty- 
two iterations on the eight lattices, thus filling up this 
space. 

Following this the second phase begins, during which 
a “convergence’”’ test is made at the end of each itera- 
tion. In this phase each new set of configuration 
parameters replaces the oldest set (32 iterations old) 
held in the storage. Let (V4g"’)tr,32 be the average 
value of \V4z", where the average is taken over the 
last thirty-two iterations for all four low-temperature 
lattices and let (.V4n)ur7,32 be the same average over 
the high-temperature lattices. Likewise (V4p®):1,32 
and (V4g)xr,32 are defined for second neighbors. The 
convergence test is passed when the following two con- 
ditions are both satisfied : 


(Nap) r,s2—(Vap™) 


Jnr a ' : 4 a) 
(Nap) ir s2+ CV ap 


(Nap? 


Yur 32— (Nan? 


(Vap™) ir s24+(N ap™) ut, s2 
where ¢; and e2 are small positive numbers. 

The third phase of the computations begins as soon 
as the convergence test is passed. In this phase the 
results for the eight lattices are no longer distinguished 
and they are combined into a grand average. Thirty-two 
additional iterations are performed on each lattice to 
provide a total of five hundred and twelve samples for 
the calculation of the final averages. At the beginning 
of the third phase the sites of the lattice are classified 
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as a or @ in the eight systems; in each system the sites 
of the sublattice currently having a minority of A atoms 
are called the B sites and the sites of the other three 
sublattices are then called a sites. This is necessary in 
order to properly combine the results of the eight 
systems for the estimation of the long-range order. 
Aside from the bias inherent to the initial configuration 
(presumably there is none for the high-temperature 
lattices) the four alternate patterns of long-range order 
are equally likely since nothing in the program preju- 
dices a particular sublattice to be a 8 sublattice. 


IV. RESULTS 


The primary limiting factor on the size of the model 
was the computing time, which for the 5X5X5 model 
amounted to 7.5 seconds per iteration per lattice. The 
computing time is essentially proportional to the 
number of lattice sites. In two cases the computations 
were repeated on a model having ten unit cells on 
an edge. 

Computations were performed for a variety of values 
of kT /2,, representing points above and below the 
critical temperature. Three different values of the 
second neighbor interaction parameter \=0, —}, —} 
were used. The convergence test constants €; and é€, 
were each equal to 0.01. 

A summary of the results is presented in Table I. 
The quantities a; and az are Cowley’s' short-range 
order parameters. The Cowley order parameter aj, 
describing the order among atoms separated by a 
distance 7; (i.e., 7th neighbors) is defined by 


a;=1—P p(n), 2X AX B (23) 


where P4,(r;) is the probability of finding a pair of 
atoms AB separated by a distance r;, X 4 is the fraction 
of A atoms in the system, and Xz is the fraction of B 
atoms in the system. In the estimates obtained here for 
a; and a, the probabilities P4g(ri) and Pap(re) have 
been replaced by 


(Nap) ‘6N and (Nap 2)) 3N, 


respectively, where the averages have been taken over 
the ensemble of five hundred and twelve configurations 
obtained as described above. The indicated errors are 
the standard deviations. It is to be noted that a perfectly 
ordered face-centered cubic lattice, with X¥,=%, Y¥z=}4 
yields ai=—}, a2=1, and a completely random 
arrangement of atoms yields a;=0, a2=0. The quantity 
S in the third column of results in Table I is the usual 
long-range order parameter defined by 
P(A/B) 


S=i— ; 
XA 


(24) 


where P(A/8) is the probability of finding an A atom 


12 J. M. Cowley, Phys. Rev. 77, 669 (1950). 
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TABLE I. Summary of results. 


—al 


0.230 +0.001 
0.188 +0.001 
0.156 +0.001 
0.1547 +0.0002 
0.138 +0.001 
0.125 +0.001 
0.114 +0.001 
0.034 +0.001 
0.0325+0.0003 
0.3080+0.0004 
0.295 +0.001 
0.240 +0.001 
0.194 +0.001 
0.145 +0.001 
0.129 +0.001 
0.117 +0.001 
0.3062 +0.0004 
0.2982+0.0004 
0.284 +0.001 
0.245 +0.001 
0.146 +0.001 
0.134 +0.001 
0.126 +0.001 
0.096 +0.001 
0.036 +0.001 
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* Initial conditions modified to partially order HT lattices. 
» Model with ten unit cells on an edge 


on a B site. In the estimates obtained here for S the 
probability P(A/8) has been replaced by 


4(N (A/B))/N, 


where again the average has been taken over the 
ensemble of five hundred and twelve configurations. In 
the fourth column of results the number of iterations 
performed before the convergence condition was 
satisfied is given. 

The number of iterations that had to be performed 
before the convergence condition was satisfied varied 
considerably. Above the critical temperature the 
convergence condition was satisfied relatively fast; 
usually fifty iterations were sufficient. Below the critical 
temperature the number of iterations was sometimes 
very large. The \=0 case presented the most difficulty 
in this respect and the lack of data for that case is due 
to the fact that in a number of the runs which were 
attempted the convergence condition was never satis- 
fied; usually after five hundred iterations without 
convergence the run would be terminated. The long 
times to convergence were not as common in the runs 
corresponding to nonzero \. The source of this difficulty 
was found to be due to the absence of a consistent 
pattern of long-range order in some of the high-tem- 
perature lattices. These lattices would reach fairly 
rapidly configurations of order consistent with the 
specified values of k7/v, and A, except that in one 
plane, or sometimes two planes, the order would be out 
of phase. In the out of phase plane the positions of the 
A and B atoms are interchanged with respect to the 
pattern of order established elsewhere in the lattice. 


a? 


0.411 +0.006 
0.230 +0.003 
0.136 +0.002 
0.1354+0.0005 
0.104 +0.002 
0.085 +0.002 
0.069 +0.002 


S 


0.370 +0.010 
0.078 +0.005 
0.017 +0.003 
0.0108+-0.0013 
0.004 +0.004 
0.015 +0.004 
0.000 +0.003 


Iterations 
to converge 


0.000 +0.002 
0.0013+0.0008 
0.955 +0.001 
0.928 +0.001 
0.771 +0.004 
0.445 +0.013 
0.022 +0.005 
0.009 +0.004 
0.002 +0.004 
0.953 +0.001 
0.940 +0.001 
0.907 +0.003 
0.812 +0.002 
0.185 +0.010 
0.037 +0.008 
—(0),0019-+0.005 
0.011 +0.004 
0.003 +0.003 


0.004 +0.001 
0.0043 +0.0004 
0.913 +0.002 
0.867 +0.002 
0.640 +0.004 
0.409 +0.007 
0.182 +0.002 
0.140 +0.002 
0.119 +0.002 
0.909 +0.002 
0.883 +0.002 
0.835 +0.003 
0.688 +0.003 
0.251 +0.004 
0.210 +0.004 
0.182 +0.002 
0.108 +0.002 
0.024 +0.001 


Figure 2 illustrates an out of phase plane in an otherwise 
5 
perfectly ordered lattice. The low-temperature lattices, 


that is the ones starting from a configuration of perfect 
order, did not develop the out of phase planes. As a 
result the first condition, Eq. (21), relating to the 
short-range order of first neighbors would be satisfied 


but the second convergence condition, Eq. (22), 
relating to the short-range order of second neighbors 
would not be satisfied. It was observed that these out 
of phase planes were very stable and only rarely did 
one disappear, even after hundreds of iterations. 

This behavior is easily explained.'* Consider a 
perfectly ordered lattice, Fig. 2, and notice that the 
introduction of an out of phase plane does not change 
the number of first neighbor AB pairs. Consequently 
when \=0, and therefore only first neighbor interactions 
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Fic. 2. A perfectly ordered lattice consists of successive planes 
of atoms alternating between the pattern shown in (a) and that 
shown in (b). A plane of atoms arranged as shown in (c) sub- 
stituted for one of the planes of type (a) constitutes an out-of- 
phase plane. 

13 This phenomenon is also supported by experimental evidence. 
Chipman has inferred from his observations that out of phase 
regions, one layer thick, with about nine atoms per layer, were 
present; see D. R. Chipman, J. Appl. Phys. 27, 739 (1956). 
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are present, configurations with out of phase planes have 
the same energy as one that has no out of phase planes. 
It is evident that this will remain approximately true 
even when the long-range order is not quite perfect. 
Finally, since configurations with out of phase planes 
clearly have higher entropy it follows that such con- 
figurations are to be expected when \=0. 

The stability of an out of phase plane is a natural con- 
sequence of the nature of the elementary steps which 
are made in configuration space by the present Monte 
Carlo method. The elementary transition probabilities 
relate to interchanges of just pairs of atoms and since 
reordering an out of phase plane by such interchanges 
requires going through a set of states of higher energy 
the corresponding transition probabilities are small. 
This “energy barrier” problem could be reduced by 
making an elementary step correspond to the change in 
position of a large group of atoms rather than just a 
single pair. On the other hand, this “large step” 
approach requires a longer computation time per step 
and it is therefore not clear that such an approach 


Fic. 3. Long-range order S vs kT /2,: *,X=0; O,A= —0.25; 
A,v\= — 0.5. 


would really improve the method. There is another 
reason for not adopting the latter method. Although 
the kinetics of this computation do not necessarily 
represent the kinetics of the ordering process in the 
real system it seems that in the present scheme there is 
a closer correspondence than there would be if the 
“large step” approach were used. 

Although it was felt that it would be desirable to 
obtain statistics on the appearance of the out of phase 
planes, it was evident that such an investigation would 
require excessive amounts of computing time with the 
present program. Therefore, attention was focused 
on the class of configurations having no out of phase 
planes and the results presented here apply to these 
configurations. In order to preclude appearance of out 
of phase planes in a few of the more difficult cases the 
initial conditions were altered. The four high-tempera- 
ture lattices were given configurations with a well 
established pattern of long-range order. These starting 
configurations were, in fact, the resultant configurations 
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Fic. 4. Long-range order S vs T/T.: *A=0; O,A=—0.25; A,r 
=—().5; %, experimental results of Keating and Warren" for Cu;Au. 


of the four low-temperature lattices after ninety-seven 
iterations with k7/2,;=2.0 and \= —0.5. This alteration 
of the starting conditions was made in just five of the 
computations; this is indicated in Table I by the 
superscript a. 

The long-range order § is plotted as a function of 
kT/v, for different \ in Fig. 3. The present method of 
calculation will never yield zero long-range order 
because the system considered is necessarily finite in 
size and only in the limit of an infinite system can a 
true critical temperature with an associated vanishing 
of the long-range order make its appearance. Also, for 
purely statistical reasons, the results obtained from a 
small sample will exhibit fluctuations; an estimate of 
these statistical fluctuations is given by the standard 
deviations shown in Table I. However, it is clear from 
Fig. 3 that the long-range order becomes very close to 
zero after the sharp drop in S and it is reasonable to 
assume that S would tend to zero at these higher 
temperatures with increasing lattice size (though this 
is not apparent from the results of two runs made with 
the large model). Therefore, the curves have been 


extrapolated to zero long-range order as shown in Fig. 
3, thus establishing an estimate of the critical tempera- 
ture kT,./v;. For \=0, —0.25, and —0.5 it is found that 





Fic. 5. Short-range order parameter —a, vs kT 
*r=0; O,A=—0.25; a, d= —0.5. 
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Fic. 6. Short-range order parameter az vs kT/v;: 
*\=0; OA=—0.25; a d= —0.5. 


kT ./0,;=1.01, 1.61, and 2.25, respectively. The vari- 
ation of k7./v; with X is essentially linear. In Fig. 4 
these results are compared with the experimental 
measurements of long-range order in Cu;Au made by 
Keating and Warren." This alloy is chosen for the 
comparison since the lattice structure remains face- 
centered cubic both above and below the critical 
temperature, and the lattice parameter changes only 
very slightly; the lattice parameter changes from 
3.7478 A at 18°C to 3.7940 A at 620°C with a dis- 
continuity of about 0.0044 A at 385°C.!® The experi- 
mental results show a higher degree of order at low 
temperatures and a more abrupt drop of the long-range 
order at the critical temperature than the calculated 
results. The discrepancy cannot be explained by an 
error in location of the critical temperature from faulty 
extrapolation of the curves in Fig. 3. It seems likely 
that the small size of the model is responsible. This is 
inferred from computations on the Ising model where 
it has been found that the more accurate computation 
schemes produce a more abrupt vanishing of long-range 
order. In this figure no significant difference is apparent 
between results for A= —0.25 and A= —0.5. 

The short-range order parameters are plotted as 
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Fic. 7. Short-range order parameter —a,; vs T/T,: *,A=0; 
)A=—0.25; a,\=—0.5; %, experimental results of Cowley'® 
for Cu;Au. 

47). T. 
(1951). 

15 FE. A. Owen and Y. H. Liu, Phil. Mag. 38, 342 (1939). 


Keating and B. E. Warren, J. Appl. Phys. 22, 286 
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functions of k7/v, in Figs. 5 and 6. They are plotted 
as functions of T/T. in Figs. 7 and 8. Cowley’s meas- 
urements!® of a; and az in Cu;Au are shown in the 
latter figures. Since the present calculations can be 
expected to give the most accurate results at higher 
temperatures, it appears from Fig. 7 that A= —0.25 
gives the best agreement with the experimental results. 
In Fig. 8 the curves for a all fall so close together that 
an attempt to fit the experimental data by a choice of 
doesn’t seem to be too meaningful. Furthermore, 
since the measurement of a is less accurate than that 
of a there is a good chance that the discrepancy indi- 
cated by the results in Fig. 8 may be due to experi- 
mental error. 

The value A=—0.25 lies between that given by 
Cowley,” A=—O0.1, and that given by Fournet,'” 
A= —0.5. The value of 2; can be estimated, taking for 
kT../v; the value 1.61 which was obtained for \= —0.25 
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Fic. 8. Short-range order parameter az vs T/T: *,A=0; 

A=—0.25; a,\=—0.5; %, experimental results of Cowley'® 
for CusAu. 


and T,=394°C, measured by Cowley; this gives 
?;= 816 cal/mole, 
which is to be compared with 


%1=711cal/mole (Cowley), 


v,=802 cal/mole (Fournet). 


Fournet’s result applies to a “best fit” to experimental 
short-range order data; a lower value, 604 cal/mole, 
must be used for a best fit to experimental long-range 
order data.” 

The results appear to indicate the presence of a phase 
change but they are not accurate enough for one to 
conclude with any definiteness whether the phase 
change is first or second order. If any success is to be 
had in resolving this point with some degree of certainty 
by the present method, it is clear that an amount of 

16 J. M. Cowley, J. Appl. Phys. 21, 24 (1950). 

17 Lester Guttman, Solid State Physics, edited by F. Seitz and 
mens (Academic Press, Inc., New York, 1956), Vol. 3, 
p. 145. 
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computation is required which is beyond the practical 
limitations of presenting computing equipment. The 
system studied here represents about the upper limit 
in size and complexity that can be reasonably handled 
with present computing equipment. 
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Exciton Spectrum of Cadmium Sulfide 


D. G. Tuomas anv J. J. Hopriretp 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 10, 1959) 


The reflectance and fluorescent spectra of hexagonal CdS crystals have been measured-at 77° and 4.2°K 
using polarized light in the region of 5000 A. Structure not previously reported has been found in the re- 
flectivity curves which leads to the identification of three exciton series. These can be understood in terms 
of the splitting of the valence band into three levels at k=0. The observation of excited exciton states and 
the polarization properties of the excitons make possible: (1) The determination of two of the three exciton 
binding energies, (2) the determination of the energy splittings of the three valence bands, (3) the verification 
of the symmetry assignments of the valence and conduction bands, and (4) correlation of the work of others 
with the present work, showing that the definite intrinsic effects are consistent both with our observations 
and our interpretations. The fluorescent experiments strongly suggest that the radiative decay of excitons 
occurs not directly, but from localized impurity exciton states in agreement with theory. 


I. INTRODUCTION 


HERE exists in the literature much evidence of 

fine structure in various optical effects displayed 
by CdS at wavelengths near the onset of intrinsic 
absorption. In spite of these detailed studies the de- 
scription of the band structure and exciton energy 
levels in CdS has remained in a state of confusion. The 
present work represents an attempt to correct this 
situation and was suggested by the reflectivity measure- 
ments of Dutton.! From theoretical considerations, 
together with observations made on ZnO, it was ex- 
pected that there should occur in the reflectance spec- 
trum two strong peaks in addition to the three already 
reported. We have therefore remeasured the reflectance 
at 77°K over a wider range of wavelengths, and have 
extended the observations to 4.2°K. In order to corre- 
late the various effects, the fluorescence spectrum was 
also measured at both nitrogen and helium tem- 
peratures. 

Gross and collaborators,?~* and others® have studied 
the absorption spectra of thin crystals at 4.2°K. Gross 

11). Dutton, Phys. Rev. 112, 785 (1958). 

2 E. F. Gross, Suppl. Nuovo cimento 3, 672 (1956). 

4 Gross, Razbirin, and Iakobson, J. Tech. Phys. U.S.S.R. 27, 
1149 (1957) [translation: Soviet Phys. (Tech. Phys.) 2, 1043 
(1957) }. 

4E. F. Gross and B. S. Razbirin, J. Tech. Phys. U.S.S.R. 27, 
2173 (1957) [translation: Soviet Phys. (Tech. Phys.) 2, 2014 
(1957) J. 


5 LL, R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955). 


has pointed out that for wavelengths shorter than 
4860 A the absorption lines observed are strong and 
are an intrinsic property of the crystal, and so are to 
be ascribed to exciton states. At longer wavelengths the 
lines are rather weak and vary from one crystal to 
another. Some lines are independent of the thickness of 
the crystal and so are connected with surface effects. 
The weak lines are associated with imperfections, 
although they cannot be attributed to excited impurity 
states in the sense that this term is normally under- 
stood. They apparently correspond to the formation 
of excitons in the field of an imperfection which has 
the effect of slightly lowering the exciton energy. These 
states may be called impurity excitons. Although Gross 
has described one set of lines active in light polarized 
perpendicular to the hexagonal c axis (hereafter de- 
noted by FE _Lc) between 4855 and 4806 A as being due 
to the n=3, 4, 5, 6 states of a hydrogen-like exciton 
series with the m=1 and 2 states missing, this descrip- 
tion is not entirely satisfactory as there are other lines 
unaccounted for. 

The uv-stimulated fluorescent spectra at 4.2°K may 
be divided into two regions. At wavelengths longer than 
about 5100 A there is a series of regularly spaced peaks 
having half-widths of about 10 A, with an energy 
difference between peaks equal to that of the longi- 
tudinal optical phonon.®* This is referred to as the 


6 Lambe, Klick, and Dexter, Phys. Rev. 103, 1715 (1956). 
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green emission and arises from the recombination of a 
trapped carrier with a free carrier, with and without 
the simultaneous emission of phonons.’ At shorter 
wavelengths there is “blue”? emission which is of a 
different character in that the lines are much sharper 
and irregularly spaced. In general these lines occur in 
the same wavelength region in which the impurity 
absorption lines described by Gross occur (that is, 
4860-4900 A, although some lines occur at still longer 
wavelengths). Some authors®* have pointed out an 
apparent correspondence between the absorption and 
emission lines in this region, although the emission 
usually occurs at a slightly longer wavelength than the 
corresponding absorption. Furlong and Ravilious® have 
observed that this emission is affected by adsorbed air, 
so surface imperfections are important. Usually the 
emission is strongly polarized with Ec, but at longer 
wavelengths the emission of the less pure crystals 
appears to be unpolarized.* 

Near 80°K Dutton! observed no absorption lines, 
possibly because of insufficiently thin crystals, but he 
did observe three well-defined peaks in the reflection 
spectrum measured at normal incidence. Such peaks 
correspond to strong absorption lines, although they 
are slightly displaced from the absorption lines. One 
peak occurred at 4874 A for E1c, and the two other 
peaks, active in both modes of polarization, occurred 
at 4844 A. 

The photoconductivity® at 77°K has been studied 
under high resolution in polarized light. Considerable 
structure in the response was found between about 
4900 and 4750 A. The interpretation of these results is 
not clear, although it is likely that the absorption lines 
already described are significant. The sharp changes in 
reflectivity described by Dutton should be considered 
in the interpretation of these data. 

The dependence of the intensity of the green and 
blue emission on the exciting intensity has been studied 
at 77°K.” The results are consistent with the blue 
emission arising from exciton states, while the green 
emission must have a different origin. The concensus 
seems to be that excitons are connected with the blue- 
wavelength effects, although Balkanski and Waldron"! 
have suggested that excitons may be formed at much 
longer wavelengths. However, the interpretation of 
Balkanski’s experiment has been disputed’? and there 


appears to be little evidence that excitons are involved 


outside the “blue” region. 


7 J. J. Hopfield, J. Phys. Chem. Solids 10, 110 (1959). 

* Bancie-Grillot, Gross, Grillot, and Razbirine, Compt. rend. 
248, 86 (1959) 

9 See, for example, K. W. Boer and H. Gutjahr, Z. Physik 152, 
203 (1958). 

0 G. Diemer and A. J. van der Houven van Oordt, Physica 24, 
707 (1958). 

“ M. Balkanski and R. D. Waldron, Phys. Rev. 112, 123 (1958). 

21. Broser and R. Broser-Warminsky, J. Phys. Chem. Solids 6, 
386 (1958); 9, 181 (1959). 
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II. EXPERIMENTAL PROCEDURE 


The reflectance at near normal incidence and the 
fluorescence of single crystals of CdS have been ob- 
served at 77 and 4.2°K. Most of the work has been 
done with a crystal about 1.5 mm thick cleaved from 
a large crystal grown at the Wright Air Development 
Center. Practically identical behavior of the reflectance 
at 77°K was shown by this crystal and by a thin crystal 
grown at the RCA Laboratory. The use of a polarizing 
microscope revealed that the ¢ axis lay parallel to 
striations which occurred on the crystal surfaces. In 
most experiments the crystals were directly immersed 
in liquid helium or nitrogen in the tip of a Pyrex Dewar. 
A piece of polaroid in the path of the reflected or 
fluorescent light served as a polarizer and also filtered 
out any scattered 3650 A radiation in the fluorescent 
experiments. The fluorescence was stimulated by focus- 
ing a G.E. H85 Hg lamp filtered with a Corning 7-39 
filter onto the face of the crystal from which emission 
was observed. For reflectance work a tungsten filament 
lamp was used as a radiation source. 


Reflection 


(Quantitative measurements of the reflectivity were 
made at 77°K by focusing the radiation from the exit 
slit of a Perkin-Elmer double pass monochromator with 
a NaCl prism onto the crystal face. The specularly re- 
flected light (which was reflected within about 10° of 
the normal) was focused onto a 1P28 photomultiplier. 
Provision was made for determining the beam intensity 
in terms of the response of the system by positioning 
the Dewar so that a blank slit was in the position of the 
crystal. In this work a metal Dewar was used with an 
outer set of fused quartz windows at room temperature, 
and an inner set at 77°K to protect the crystal from 
room-temperature radiation. The crystal was glued at 
one end to a piece of molybdenum in the vacuum space. 
This method of support minimized external stresses. 
The precise position of the reflection peaks were de- 
termined from a run in which the crystal was immersed 
in liquid N». A resolution of about 2 A was obtained. 

The results are shown in Figs. 1(a) and (b) for the 
two modes of polarization. The absolute values of the 
reflectivity were obtained by normalizing to Dutton’s 
value at 4800 A (2.58 ev) for ELc. Dutton! obtained 
his absolute values by adjusting to the reflectivity 
values in the nonabsorbing region, which are known 
from the refractive indices. Dutton quotes an accuracy 
of about 10% for the absolute reflectivity. There is 
good agreement with Dutton in the observation of 
three sharp peaks, one, A at 2.544 ev (4873 A) occurring 
only for Ec, and two, B at 2.559 ev (4844.5 A) active 
in both modes of polarization. However, at slightly 
higher photon energies, in a region apparently un- 
explored by Dutton, another broader peak, C, is seen, 
also in both modes at about 2.616 ev. Dutton reported 
that a polished surface destroyed the reflectivity peaks, 





EXCITON SPECTRUM 


presumably because the crystals were damaged near 
the surface by the polishing. We found that treating 
the crystals with HCl or HF tended to diminish the 
peaks but hot concentrated H;PO, at least partially 
restored the peaks. No accentuation of the structure 
was attained over an “‘as grown” or cleaved crystal and 
so these were used. 

Higher resolution than that provided by the prism 
instrument was attained with a Bausch & Lomb spec- 
trograph equipped with a 4-in.X4-in. grating blazed at 
3000 A with 55.000 lines/inch, giving a dispersion of 
2 A/mm in first order. Photographs of the reflection 
and fluorescent spectra were taken and subsequently 
recorded using a Leeds and Northrup microphotometer. 
The determination of absolute light intensities with 
this system is less direct than when a photomultiplier is 
used, but this disadvantage is offset by the great 
resolution and sensitivity that can be attained with 
long exposures. Using 50-u slits, a spectral slit width 
of 0.1 A is achieved. 

This instrument revealed no further structure in the 
reflection spectra at 77°K although the increased reso- 
lution showed that the dips in the reflection immedi- 
ately after the reflection peaks were more pronounced 
than indicated in Fig. 1. 

At 4.2°K the reflection spectra become more complex. 
The microphotometer traces are shown in Figs. 2(a) 
and (b). The three strong peaks are accentuated and 
shifted 0.009; ev to higher energies. The first lies at 
2.5533 ev and the other two at 2.568, ev. Similarly the 
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Fic. 1. Reflection from one surface of CdS at 77°K at near 
normal incidence for light polarized (a) perpendicular and 
(b) parallel to the hexagonal c axis, respectively. (c) The 
imaginary part of the dielectric constant as calculated from the 
Kramers-Kronig relation using the data of Fig. 1(b). 
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Fic. 2. Reflection of CdS at 4.2°K for light polarized with 
(a) EL and (b) E|| to c. These are traces taken from micro 
photometer recordings of Kodak 103-0 plates. The noise level is 
as indicated in Fig. 2(a). The helium calibration lines indicate the 
resolution used. 


high-energy broad peaks are shifted about 0.008 ev to 
higher energies. On the low-energy side of the low- 
energy peak additional structure is seen; however, this 
can be ascribed to fluorescent emission stimulated by 
the tungsten light. This was shown by illuminating the 
crystal with the tungsten light in such a way that the 
light was no longer specularly reflected into the spec- 
trograph. The fluorescent lines then stood out strongly 
from the background. Peak B for light with E_Lc¢ was 
observed to have an anomalous shape at its maximum 
point which was not further investigated. The most 
interesting new structure at 4.2°K consists of fluctu- 
ations A’ and B’ in the reflectivity on the high-energy 
side of the main peaks 4 and B. These fluctuations may 
be analyzed in terms of weak oscillators having their 
resonant frequencies approximately halfway between 
the reflection maxima and minima. The polarization 
properties indicate that these weak lines are associated 
with the strong peaks at lower energies. The separation 
between the resonant frequencies of A-A’ is 0.021 ev, 
and is identical within experimental error with the 
B-B’ separation. Approximate analysis reveals that A’ 
and B’ have roughly 10% the strength of the corre- 
sponding A and B lines. 
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Analysis of Reflectance Data 


Oscillator strengths and resonant energy positions 
were determined by two methods. For very weak re- 
flectance lines, a simple analysis was made using the 
valid approximation AR/R<1. For the stronger re- 
flectance lines (A, B, and C) an analysis was made 
using the Kramers-Kronig relations." 

The Kramers-Kronig inversion was performed on an 
IBM 704 computer. The program contained a three 
parameter function to compensate for the effects of 
truncation of the infinite integral. The parameters were 
adjusted by the computer to yield zero absorption at 
energies lower than the absorption edge. The chief 
causes of inaccuracy in the inversion are the lack of 
instrumental resolution and the error in normalization 
of the experimental reflectivity data. The interpretation 
of the results contained further uncertainties due to the 
attempt to describe the reflection in terms of bulk 


crystal parameters. Other calculations with the same 


computing program under similar experimental circum- 
stances have indicated that the analysis can be relied 
upon to yield oscillator strengths with an accuracy of 
about 20%. Relative oscillator strengths can be deter- 
mined with an estimated accuracy of 10%. The energies 
of the oscillators can be more accurately established 
from the K-K inversion than from any arbitrary rule 
of thumb, since the position of the actual energies 
relative to a reflection maximum depends on many 
factors such as the line strength, line width, posi- 
tion of nearby lines, etc. For weak reflection peaks, 
(AR/R<1), the oscillator frequency lies to the high- 
energy side of the reflection maximum at the point of 
inflection of the reflectivity curve. For strong reflection 
peaks, (AR/R>>1), the oscillator frequency lies to the 
low-energy side of the reflection maximum. In the 
general case careful analysis of the data is necessary to 
determine the oscillator frequency. The frequencies of 
the peak reflectivity, of the maximum absorption, and 
of the dispersion oscillator are in general all different. 
The resonant frequencies of the oscillators A and B 
described in this paper lie approximately at 0.001 ev 
higher photon energies than the corresponding reflection 
peaks. 

The oscillator strengths“ and the resonant energies 
of the oscillators are given in Table I. A typical result 
of the Kramers-Kronig inversion is given in Fig. 1(c) in 
which the imaginary part of the dielectric constant is 
plotted against photon energy for /_Lc. (The aggregate 


8 F.C. Jahoda, Phys. Rev. 107, 1261 (1957). 

4 There is some ambiguity about the definition of oscillator 
strengths. ‘The definition used here is the continuum definition, 
for which the dielectric tensor may be written in principal axis 
form as 

eN fi; 
e.=1+ 47 Zz 
mV ? w?—w 
The index / refers to the mode of polarization (x, y, or z); the 
numbers f;; are the oscillator strengths. The quantity V/V is the 
number of molecules per unit volume. 
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effect of the errors previously mentioned is readily 
apparent.) The areas under the curve are simply related 
to the oscillator strengths. The relative strengths of the 
oscillators are probably more accurately known within 
a single mode of polarization than between the two 
modes. Because of surface effects, the peak widths are 
not necessarily the widths characteristic of the bulk 
crystal. The peak absorption coefficient at 2.561 ev 
from the K-K analysis is 210° cm~!. The true peak 
value (corrected for surface broadening) may be some- 
what higher. The A-K inversion indicates that there 
exists a pronounced window between the exciton lines, 
in which the absorption constant is of the order of 
magnitude of 104 or less at 77°K. This window allows 
the observation in transmission at 4.2°K of compara- 
tively weak lines at energies above those of peaks A 
and B.2~4 


Fluorescence 
77°K 

At 77°K the predominant emission is in the “green” 
region with the highest energy peak located at about 
2.412 ev (5140 A). In the blue region there is weak, 
rather diffuse emission as shown in Figs. 3(a) and 3(b) 
for the two modes of polarization of the emitted light. 
The positions of the reflection peaks A and B at 77°K 
are indicated in these figures. It is seen that roughly 
ten times as much light is emitted polarized with E_Lc 
than with £)\c, and that there is a correspondence 
between the peaks of emission and reflectance, although 
some additional structure is apparent. The correspond- 
ence is emphasized by the observation that the light 
emitted at the wavelength of peak A is polarized with 
E 1c just as peak A is active for E_Lc, while the energy 
at peak B is present in both modes just as peak B is 
active in both modes. 


4.2°K 


At 4.2°K the “green” emission is not greatly en- 
hanced, although the successive peaks become better 
defined. The highest energy peak now occurs at 2.398 ev 


TABLE I. Exciton strengths in CdS.* 


(Oscillator strengths/molecule) X10* 


Width 
, Expt. E\; Expt. E, Theory EF Theory 77 


at d@/ 


0.0049 ev 
0.0047 ev 
0.017 ev 


25.0 0 
14.2 16.4 
10.7 (8.2)¢ 21.7 (16.6)e 
3.1: 0 
1.8° 2.1 
(1.0) (2.1)! 


* The difficulty in estimating the oscillator strengths of the n =2 lines is 
probably compounded by the fact that group theory shows that these lines 
should be multiplets. The n =2, 3, --- states of exciton A can also occur in 
both modes of polarization of the light. - 

> This line lies close to peak B which makes the determination of its 
strength difficult 

3ased on an isotropic reduced mass and no central cell correction. 

4 The estimated error for these lines is 50%. 

¢ The numbers in parentheses are obtained by adjusting the binding 
energy ot exciton C (see text). 
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Fic. 3. “Blue” fluorescence of CdS at 77°K as shown by micro 
photometer records of Kodak 103-0 plates. The emission is 
polarized (a) Ele and (b) £|'c. The positions of the reflection 
peaks are marked. 


(5170 A) having been shifted 0.014 ev to lower energies. 
The difference between the peaks is about 0.040 ev 
which is nearly equal to the longitudinal optical phonon 
energy’’!> (0.038 ev). The blue emission which is now 
completely polarized with E_1c has undergone a marked 
increase in intensity and, as reported by other authors, 
consists largely of irregularly spaced lines. Figure 4 


15 R, J. Collins and J. J. Hopfield (to be published). 
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shows microphotometer traces taken from photographs 
for various exposure times. With a single exception the 
lines are all sharp of half-widths of the order of 10~ ev; 
one line is a doublet with a separation of about 1.5 
X<10-* ev. The photographs reveal that the intensity 
of these lines varies from one part of the crystal to 
another as may be expected if the lines are associated 
with impurities which may vary in concentration along 
the crystal. These differences enable lines to be recog- 
nized in an empirical fashion. Long exposure showed 
that the two strongest lines had weak corresponding 
lines displaced 0.0379 and 0.0386 ev to lower energies as 
shown in Fig. 4(c). This displacement is identical to 
the optical phonon energy and suggests that the 
fluorescence in this blue region may also take place with 
the simultaneous emission of a phonon just as can the 
green emission. It is perhaps surprising that the sharp- 
ness of the lines is so well retained in this process. The 
exceptional broad emission occurs as a band approxi- 
mately 2A wide and falls at the highest energy at 
which fluorescence is observed; its position is very 
nearly the same as that of the lowest energy reflection 
peak, A, marked by an arrow in Fig. 4. This radiation is 
much less intense than that associated with the neigh- 
boring lines. It was noted above that Ravilious and 
Furlong,'’ who also observed the line emission, found 
that it was dependent on impurity effects. 


III. DISCUSSION 


In order to identify the intrinsic exciton lines in CdS, 
it is necessary to separate these lines from impurity 
lines. A knowledge of the oscillator strengths of the 
observed lines is of considerable help in the separation. 
The interpretation of a reflection line can be simpler 
than the interpretation of an absorption line because 
of the extreme narrowness of some of the absorption 
lines at 4.2°K. This narrowness complicates the de- 
termination of the oscillator strength of the lines for it 
requires the use of instruments of high resolving power 
and very thin crystals. Unless these conditions are met 
a very strong line which obscures the light will appear 
hardly different from a weaker line which also obscures 
the light. If the lines are sharp enough, quite weak lines 


may have very high peak a values, where a is the 


absorption coefficient in cm~!. In contrast to the trans- 
mission spectrum the dispersion of the refractive index 
in regions in which the line may cause no absorption 
can be observed for the more powerful lines by the 
change of reflectivity, and from this an estimate of the 
strengths of the lines can be made either by analysis of 
the reflection curves or by use of the Kramers-Kronig 
relation. 


Reflection 


At 77°K three reflection peaks are seen; A, B, and C 
[see Figs. 1(a) and (b) ]. A is active only for light with 
FE. Lc and is roughly twice as strong as B and C which 
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occur in both modes of polarization. C is broader than 
| or B. These peaks must correspond to the direct 
allowed excitons as defined by Elliott.!® The transitions 
are direct since the absorption occurs as a peak whereas 
an indirect process involving phonon cooperation would 
give rise to an absorption edge. The strength of the 
transitions indicate that the excitons are formed in the 
ground state by optically allowed processes. The 
strength and reproduc ibility of the effects also show 
that they do not arise from impurities. Indeed it is 
hard to see what excitation process arising directly 
from an impurity could give energy states so near to 
the ionization continuum. The existence of three types 
of excitons is explained in terms of the splitting of the 
valence band. 
At 4.2°K 


the lowest energy exciton reflection peak 
occurs at 2.55 


i¢ 
3 ev (4855 A) so that no intrinsic exciton 
effects are expected at lower energies than this. This 
expectation agrees with Gross’s observation‘ that in- 
trinsic excitons occur only for \<4860 A. The additional 
structure seen in the intrinsic region at 4.2°K consists 
of the peaks i 
show that these correspond to peaks A and B, and it is 


and B’. The polarization properties 


reasonable to suppose that as 1 and B correspond to 

. / ” 
excitons, A’ and B 
According lo 


1 ground states of the 
) 


the n 
correspond to the n excited states. 
Elliott’s theory,'® assuming isotropic masses, .1’ and B’ 
should have a strength of 1/2? 1 of the n=1 
Table I indicates that this ¢ xpec tation is only approxi- 
mately true. There are two chief theoretical corrections 
to this ratio. An attractive central cell correction in- 
creases the strength of the n=1 lines relative to the 
n= 2 lines. An anisotropic reduced mass also alters the 
and n=2 oscillator strengths. It is 
impossible to tell from the available information 
whether or not one of these effects is occurring. The 
1 and n=2 states for both 


States. 


ratio of the n=1 


separation between the n 


16 R. J. Elliott, Phys. Rev. 108, 1384 (1957). 


excitons is about 0.021 ev. If the excitons are hydrogen- 
like they therefore have an ionization energy, G, of 
*xX0021=0.028 ev. A central cell correction would 
reduce this figure, but clearly not below 0.021 ev. 
Assuming a value of 0.028 ev a reduced exciton spherical 
mass may be estimated from the relation! 


G= e4p/2h*e = 13.5(u/e) ev, (1) 


where € is the low-frequency dielectric constant= 9.3 
for CdS.'7 Hence 


w= M_.M,/(M.4+M,)=0.18, 


where M, and M,, are the effective masses of the holes 
and electrons in units of the electron rest mass Mo. 
Dexter'® has tentatively suggested that the hole mass 
in CdS is 0.07 and the k=O electron mass is 0.36. 
These masses would yield a reduced mass of 0.06. The 
disagreement indicates either that there exists a sizable 
central cell correction to the exciton binding energy or 
that Dexter’s tentative interpretation of his results 
should be reconsidered. 

If the hydrogenic model is accepted, an exciton 
radius of 28 A would be obtained. From the exciton 
radius and a reasonable assumption concerning the 
band-to-band matrix element it is possible to make a 
crude estimate of the expected oscillator strength of 
the excitons. Within the large uncertainty the estimate 
agrees with observation. 

In the presence of spin-orbit coupling, the “P” 
valence bands at k=O split into three bands," two of 
which belong to irreducible representation I';, the third 
of which belongs to I'9. The conduction band _pre- 
sumably has symmetry I; at k=0. Band-to-band 
transitions are allowed for both modes of polarization 
of light for y+ TI; transitions, but are allowed only 


R. J. Collins and D. A. Kleinman (to be published). 
. N. Dexter, J. Phys. Chem. Solids 8, 494 (1959). 
. L. Birman, Phys. Rev. Letters 2, 157 (1959), 
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for light polarized perpendicular to the c¢ axis for 
I’) I’; transitions. Apart from some ultrafine struc- 
ture effects,” a direct parallel exists between selection 
rules and matrix elements for exciton states formed 
from an electron in the conduction band and a hole in 
one particular band, and selection rules and matrix 
elements for the same band-to-band transition. When 
the valence bands are spaced a reasonable distance 
apart compared to the exciton binding energy, it is 
proper to consider exciton states formed from a single 
valence band. (Just how far apart the bands must be 
in order for this concept to be valid depends primarily 
on the amount of admixture of the different bands that 
take place in the region of k—space from which the 
hole component of the exciton wave function is taken. 
It is not necessary that the band separation be large 
compared to the exciton binding energy, since the 
kinetic energy of the hole compared to the band splitting 
is the important parameter.) It is important to note 
that the selection rules are not modified by band 
mixing. The model is equally valid if the direct band 
gap is along the line .14-I, which has the same symmetry 
as the point I’. 

Many parameters relating directly to the band struc- 
ture can be obtained from an analysis of the properties 
of the excitons determined from the reflectivity experi- 
ments. From K-K analysis, the following parameters 
are obtained (see Fig. 5) at 4.2°K. 


isa — E. xciton A 
Eo— (Es— Ea)— Eexciton B 
Eo— (Ec—E4)— | iton ¢ 


2.554 ev, 


570 ev, 


Eexciton A here represents the binding energy of exciton 1 
and similarly for B and C. The observation of the n= 2 
states of excitons A and B indicates that, within experi- 
mental and analysis errors, E4—E4 equals Ep—Ep:. 
If the anisotropies of the reduced masses of these 
excitons are approximately the same, then Fexciton 4 
= exciton p to a high degree of approximation, for the 
exciton energies are very weak functions of the mass 
anisotropy. Therefore 


E4—Ep- 0.016 cv: 


The energy exciton A= 9.028 ev in the spherical approxi- 
mation with possible error of a few millivolts if the 
bands are noticeably anisotropic or if central cell cor- 
rections are important. Therefore, at 4.2°K 


Eq=2.582 ev. 
In order to determine (Ec—£,) it is necessary to 


compute the binding energy exciton c This can be done 
by using a quasi-cubic model, the details of which will 


be given in a future paper. The model is based upon the 
similarity between the wurtzite and zincblende struc- 


2” These effects are the analogs of atomic spin-spin and spin- 
orbit effects, and give rise only to small splittings. 


CdS 579 
tures. The model leads to a Hamiltonian matrix for 
P-bands in a hexagonal crystal which is closely related 
to the Hamiltonian matrix of a zincblende structure 
having a (111) strain. In this model, for the case in 
which excitons A and B are known to have the same 
binding energy, the three ratios of oscillator strengths, 
Jo fi Ily 


Jai/JBiy JBi/ feu, 


are determined by two One of these 
parameters is the ratio of two optical matrix elements. 
This parameter only enters as a multiplicative factor 
in fai/fan and fei/ feu. The second parameter is a 
band-mixing parameter e. Since the same ratio of 
matrix elements appears in fgi/fen and fei/feu, the 
determination of ¢ depends only on relative oscillator 
strengths within the individual modes of polarization, 
and is not influenced by the possible uncertainty in the 
ratio of the strengths between the two modes. The only 


parameters. 


parameter which this uncertainty does influence is the 
ratio of the two optical matrix elements. Two param- 
eters fit the three ratios within experimental error. 
(See Table I.) In this table, the theoretical oscillator 
strength ratios have been normalized to compare di- 
rec tly to the measured oscillator strengths. 

The calculated ratio of (fe./fen) agrees with experi- 
ment. On the other hand, the individual calculated fey 
and fc, values should agree with experiment if excitonC 
had the same binding energy as excitons A and B. 
From the relation between the binding energy and the 
oscillator strength we conclude that the binding energy 
of exciton C is 0.915 times the binding energies of 
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I'ic. 5. Energy band structure of CdS at k=0. The levels A, B, 
and C refer to the hole bands from which the excitons causing 
reflections A, B, and ( The band symmetry is given at 
the right. 
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Fic. 6. Schematic diagram summarizing the data on CdS at 4.2°K. Where known the polarization properties of the lines are as 


indicated. In Sec 
classification suggested in this paper is indicated above Sec. A. 


excitons A and B. This binding energy yields the cor- 
rected oscillator strengths given in parentheses in 
Table I. Thus 


| iton C= 0.026 eV, 


(E,—Ec-)=0.073 ev. 


Within experimental error the oscillator strengths can 
also be fitted by Eexciton c=0.028 ev, and E,—Ec 

0.075 ev. The experimental uncertainty of E4—-Ec 
as estimated by the range over which a fit can be 
obtained is therefore about 0.002 ev. 

In the quasi-cubic approximation, the ratio of energy 
splittings depends only on the parameter ¢, which we 
have determined only from observed oscillator strength 
ratios. The quasi-cubic model predicts 


(Ea— Ep)/(Ea— Ec)=0.215. 

The experimental value for this ratio is 0.22 which is a 
strong indication that the quasi-cubic approximation is 
well justified (the excellent agreement is fortuitous; 
differences in the computed and measured ratios of 
10% might be expected). 

The quasi-cubic model yields two parameters which 
are of direct interest in band structure calculations. 
The spin-orbit coupling parameter (i.e., the value of 
the band splitting in the absence of crystal field 
splittings) is 0.068 ev (with the P; states lying lowest, 
as in germanium). The crystal field splitting parameter 
(i.e., the value of the band splittings in the absence of 


(a) the resonant energy positions are marked and are obtained from analysis of the reflectivity data. The exciton 


spin-orbit interaction) is 0.028 ev (with the P., P, 
states lying highest in the valence band). The admixture 
of S-state (as calculated from the optical matrix ele- 
ments) in the “P.” valence states is of the order of 
magnitude of 15%. 

The parameter ¢ would have a value 0 in the absence 
of spin-orbit interaction, and a value 0.33 in the absence 
of crystal field splitting. The actual value of «€ is 0.22. 
(It is pure coincidence that this happens also to be the 
numerical value of the ratio of the band splittings.) 
The near coincidence of the three exciton binding 
energies suggests that the electron mass is smaller than 
the hole masses (and therefore dominates the reduced 
mass expression). 

One striking feature of Figs. 1(a) and (b) is the 
width of peak C, which is approximately four times 
the widths of peaks A and B. We believe this increased 
width (shortened lifetime) is due to the auto-ionization 
of the exciton formed from an electron and a hole in 
band C into a free hole in band A or B and a free elec- 
tron. This process takes place spontaneously in the 
absence of lattice defects. It is impossible to evaluate 
the auto-ionization rate quantitatively for it depends 
strongly on unknown details of the valence band struc- 
ture. From the values of the exciton binding energies 
and band separations observed in CdS, we have ob- 


tained the estimate 


W=4(u/m,)E, 
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where W is the line width, yu is the exciton reduced mass, 
m, is a typical hole mass, and E is the exciton binding 
energy. The estimate, though extremely crude, does 
indicate that auto-ionization is a likely source of the 
width of line C. Energy conservation prohibits the auto- 
ionization of excitons A and B. The auto-ionization rate 
contains a factor |y(0)|*, which makes the auto- 
ionization of the state B, n=2 (which is energetically 
possible) considerably less likely than that for state C, 
n=1. The factor |¥(0)|* enters because the “band 
mixing” which gives rise to auto-ionization is strongest 
where the potential is largest. 

Having attempted a classification of the exciton 
peaks on the basis of the reflection data we may com- 
pare the results with the absorption spectra as observed 
by Gross and others.?~ Figure 6 is a schematic diagram 
summarizing various observations at 4.2°K. Section (a) 
shows the absorption line positions deduced from our 
reflectivity results together with our exciton assign- 
ments. Section (b) shows the absorption results de- 
scribed by Gross and Razbirine for a very thin crystal‘; 
the polarization properties of the absorption were not 
described. Absorption lines can be discerned for all the 
“n=1” states. It is interesting that Gross and Razbirine 
report that at 4710 and 4660 A there are broad adsorp- 
tion bands roughly 20 and 30A wide, respectively. 
The broad band at 4710 A must correspond to the C 
reflection peak and the band at 4660 A may result from 
excited states of this exciton. Weaker lines are seen in 
approximately the ‘‘n=2” positions of excitons A 
and B, and a line that may be the “n=3” state is seen 
for exciton A. This line falls at 4806 A whereas the 
“hydrogen-like” position calculated from the n=1 and 
n=2 lines is 4805 A. The ‘‘n=3” state is expected to be 
too weak to be seen in reflection. The line at 4838 A is 
reported‘ to be weak and only to occur in certain 
crystals. This line could be an impurity exciton associ- 
ated with the B series. Further impurity lines are seen 
at wavelengths greater than 4860 A. In Sec. (c) of 
Fig. 6 is plotted the series reported‘ to be active for 
Ec, and to correspond with n=3, 4, 5, 6 states of an 
exciton series. In the present scheme these lines are 
expected to be active for E_Lc and our interpretation of 
them is apparent from the figure. In Sec. (d) more 
bands and lines are shown for thicker crystals? in 
unpolarized light. Although reflection shows that line A 
is the strongest of all, line A will not appear so in trans- 
mission if unpolarized light is used since it is active 
only for ELc, and thus will only halve the intensity of 
the transmitted unpolarized light (neglecting reflection 
corrections). 

In conclusion, the absorption data appear to be con- 
sistent with the proposed exciton scheme when account 
is taken of the many impurity exciton levels that exist. 


FLUORESCENCE 


Exciting radiation makes free holes and electrons 
which come to equilibrium at the band minima.’ At 
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k=0 the intrinsic band gaps may be determined from 
the ionization limits of the various excitons. It is clear 
that no radiation is observed in our experiments corre- 
sponding to direct band-to-band recombination. At 
77°K there are the broad peaks of the “green” emission 
arising from recombination through an impurity center, 
and also weak radiation displaying slight structure at 
wavelengths near the exciton peaks A and B, that 
near A polarized with E_1c and that near B occurring 
in both modes. The ratio of intensity of A/B radiation 
is approximately that to be expected for a Boltzmann 
distribution of holes between the two valence bands.'® 
At 77°K Gross and Iakobson*! have reported emission 
in a band at 4805-4813 A which is at shorter wave- 
lengths than peak B (4845 A). This emission might 
correspond to radiation arising from excited exciton 
states. 

At 4.2°K the radiation is completely polarized with 
FE 1c as is expected if the holes are entirely concentrated 
in the A valence band. The “green” emission is not 
greatly enhanced although its peaks are somewhat 
sharpened. At the position of reflectance peak A a weak 
band of radiation approximately 2A wide is seen. 
Presumably this represents the “direct” radiative decay 
of A excitons. Very much stronger radiation is seen 
occurring as remarkably sharp lines at slightly longer 
wavelengths in the region in which the impurity absorp- 
tion lines occur. It was pointed out in the introduction 
that others have stressed the correspondence between 
the absorption and emission lines. Since the absorption 
lines correspond to the formation of impurity excitons 
it is reasonable to suppose that it is these impurity 
states which can provide a favorable mechanism for the 
radiative decay of excitons. Most of these states fall 
within about 0.015 ev of the main exciton state. At 
77°K the impurity states should hardly be occupied, 
since the entropy term greatly favors the intrinsic 
exciton state. However, at 4.2°K the impurity states 
may be occupied and radiation occur from them. 
A recent paper”? has predicted that in a perfect crystal 
excitons will only decay when some imperfection such 
as a surface or impurity is encountered. This prediction 
was based upon the resonance between excitons and 
photons. It was argued that excitons decay only when 
this resonance is lost, either through the exciton striking 
the surface (and being converted to a photon on the 
outside of the crystal) or through the exciton inter- 
acting with some impurity to provide a way of violating 
the conservation of crystal momentum or energy in 
the exciton-photon system (by enlarging the system). 
This effect could account for the weakness of the 
radiation seen at the intrinsic exciton peak. 

Figure 6, Secs. (e) and (f) represent emission data 
found by the present authors and by Bancie-Grillot 


21 FE. F. Gross and M. A. Iakobson, J. Tech. Phys. U.S.S.R. 26, 
1369 (1956) [translation: Soviet Phys. (Tech. Phys.) 1, 1340 
(1957) ]. 

2 J. J. Hopfield, Phys. Rev. 112, 1555 (1958). 
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et al.,® respectively. It shows that the radiation is 
almost entirely associated with the “impurity” region 
of the CdS spectrum. 

In the course of the experiments it was observed 
(as others have observed earlier) that the green emission 
shifts to longer wavelengths as the crystal is cooled 
from 77°K to 4.2°K, whereas the direct band gap shifts 
in the opposite direction. When the shift in the direct 
gap of 0.009 ev is subtracted, one finds that the edge 
emission has shifted 0.023 ev to lower energies between 
77°K and 4.2°K. Recently Collins!® has performed 
experiments which indicate that the edge emission is 
associated with the recombination of a trapped hole 
with a free electron (see Lambe, Klick, and Dexter‘). 
Collins’ interpretation is, however, consistent with the 
experimental results of Lambe ef a/. In light of this work, 
there appear to be only two likely explanations of 
the shift. 

The first possibility is that edge emission is due to 
the recombination of electrons in valleys not at k=0 
with trapped holes. The shift would then be explained 
by assuming that these valleys move down relative to 
the k=0 valley as the temperature is lowered. The 
existence of such valleys is suggested by magneto- 
resistance experiments.% These valleys must not lie 
very far below the k=0 valley, or Dutton! would have 
observed evidence of indirect absorption processes in 
his absorption experiments. 


The second possibility is that there exists a bound 
state of the electron in the vicinity of the trapped hole. 
This bound state would have to lie 0.023 ev below the 
conduction band. At 77°K, the recombination would be 
thought of as taking place from the unbound states; at 


4.2°K, the Boltzmann factor outweighs all other con- 


siderations, and the recombination would take place 
through the excited state. Other explanations would 


** T. Masumi, J. Phys. Soc. Japan 14, 47 (1959). 
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require extreme coincidences to occur in the valence 
band structure. Unfortunately there exists no informa- 
tion about the behavior of the edge emission between 
4.2° and 77°. Such information would be of great 
interest since it could distinguish between the two 
possibilities just considered. 


Addendum 


A recent Letter by Wheeler™ has discussed excitons 
in CdS at 4.2°K. We wish to point out some difficulties 
in his interpretation of his data. Group theory predicts 
the occurrence of five optically observable ground 
state exciton lines three for E Lc, two for E\\c. However, 
of Wheeler’s five lines four are observed in each mode of 
polarization. Furthermore two pairs of the lines should 
be degenerate except for spin-spin effects. The minimum 
separation reported by Wheeler is about 2X10 ev. 
This value seems unreasonably large for a hydrogenic 
exciton. Experiments” with ZnO have shown a “‘linear”’ 
Zeeman effect for a nondegenerate exciton having a 
smaller radius than the excitons in CdS. These experi- 
ments place an upper limit on the spin-spin splitting 
of about 2X10~ ev. We are unable to understand the 
band edge assignments given by Wheeler. 

Many of the lines described by Wheeler we would 
interpret as impurity excitons. At wavelengths shorter 
than about 4855 A Wheeler’s lines appear to correspond 
to our assignment of intrinsic exciton levels. 
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The nuclear spin-lattice relaxation time, 71, has been measured in the range of 1.1°K to 4.2°K for the 
metals lithium, sodium, aluminum, and copper. A combination of nuclear magnetic resonance at fixed fre- 
quency and adiabatic variation of the magnetic field was used to measure 7 as a function of field between 
zero and one thousand gauss. At fields of between one hundred and one thousand gauss 7) is independent of 
magnetic field and inversely proportional to temperature in agreement with theory. The experimental values 


of the relaxation time multiplied by absolute temperature in sec 


°K are 44+:2.0 for Li’; 5.1+0.3 for Na®; 


1.80+0.05 for Al?’; 1.27+0.07 for Cu®*. These values are in good agreement with previous experimental data 
at room temperature and above. At fields comparable with the nuclear magnetic dipole-dipole fields, 7 is a 
function of applied field. The theory of relaxation in low fields is presented in an elementary form. Qualitative 
agreement with theory is obtained for Al?’ and Cu®; detailed agreement is obtained for Li? and Na™. 


INTRODUCTION 


HIS paper reports the results of an experimental 
investigation of the nuclear spin-lattice relaxation 
time in several metals. The discussion will include re- 
laxation at high external fields which are large in com- 
parison with the nuclear magnetic dipole-dipole fields in 
the metal, and also relaxation at fields of a few gauss or 
less which are comparable with the dipole-dipole fields. 
Korringa' has calculated the single-spin relaxation 
time in a metal in terms of the nuclear spin-conduction 
electron interaction and has shown that the spin-lattice 
relaxation time, 7, should be inversely proportional to 
temperature, independent of magnetic field, and simply 
related to the Knight shift. Pines? has extended this 
work by including electron correlation effects. At the 
time this work was initiated, high-field 7) measure- 
ments had been made at various temperatures and 
fields*:4 which were in reasonable agreement with theory. 
We have extended these measurements to lower fields 
and temperatures, in order to check the theoretical 
predictions with greater certainty, and to resolve dis- 
crepancies in the earliest data.°. 

Korringa’s theory is applicable to a collection of 
interacting spins only if the applied field is large. When 
the external field is comparable with the magnetic 
dipole-dipole fields between nuclear spins, the Korringa 
theory must be modified to take account of the fact that 
the energy of the spin system with respect to the ex- 
ternal field (Zeeman energy) is no longer large compared 
with the energy which pairs of spins have with respect to 
each other (dipole-dipole energy). The necessary modi- 
fications of the theory have been considered by one of 


* Part of this-work was contained in a thesis submitted by A. G. 
Anderson to New York University in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 


7 Present address: IBM_ Research 
California. 
! J. Korringa, Physica 16, 601 (1950). 
2D. Pines, Solid State Physics, edited by F. Seitz and D. 
Tumbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 
3D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 (1955). 
4A. G. Redfield, Phys. Rev. 98, 1787 (1955). 
5.N, J. Poulis, Physica 16, 373 (1950). 
6 N. Bloembergen, Physica 15, 588 (1949). 
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us,’ and also by Hebel and Slichter* who used an 
equivalent but simpler method. This theory predicts a 
relaxation time at zero field which is approximately half 
the relaxation time at high field and a transition from 
the low to the high-field relaxation time at a field de- 
termined by the Van Vleck second moment’ of the 
nuclear magnetic resonance line. The theory is based 
solely on the spin temperature approximation," and is 
presented below in a simplified version. By testing this 
theory we hoped to get information on the validity of 
the spin temperature approximation, on the existence of 
spatial correlation of the motion of the conduction 
electrons, and on the interpretation of nuclear relaxation 
measurements in superconductors.*:'! Hebel and Slichter® 
have reported qualitative agreement with the theory for 
aluminum, while we report here some experimental 
results for lithium, sodium, aluminum, and copper. 
The experimental setup consisted of a nuclear reso- 
nance spectrometer capable of measuring the intensity 
of the resonance, and thus the nuclear spin magnetiza- 
tion, very rapidly at 1000 gauss, and a magnet which 
could be automatically varied to produce fields of from 
0 to 1000 gauss. The relaxation time at 1000 gauss is 
measured simply by turning on the field and sweeping 
through the resonance at a later, variable time to 
monitor the rate of rise of magnetization. At lower fields 
the relaxation time is measured by first letting the spins 
polarize for a long time at 1000 gauss, then lowering the 
field to the field value at which the measurement is to 
be made and leaving it there for a variable time, 7, and 
finally increasing the field to 1000 gauss again and 
immediately sweeping through resonance to observe the 
decrease of magnetization caused by relaxation at the 
low field. Using the spin temperature approximation, in 
the low-field method .the nuclear spin system is initially 
in equilibrium at a spin temperature, 7's, equal to the 


7A. G. Redfield, IBM J. Research Develop. 1, 19 (1957). 

’L. C. Hebel and C. P. Slichter, Phys. Rev. 107, 901 (1957) 
113, 1504 (1959). 

J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

1 A. Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958 

1 A. G. Redfield, Phys. Rev. Letters 3, 85 (1959). 
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Fic. 1. Transistor linear sweep drive. Maximum current output 
is approximately 2 amperes. The slope of rise and fall is determined 
by R and C. 


lattice temperature, 7; the spin system is then 
adiabatically demagnetized and cools to a temperature 
Ts<T, with gradual warming by contact with the 
lattice through the conduction electron—nuclear spin 
interaction during the 7 time interval. A subsequent 
adiabatic remagnetization finds 75> 7, and this differ- 
ence is measured on the pass through resonance. The 
method is discussed in greater detail by Hebel and 
Slichter.* These techniques were first used by Bloem- 
bergen, Purcell, and Pound” and by Sachs and Turner" 
some time ago; they are easy in metals only at low tem- 
peratures where the relaxation times are long and the 
signals large. 


EXPERIMENTAL DETAILS 


The metal to be studied was made in the form of a 
powder or fine dispersion, and was placed in a radio- 
frequency head which could be inserted into a con- 
ventional glass helium Dewar. The tail of the Dewar 
was surrounded by a magnet, which was a concentric 
copper coil cooled in liquid nitrogen, powered by a 12- 
volt storage battery, and controlled by heavy-duty 
relays. The operation of these relays, and the various 
other operations to be described later, were controlled 
electronically using a commercially built interval timer, 
pulse generators, and auxiliary amplifiers and relays. 

The rf head was a simple miniature crossed coil bridge 
which was adjusted for perpendicularity (minimum 
leakage signal) at room temperature, before being placed 
in the Dewar. It was surrounded by a rigid brass shield 
to reduce microphonic noise. Unbalance which occurred 
when the head was cooled was cancelled by additional 
signals fed to the receiver input from an rf phase shifter 
and attenuator, driven by the transmitter. 

The transmitter was conventional and was normally 
run so that the peak rf field was about 2 gauss (Hi=1 


!2 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 
'S E. Turner, thesis, Harvard University, 1949 (unpublished). 
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gauss). It could be turned on and off with a relay and 
contained a slow acting level regulator, similar to the 
automatic volume control used in most commercial re- 
ceivers. Because of the sluggishness of this circuit it 
took about 0.1 second for the transmitter to come on 
when its relay was actuated; this reduced the switching 
transients which appeared in the detection system. The 
receiver was a conventional two-stage tuned radio- 
frequency amplifier followed by a diode detector. The 
frequency used (1170 kc/sec) was chosen to be as far as 
possible from local broadcast frequencies. 

The sweep fields used to observe the resonance were 
provided by a small coil wound on the outside of the 
helium Dewar. This coil was driven by the circuit 
shown in Fig. 1, which produces a trapezoidal current 
pulse when driven by a pulse of sufficient length and 
amplitude on the input. Normally, the total sweep thus 
produced was about 120 gauss and the rise time was 
about 0.2 second. By observing the resonance “on the 
fly”’ it is possible to avoid troubles due to instability of 
the main magnet or its storage battery power supply. 
Instabilities as large as 3% in the main field produce 
only an insignificant delay in the time at which reso- 
nance is observed. This degree of stability could be 
achieved by manual adjustment of the magnet dropping 
resistor, provided the battery was connected (by relays) 
to a dummy load whenever the magnet was turned off. 
The stability was also enhanced by the use of large 
dropping resistors and by the nitrogen cooling of the 
magnet. 

The rf leakage fed into the receiver circuit was such 
that the dispersion mode was observed ; this is favorable 
since the microphonic noise is in the absorption mode. 
We originally planned to observe the adiabatic rapid 
passage signal directly, as one of us had done previ- 
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Fic. 2. Timing sequence. The fields and voltages are not 
drawn to scale. 
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ously.'* However, at this low field, an unexpected 
difficulty appeared. The bridge balance, and thus the 
leakage signal, depended on the dc field. In other words, 
when the de field was swept, an additional voltage ap- 
peared on the receiver coil of the bridge, proportional to 
the sweep field. This voltage was in the absorption mode 
phase,!® and may have been caused by Hall effect in the 
metal. Attempts to reduce interference from this source 
by increasing the dispersion-mode leakage merely in- 
creased noise originating in the transmitter to a pro- 
hibitive level. Therefore, we finally resorted to the more 
conventional method of audio modulating the field (at 
280 or 1000 cycles per second) and detecting the re- 
sulting audio output of the receiver with a ‘‘lock-in” 
detector which had an unusually wide band width and 
short time constant (about 0.05 sec). 

The complete timing sequence used for measurements 
below 250 gauss is shown in Fig. 2. The magnet field is 
initially left on for at least ten high-field relaxation 
times. The interval timer is then started manually, and 
it turns the field from Ho down to the field H at which 
the relaxation time is to be measured. When the field is 
turned on again, it is first given a slow initial rise to 
avoid shocking the spins when H is near zero. The 
necessity for this slow initial rise, and the consequences 
of a rapid rise, are discussed in detail by Hebel and 
Slichter® in their Sec. III. The field may be varied 
arbitrarily rapidly when it is greater than the local field 
of a few gauss. 

When the field is at H7, the sweep, modulation and rf 
fields are removed to avoid possible spurious effects.'® 
Shortly after the magnet field is reapplied, the sweep is 
automatically initiated, and the modulation and rf fields 
are turned on. When resonance is reached a bell-shaped 
signal appears on the output of the lock-in, as shown in 
Fig. 3. This is not the shape of the adiabatic rapid 
passage signal which might be expected here. The 
modulation and sweep fields are varying too rapidly to 
be adiabatic ; however, this mode of operation gives the 
largest signal. The magnetization is destroyed by the 
act of measurement, but this is not important since it is 
completely restored by relaxation before repeating the 


Fic. 3. Resonance signal 
observed in Al? at 1.1°K. 
The transient at beginning 
and end of the trace is that 
due to turning on and off 
the rf field. The step upon 
which the signal is super- 
imposed is due to a change 
of rf bridge balance with 
application of the de field 
sweep. 


\-_— 1 SEC ———+} 


4A. G. Redfield, Phys. Rev. 101, 67 (1956). 
15 Bloch, Hansen, and Packard, Phys. Rev. 70, 474 (1946). 
16 A. G. Anderson, Phys. Rev. 115, 863 (1959). 


RELAXATION IN METALS 


TABLE I. Analysis (before filing) and suppliers of samples. 


Maximum probable 


Sample impurities Supplier 


Li >99.8% Fe 0.001%; Na 0.05%; Lithium Corporation of 
K 0.01%; N, Ca 0.02% America 
Na >99,99% U. S. Industrial Chemical 
Company 
Cu >99,999% 4. D. McKay Company 
(New York, New York) 
4. D. McKay Company 


>99.99% 
Johnson, Mathey 


>99 995% Fe 0.0005°7 ; Si 0.002% ; 
Cu 0.0005 % 
Bell Telephone 


Laboratories* 


>99,9999% 


* Supplied through the kindness of Dr. J. H. Wernick. 

sequence with a different time r. Adiabatic rapid passage 
signals having the correct S shape have been observed at 
lower modulation levels, but with considerable sacrifice 
in signal amplitude. 

A measurement of 7; at any particular value of H and 
temperature 7 consists of a series of measurements as in 
Fig. 2, with varying 7 (but keeping all other delays, 
rates, and other variables the same). The lock-in signal 
amplitude is always proportional to a constant plus 
exp[ —7/7\(Z7) ], within experimental error, and the 
value of 7,(H) is taken to be that which best fits the 
data. By taking data at several values of 7 we eliminate 
several sources of systematic error. 

The relaxation time at 1000 gauss is measured by 
initially leaving the magnet field off for several relaxa- 
tion times, and turning it on at the beginning of the 
interval r. The other fields are applied at the end of 7 as 
before, and again the best time constant to fit the data is 
taken to be 7). 

The metals which could be investigated were limited 
by the magnetic field switching times, of the order of 
milliseconds, set by the use of an air core coil and relay 
circuitry. Fortunately, lithium, sodium, aluminum, and 
copper have relatively long relaxation times at tempera- 
tures in the helium range with 7; varying from tenths of 
seconds to tens of seconds. 

Samples of aluminum and copper were obtained by 
filing, sieving, and annealing in vacuum at temperatures 
of 350-400°C. Lithium and sodium samples were ob- 
tained in the form of dispersions in oil. It was feared 
that in freezing, the oil in these dispersions would set up 
strains, and thus induce quadrupole effects. The data 
near zero field, and other evidence'® indicate that such 
effects are negligible. 

The probable impurities in the samples are listed in 
Table I. These estimates do not include impurities in 
the Al and Cu which were introduced in the process of 
filing and annealing. In the case of aluminum sample IT], 
which was zone refined, an effort was made to avoid such 
contamination by etching the sample with HCl after 
filing, to remove iron picked up from the file, before 
vacuum annealing. 

In all cases, particle sizes were kept to dimensions of a 
few thousandths of a centimeter in order to minimize rf 
skin effect problems. In previous work, an apparent lack 
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of skin depth effects was observed in copper and alumi- 
num particles at 6 megacycles per second in the range 
of 2°K to 4.2°K. In the present work, using aluminum, 
we found that changing from a particle size distribution 
with a smallest dimension of ten to twenty-five microns 
to a distribution of twenty-five to fifty microns produced 
no change in signal amplitude. It was also found that the 
retuning of the receiver coil necessary on going from 
room temperature to helium temperatures was such that 
an inductance change of less than five percent was indi- 
cated with the 10-25 micron distribution, although the 
coil filling factor was 50%. Both of these experiments 
indicated that the rf field was penetrating the sample 
volume. Although the particles were larger than the 
classical skin depth, the anomalous skin depth effects 
due to large mean free path of the conduction electrons 
are apparently important here. 

Temperatures in the range of 1°K to 4.2°K were de- 
termined by resistive thermometers!’ which had been 
calibrated with the vapor pressure-temperature scale of 
liquid helium. 


HIGH-FIELD RELAXATION 


The theory of relaxation at high fields in metals has 
been adequately discussed by various authors.'~*'* In 
summary, the relaxation time produced by the conduc- 
tion electron-nuclear spin metallic hyperfine interaction 
is calculated by considering the interaction as a per- 
turbation on a nuclear spin system consisting of 
noninteracting nuclear spins in a dc magnetic field; first 
order time dependent perturbation theory then shows! 
that the relaxation rafe is proportional to the square of 
the interaction multiplied by the number of electrons 
allowed to enter into the process by Fermi statistics, 1.e., 
approximately k7/E; where Ey is the energy of an 
electron at the Fermi surface. The fractional line 
shift!*?! (Knight shift) associated with the interaction 
is determined by the spin susceptibility of the electron 
gas multiplied by the normalized probability density at 
the nucleus; the shift is proportional to the first power 
of the interaction and independent of temperature at 
constant volume. Both processes are independent of dc 
field in this analysis. Pines’ has recently discussed the 
effects of electron correlation on this problem and has 
derived the modified “‘Korringa relation” 


AH\? fh fyve\TNAE/) I Xs F 
rir ) ( ) (1) 
H Ark \y,, V(E;) WX s0 


where (AH/H) is the Knight shift, & is Boltzmann’s 
constant, y. and y, are electron and nuclear gyromag- 


17 J. R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 

18 FE. R. Andrews, Nuclear Magnetic Resonance (Cambridge Uni 
versity Press, Cambridge, 1955), Chap. 7. 

9 W. D. Knight, Phys. Rev. 76, 1259 (1949 

2 Townes, Herring, and Knight, Phys. Rev. 77, 852 (1950). 

2 W. D. Knight, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 
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netic ratios, No(/,) and \V(é;) are the densities of 
states at the Fermi surface in an ideal Fermi gas and in 
the real metal, respectively, and Xso and Xg are the 
corresponding spin susceptibilities. It is assumed that 
the predominant relaxation is that due to S-state 
interaction. A rough calculation by us and calculations 
by Masuda” indicate that relaxation by p-state dipolar 
interaction is less than two percent in the metals used 
here. This contribution is estimated by considering the 
interaction between orbital moment or spin moment of 
the electron and the nuclear moment for the appropriate 
percentage of p wave contribution to the electron wave 
function; the square of this interaction is compared 
with the square of the metallic S-state hyperfine inter- 
action to provide an estimate of their relative im- 
portance.! 

Our measurements of relaxation time for applied 
magnetic fields of greater than one hundred gauss are 
shown in Table II. The value of field given is that at 
which greatest experimental accuracy was obtained, but 
we found no significant variation in relaxation time be- 
tween 250 and 1000 gauss. Also included in Table II are 
earlier measurements at high temperatures, and theo- 
retical predictions. 

The first point to be noted from the experimental data 
is the close agreement with the 7,7 dependence pre- 
dicted by the theory. Previous data,**** reporting 


TABLE II. Theoretical and experimental values of the product 
of relaxation time and temperature at various high fields and 
temperatures, 


Temperature 
Field range 71:T (experiment) 71T (theory)¢ 
gauss a sec °K sec °K 


1-4.2 44+ 2" 85!; 33% 


300-400 40.6» 
300-400 


Metal 
La? 700 
1800 
9100 


1000 3 ' 7.45; 4.88.5 
2700 ; ‘ J 6.8! 
7950 


1.80+0.05* 1.9 
1.89¢ 


14.2 


1000 2 
77-1000 


10 000 


250 1-4.2 1.27+0.1* 
1.0 


1000 300 06+0.24 


Present experiment 
See reference 3. 
© See reference 31. 
1 See reference 14. 
¢ From Eq. (1), using experimental spin susceptibility for Li and Na [see 
R. T. Schumacher and C. P. Slichter, Phys. Rev. 101, 58 (1956)] and 
calculated susceptibility (reference 2) for Al and Cu, Knight shifts from 
reference 21, and using (except where noted) the free-electron density of 
states with m*/m =1.45 for Li, 0.98 for Na (see reference 2), 1.0 for Al 
and Cu. 
f Using 300°K Knight shift (reference 2). 
« Using experimental densities of states from specific heat measurements 
(reference 25). 
» Using 4.2°K Knight shift (reference 2). 


2 Y. Masuda, J. Phys. Soc. Japan 13, 597 (1958). 

23 A. G. Anderson and A. G. Redfield, Proceedings of Fifth 
International Conference on Low-Temperature Physics and Chem- 
istry, Madison, Wisconsin, August 30, 1957, edited by J. R. 
Dillinger (University of Wisconsin Press, Madison, 1958), p. 616. 
(A 20% variation of T,T with temperature in lithium reported in 
this paper was found to be in error.) 
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discrepancies at low temperatures apparently suffered 
from impurity effects or from the method of observation. 
The agreement between the data obtained here at fields 
of 1000 gauss or less and those obtained at high temper- 
ature and fields of up to 10 000 gauss appears to rule out 
any large field dependence, in agreement with theory, 
but in disagreement with the earliest relaxation meas- 
urements in metals.® 

Although the agreement between high- and low- 
temperature experimental data is good over-all, there 
remain puzzling points. The most obvious of these is the 
variation of 7,7 of sodium from room temperature to 
4.2°K. The interest in this point is increased because of 
the previously reported change”! in the Knight shift in 
the same temperature interval. The experimental 
T,T(AH/H)? at 4.2°K using 7,7 from this experiment 
is in agreement within experimental error with the same 
quantity at 300°K and 2700 oersteds. Because of the 
field dependence of 7; in lithium and sodium observed 
by Holcomb and Norberg near 300°K, this comparison 
is not too significant, but the indication remains that 
there is either a field dependence or a temperature 
dependence of 77, in conflict with theory. A tempera- 
ture dependence of the density of states would appear to 
partially explain relaxation data, Knight shift data and 
recent susceptibility data.** Measurements of 7)T in the 
interval 4.2°K to 300°K would clarify the situation as 
would a search for field dependence of 7,7 at 4.2°K. 

Lithium, with the longest relaxation time, is the worst 
of these metals concerning agreement with theory. It is 
also the metal with the largest effective mass and: the 
largest correlation correction to spin susceptibility. 
Recent data”® on specific heats has indicated that the 
density of states may be higher than predicted by the 
effective mass approximation to the free electron gas 
model. On the basis of Pine’s? theory, Fletcher and 
Larson** have predicted an increased density of states at 
the Fermi surface. The values of 7;7 calculated from 
Eq. (1) with these higher densities of states are in fair 
agreement with experiment for both lithium and sodium. 

With the exception of lithium, the experimental 
agreement with theory and the modified Korringa rela- 
tion is within about twenty percent. The agreement is 
obtained in aluminum by assuming one electron per 
atom. 

The relaxation time in Cu® should be shorter than the 
relaxation time of Cu® because of its larger gyromag- 
netic ratio and consequently larger hyperfine interaction. 
Within experimental error, the relaxation time for Cu® 
is shorter by about fifteen percent as expected. 


LOW-FIELD RELAXATION 
Theory 


The dynamic behavior of isolated nuclear spin sys- 
tems at low applied external field has been discussed in 

4 F, T. Hedgcock, reference 23, p. 545. 

25 L. M. Roberts, Proc. Phys. Soc. (London) B70, 744 (1957). 

26 J. G. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958). 
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detail by Abragam and Proctor” and by Hebel and 
Slichter*; the latter authors have also given a particu- 
larly lucid and thorough treatment of relaxation at low 
fields. In order to make the problem tractable, these 
authors make use of the spin temperature concept 
introduced some years ago by Casimir and duPre.”” The 
only comment we would add to their treatment is that 
the spin temperature concept should be regarded as an 
approximation, though a very good one, in the present 
case. We believe that if spin temperature is viewed in 
this way, some of the objections to the concept discussed 
in reference 10 can be avoided. 

Consider first the measurement at zero field. As indi- 
cated by Hebel and Slichter, when the field is lowered 
from the initial value of 1000 gauss to zero, the spin 
temperature decreases from the lattice temperature to a 
lower temperature. The spin temperature at zero field, 
neglecting relaxation, can be calculated if the field is 
lowered sufficiently slowly and if relaxation is negligible. 
It is determined by the requirement that in such an 
adiabatic process, initial and final entropy are equal or, 
equivalently, the assumption that each spin finally has 
the same probability of polarization along its local field 
as it initially had along the large external field. Thus the 
ratio of initial to final spin temperatures is simply 
proportional to the ratio of the external to the root mean 
square internal spin-spin fields. 

At zero field, as at high field, the spin system energy is 
inversely proportional! to temperature and negative (for 
positive temperatures such as we always consider here). 
The spin system energy is therefore much larger in 
magnitude than its equilibrium value immediately after 
the field is removed. In zero field the expectation spin 
value of the energy decays according to the usual rate 
equation 

d 


((3C 5 S ) 


dl 


-((Hss)—(Hss)0)/T1(0). (2) 


Here the spin energy (3C) is denoted by the spin-spin 
energy (Css), since they are identical at zero field, 
(5ss)o is the thermal equilibrium value of (3Css), and 
7\(O) is the relaxation time which is being measured. 

It is easy to estimate 7(0) if we note that (5Cgs) is 


equal to the sum of a large number of terms, each of 


which can be regarded as the energy a spin 7 has with 
respect to the local dipole field from spin j. Naively we 
expect that this energy can change, through relaxation, 
either by relaxation of spin 7 at a rate 1/ 7x, or relaxa- 
tion of spin j at a rate 1/7)x«, where Tix is the relaxation 
time of an isolated spin. Therefore we expect that the 
rate of relaxation of the interaction to go at double the 
rate 1/Tix of a single spin, so that 7\(0)=37 ix. For 
relaxation by conduction electrons, which move rapidly 
compared to the Larmor frequency, the relaxation time 
of a single spin should be field independent, so 71x is the 


27H. G. B. Casimir and F. K. duPre, Physica 5, 507 (1938) 
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high-field relaxation time. This simple picture can be 
justified theoretically, and the experimental values in 
Li and Na agree remarkably well. 

The relaxation time measurement is completed by 
turning the field on adiabatically after a time 7 to its 
original value, as a result of which the spin temperature 
rises to a value greater than the lattice temperature (but 
proportional to the spin temperature just prior to 
reapplying the field). The final spin temperature is then 
measured by doing a rapid resonance experiment. We 
have not described in any detail the rate at which the 
field must be varied, or what is meant here by the word, 
“adiabatic”; we refer the reader to Hebel and Slichter® 
for a thorough discussion. In general it is difficult to 
satisfy the requirements that the field be varied suffi- 
ciently slowly to be adiabatic but sufficiently rapidly 
that relaxation be negligible. However, if the rate of 
turning off and on of the field are reproducible and inde- 
pendent of 7 it is not hard to show that the signal ob- 
served should still vary exponentially with 7 with a time 
constant 7;(0); the only effect of relaxation during field 
switching is to reduce the limits between which the 
signal varies as 7 is varied from zero to infinity. 

Returning to the relaxation in zero field, it should be 
noted that the spins 7 and 7 which we considered previ- 
ously were assumed to relax independently; the motion 
of spin 7 due to relaxation was assumed uncorrelated 
with that of spin 7. This assumption may not be valid, 
since only those pairs 7 and 7 which are a few lattice 
spacings apart contribute appreciably to the spin-spin 
energy, and the most important pairs are neighbors and 
next nearest neighbors. Since the electrons responsible 
for relaxation have wavelengths comparable to the dis- 
tance between spins, it is possible that there might be 
some correlation in the relaxation behavior of near 
neighbors. 

It is easy to predict the effect of correlation on the 
relaxation time for one special case, unlikely to be 
physically realized. This is for a set of nuclear spins 
whose interaction is mainly of the so-called exchange 
form: 


Raipt>d Aili, (3) 


where iaip is the classical dipolar interaction, which is 
assumed small compared to the last term. The relaxation 


iss 


can be regarded semiclassically as resulting from fluctu- 
ating fields due to the electrons; we denote the fluc- 
tuating field on spin 7 by h;(¢). If the electrons have very 
long wavelengths, as in a semiconductor, these fluctu- 
ating fields are identical for near neighbors : h;(¢)=h,;(¢). 
In that case, the fofal field seen by near neighbors 7 and 
j is identical, so the angle between them is constant 
with time and I;-I; is constant. Thus in this case the 
zero field relaxation time would become very long be- 
cause only the classical dipolar part of the spin energy 
would be changed by relaxation. 

In general, and particularly in the light metals we 
consider here, the first term in (3) is dominant. In that 
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case, it is not as easy to predict the relaxation time by 
such simple reasoning, and we merely state the result of 
semiclassical’ and quantum mechanical* calculations. In 
general, 


dKss ) dix —5((Hss)—(KHg8)o)/ Tik. (4) 
Previously we had 6=2. In general, 


6=2+( mn K jr jr 6) 7 Vie" 
j>k j>k 
rj. is the distance between spins j and k, and K;, 
expresses the degree of correlation between the fluctu- 
ating fields at r; and r; due to the conduction electrons: 


K jx=(h;(t)- hy (0) /{| hy (0) |?) (6) 


Here ( )4 denotes the time average. Kj, is unity for 
complete spatial correlation, and zero if the fields at r; 
and rare statistically independent. It will be noted that 
the maximum value of 6 is 3; i.e., 71(0) =[T1(H>>0) ]/3 
if there exists complete spatial correlation. 

The quantum analog of Kj, can also be calculated if 
the wave functions of the electron gas are known. For an 
ideal Fermi gas, 


K jx=sin? (Rt jx)/ (RP jx)"; (7) 


where k,» is the radius of the Fermi surface. Assuming 
one electron per atom, this yields only a small correla- 
tion, since 6 is increased only from 2 to about 2.05. 

It may be that the Coulomb interaction between 
conduction electrons produces additional spatial correla- 
tion in the motion of the electrons which would increase 
6 and thus decrease 7,(0) somewhat. This could proba- 
bly be estimated using the theory of Bohm and Pines.” 
It might be especially important in the case of super- 
conductors. 

We now consider the field dependence of 7). If the 
field is not completely removed during the time 7 the 
spin temperature is not as low as in the zero-field case 
during the time r. More important, the spin energy 
consists of two parts, 


(5C) = (Ho) +H ss). (8) 


Here (5Co) is the energy —M-Hbp of the spins with re- 
spect to the external field Hp. 

The spin temperature approximation tells us that the 
ratio of (3Cy) to (iss) is always the same for a given 
value of I: 

(3Css)=[(10/3)(AH*)x,/H? io), (9) 


where (AH*),, is the Van Vleck second moment? of the 
nuclear resonance absorption line, and we _ neglect 
possible exchange-type interaction. 

Since (3Co) is the sum of the energies of individual 
spins, its relaxation rate is the same as that of a single 
spin: 


dc 5Co), dt = ((5Co) — (Co) 0), Tik, ( 10) 


where (5Co)o is the thermal equilibrium value of (50), 
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which is related to (3Css)o by an equation similar to (9). 
Equation (10) gives only the contribution of spin-lattice 
relaxation to the rate of change of (3Co), while (4) gives 
the corresponding rate for (5Css). These energies also 
change through spin-spin interaction, but in equal and 
opposite amounts since total (3C) is conserved by spin- 
spin relaxation. 
Combining (4), (8), (9), and (10) we have 

UH)/dt= — ((H)—(H)o)/T1(A), 

where 
H?+- (10/3)(AH?)»y 


T,(#)= Tik ; 
H2+.6(10/3)(AH?)m 


and (35C)o is the thermal equilibrium value of (5). 

This is the same result obtained more rigorously 
elsewhere.’ It is worth emphasizing that though (3Cs3s) 
relaxes at a greater rate than (Ho), their relative 
magnitudes are always maintained as indicated by (9) 
at the value required by the spin temperature approxi- 
mation. The relative sizes of these two terms is main- 
tained by the spin-spin interaction, which flips single 
spins, reducing the magnitude of (59) and (by energy 
conservation) increasing (3Css). Such single spin flips are 
allowed energetically when H is comparable to the 
dipole fields, as is the case here; it is correct to think of 
one spin flipping one way with respect to H, while 
another spin flips another way with respect to its local 
dipole field. 

The reader may well be skeptical about certain points 
in this simplified theory without further justification ; 
for this justification we refer in particular to Hebel and 
Slichter.* It is interesting that the relaxation by the 
lattice of the spin-spin energy (5Css) and the external 
energy (3Co) can be expressed independently by (4) and 
(10). This is not obvious from what has been said here; 
it is a consequence of the fact that in the high-tempera- 
ture approximation (k7>>fyH) applicable here, the 
spins and thus the dipolar fields are very nearly random 
in orientation. At temperatures in the microdegree 
range the spins would start to be appreciably aligned 
and there would be cross terms between (4) and (10). 

As a result of strains due to various imperfections, 
each spin may be subjected to an electric field gradient®* 
with which the spin will interact via its quadrupole 
interaction. If this interaction is very large and varies 
rapidly over large distances, it will be impossible for 
energy to diffuse rapidly enough (via spin diffusion) 
through the spin system to ensure a uniform spin tem- 
perature. If, however, the quadrupole interaction is not 
too large, and varies appreciably over a distance small 
enough that spin diffusion can take place during a time 
short compared to the observed 7), then it appears 
reasonable to assume that the spin system is described 

28M. Cohen and F. Reif, Solid State Physics edited by F. Seitz 


and D. Turnbull (Academic Press, New York, 1957), Vol. 5, 
p. 321. 
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by a single spin temperature, as before. The relaxation 
can be calculated using the method of reference 7. 

We omit the tedious details of this calculation and 
merely state the result. Following the notation of refer- 
ence 28, we assume that nucleus j has a quadrupole 
moment eQ and is in a field gradient having a maximum 
value eg; in some direction, and a departure from axial 
symmetry denoted by n;, where 0<j;<1; n;=0 corre- 
sponds to axial symmetry. 

The relaxation time is then given by 


1 H?+6(10/3)((AH)?)y +H 32(3+ 2%’) 
T,(H) H+ (10/3)((AH)2)_+H 214392)’ 


(13) 


where H,? is the square of an “equivalent” magnetic 
field in which the Zeeman interaction approximates the 
quadrupole interaction; more precisely, 


— eg@*[4l(1+1)-3] 


( 


(14) 
80(27 —1)27y7h? 


q’ is the average value of g;? and # is the average value of 
gine/@. 

This expression is expected to apply only if the 
difference between the quadrupole interaction of near 
neighbors is not too much larger than the dipolar 
interaction. If this is not the case, spin diffusion will be 
greatly inhibited. If / is the distance between imper- 
fections (which give rise to quadrupole interactions), 
then it is also necessary that this distance be small 
enough that energy can diffuse over distance / in a time 
short compared to 7: (Ds7\)'>>1 where Ds~av?/T> is 
the spin diffusion coefficient. 


Experiment and Discussion 


The relaxation time at low field, as at high field, 
varied inversely with temperature, with the possible 
exception of aluminum, which showed a slight but 
significant departure. The field dependence of the relax- 
ation time is shown in Figs. 4 to 7, compared with the 
theoretical prediction of (12). In drawing the theoretical 
curves we have chosen 7\x equal to the high field 7, of 
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Fic. 4. Field dependence of the relaxation time of Li’ at 1.3°K. 
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Fic. 5. Field dependence of the relaxation time of Na® at 1.1°K. 
Table I, and the parameter 6 to make the theoretical 
curve agree with the zero field relaxation times. It 
seemed reasonable to do this because, though we expect 
6~2, we have seen that 6 might be affected by Coulomb 
correlation effects. We have taken (AH*), equal to its 
theoretical value’; the values of this quantity, and of 6, 
are given in Table III. We have thus neglected possible 
quadrupole interactions. 

In lithium and sodium the experimental field depend- 
ence of 7; is in close agreement with theory. This 
agreement indicates that line-broadening effects at zero 
field, such as the quadrupole effects produced by lattice 
distortion, are small. The agreement with theory for the 
field dependence also provides evidence that the spin 
temperature assumption is a good approximation in this 
case. It is possible to explain the values of 6 obtained by 
assuming that there is about four to six times as much 
spatial correlation in the electron gas, due to Coulomb 
interaction, as there is in an ideal Fermi gas. This does 
not seem out of the question theoretically. 

In the case of aluminum and copper the agreement 
with theory is qualitative only. In order to fit the field 
dependence of the experimental data for aluminum it is 
necessary to assume a ((A//)*),, of 25 gauss? which is 
greater than three times the theoretical value. The large 
value of 6 found experimentally is also difficult to 
explain. 
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Fic. 6. Field dependence of the relaxation time of Al?’. Sample I 


at 4.2°K, Sample I at 1.3°K, Sample III at 1.4°K. 
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It is likely that the discrepancy in aluminum is a 
remanent quadrupole interaction of some kind. The 
experimental points can be fitted fairly well by Eq. 
(13), assuming 6=2.2 as in lithium and assuming 
a mean square quadrupole interaction such that 
AT 2~2.3(10/3)((AH)?), where H 2 is defined by Eq. 
(14) and where axial symmetry (n=0) is assumed. This 
idea is supported by an independent experiment, re- 
ported elsewhere,'®”* in which an audio-frequency mag- 
netic field was applied to the sample during the time 7 
(Fig. 2) when the dc field was zero. It was then possible 
to infer the form of the “spin absorption” spectrum at 
zero field from the dependence of the magnetization 
(after again turning on the dc field) as a function of the 
audio-frequency. This spectrum has also been calcu- 
lated® under the assumption of only dipole-dipole 
interaction; agreement with experiment is obtained for 
lithium and sodium, while in aluminum the experimental 
spectrum is too broad to be explained by dipole inter- 
action alone. This experiment strongly indicates that 
the discrepancy in the present data is due to an extra 
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Fic. 7. Field dependence of the relaxation time of Cu® at 1.1°K. 


unknown term in the spin Hamiltonian, rather than 
some unknown property of the conduction electrons or 
lattice. 

The observed existence, between 1.1 and 4.2°K of a 
slight (10%) temperature dependence of the zero field 
T,T might also be explained by invoking quadrupole 
interaction. Diffusion of energy between different parts 
of the spin system which have different quadrupole 
interactions would take place at a temperature-inde- 
pendent (spin diffusion) rate and might tend to shorten 
the 7; at the lower temperatures, as observed. There are 
other possible temperature-independent mechanisms 
(such as paramagnetic impurity relaxation via a spin 
diffusion bottleneck) which would explain this deviation 
when added to the normal conduction electron relaxa- 
tion. It is noteworthy that 7,T varies only at low field; 
at high field it is constant. 

Spokas and Slichter* have found a remanent inter- 

2” N. F. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951). 


*® L. J. F. Broer, Physica 10, 801 (1943). 
31 J. J. Spokas and C. P. Slichter (to be published). 
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action in aluminum at higher temperatures which they 
attribute to quadrupole effects arising from dislocations. 
By making crude estimates such as those made by these 
authors, we find that dislocation densities of the order of 
10'°/cm? are required to explain the anomalous zero field 
line width and relaxation time in aluminum. The ex- 
perimental results might also be explained by the 
presence of impurities ; several parts per million (atomic) 
of typical impurities would be required. 

In an effort to establish the source of the extra inter- 
action in aluminum, measurements were made on both 
annealed and unannealed samples and on samples of 
various sizes (200 and 325 mesh) and purities. No 
annealing or size effects were observed, and only a 
questionably resolved impurity effect was found. In 
sample III, in particular, an attempt was made to re- 
move surface iron picked up during filing by etching the 
sample in acid before annealing. However, chemical 
analysis on a similarly prepared sample showed of the 


TaBLE III. The experimental relaxation time-temperature 
product, and parameters used in the theoretical curves of 
Figs. 4 to 7. 


AH?) py! 
(gauss)? 


T1(0)T 


lemperature range 
Sample sec kK 


Li? 20.5 +2.0 

2.2 40.2 
GCu® 0.47+0.1 
Al?’ I 
Al? I 


AF? ITI 
Al?? ITI 


0.70+0.05 
0.60+0.05 
0.84+0.05 
0.66+0.1 


® Present experiment 

b+ Chosen to best fit data using Eq. (12). 

¢ Theoretical values from H. S. Gutowski and B. R. McGarvey, 
Phys. 20, 1472 (1952) 


J. Chem 


order of 100 parts per million iron, which may be either 
on the surface, or in the volume of the sample as a result 
of diffusion. It is puzzling that the observations should 
be so reproducible, since any mechanism based on dis- 
locations or impurities should vary with sample prepa- 
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ration. However, it is difficult to think of an alternative 
explanation. 

It may be worth mentioning that the large quadrupole 
effects indicated here and in reference 31 are not neces- 
sarily inconsistent with the lack of quadrupole effects in 
the high-field resonance line of similarly prepared 
aluminum.” In the latter case the few percent of nuclei 
in a large quadrupole field are smeared out of the reso- 
nance entirely, without noticeable effect on the line; in 
the present experiment the few percent of nuclei con- 
tribute importantly to the spin Hamiltonian and specific 
heat (provided that the quadrupole interaction is not so 
large as to prohibit the transfer of energy from these 
spins to their neighbors). 

The field dependence of 7;T in copper, which was 
similar to that of aluminum, is shown in Fig. 7. Here 
again the discrepancy between theory and experiment 
may be due to remanent quadrupole interaction. No 
attempt was made to establish the source of this inter- 
action in copper. Equation (13) fits the data reasonably 
well, assuming »=0 and 7,2=3(10/3)((AH)?) x. 

The bump observed at about 20 gauss might have 
something to do with ‘‘thermal mixing” of the Cu® and 
Cu® systems. At fields of this magnitude, the difference 
in Zeeman energies in the two systems is comparable 
with the dipole-dipole energy in the systems. Unfortu- 
nately, no thermal mixing experiments were performed 
to locate the external fields at which mixing begins. 
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Kréner’s energy expression is used in this theoretical calculation. The helical dislocation is assumed to 
have a uniform shape with the Burgers vector along its axis. The axial length of the helix is large compared 
to its radius and the radius is large compared to the dislocation “cross section,’ which is of the order of a 
Burgers vector. For a helix of many turns and arbitrary pitch an expansion in a Fourier cosine series is used. 
The self energy is found in terms of elementary functions and Kapteyn series of Bessel functions. In the 
limiting cases of a tightly wound helix (small pitch) and a nearly straight helix (large pitch) simple expres- 
sions result, which have a plausible physical explanation. For a tightly wound helix the dominant term 
represents the contribution from the cylindrical part of the helix, the first-order terms represent the influence 
of the size of the dislocation cross section and the second order terms represent the effect of the axial com- 
ponent of the helix. For the nearly straight helix the dominant terms represent the contribution from the 
straight screw part and the second-order terms are taken to give the interaction between the turns of the 
helix. Finally the correction in the self-energy when a return loop is present is considered. 


I. INTRODUCTION 


HE theoretical possibility of a spiral prismatic 

dislocation growing from a screw dislocation was 
first suggested by Seitz.'! Helical dislocations were first 
observed in synthetic calcium fluoride crystals by 
Bontinck and Amelinckx,’ who pointed out that they 
were one species of the spiral prismatic dislocations. 
Amelinckx, Bontinck, Dekeyser, and Seitz’ discussed a 
possible interpretation of the developments of these 
helices. They have since been observed by various 
methods in various substances by various investi- 
gators.‘ A number of results emerge consistently from 
most of these observations: (1) the axis of the helix is 
always in the direction of a possible Burgers vector, 
(2) the helix is usually very uniform, (3) the radius a 
and the pitch p (Fig. 1) of the helix are of the order of 
microns and (4) the pitch of various helices varies over 
a considerable range (almost from zero to infinity). 

These results have been utilized in the subsequent 
calculation. The general uniformity is taken as a starting 

* Based on a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy at the 
University of Illinois, February, 1959. Supported by a Gulf Oil 
Fellowship and the Air Force Office of Scientific Research. 

t Now at the Department of Mineral Technology, University 
of California, Berkeley, California. 

' F, Seitz, in Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1952), Vol. 1, p. 43ff. See especially 
p 67 

2 W. Bontinck and S. Amelinckx, Phil. Mag. 2, 94 (1957). 


> Amelinckx, Bontinck, Dekeyser, and Seitz, Phil. Mag. 2, 355 
(1957) 


4S. Amelinckx in Dislocations and Mechanical Properties of 


Crystals, edited by J. C. Fisher et al. (John Wiley & Sons, New 
York, 1957), p. 40; Amelinckx, Bontinck, and Maenhout-Van der 
Vorst, Physica 23, 270 (1957); W. Bontinck, Phil. Mag. 2, 561 
(1957); Barber, Harvey, and Mitchell, Phil. Mag. 2, 704 (1957); 
S. Amelinckx and W. Bontinck, Acta Met. 5, 345 (1957); 
Amelinckx, Bontinck, and Dekeyser, Phil. Mag. 2, 1264 (1957) ; 
S. G. Ellis, Phil. Mag. 2, 1285 (1957); D. A. Jones and J. W. 
Mitchell, Phil. Mag. 3, 1 (1958); S. Amelinckx, Acta Met. 6, 34 
(1958); W. C. Dash, Bull. Am. Phys. Soc. Ser. IT, 3, 106 (1958) ; 
W. C. Dash, in Growth and Perfection of Crystals, edited by R. H 
Doremus ef al. (John Wiley & Sons, New York, 1958), p. 361; 
A. G. Tweet, J. Appl. Phys. 29, 1520 (1958); W. C. Dash, Phys. 
Rev. Letters 1, 400 (1958) 


point, i.e., the dislocation is considered to be wrapped 
with a constant pitch around a right circular cylinder. 
Also this uniformity gives us some justification for the 
use of an isotropic theory. The third result above 
together with the knowledge that the Burgers vector 
b is of the order of angstrom units shows that ba or p. 
This allows us to ignore the atomic structure of the 
crystal and treat the medium as an elastic continuum 
in the present calculation. 

Weertman® gave a theoretical contribution to the 
field of helical dislocations. He showed that the equi- 
librium form of a dislocation is a helix, when it is acted 
upon .by an ordinary stress and a chemical stress pro- 
duced by a deviation of the vacancy concentration from 
the equilibrium value. In his calculation he used for the 
line tension or the energy per unit length of the dis- 
location the simple and constant expression 3y°. The 
present paper attempts to present a more refined 
expression for this quantity. 


II. KRONER’S THEORY 


A general expression for the interaction energy 
between two dislocations in an elastically isotropic 
infinite continuum has been derived by Kréner.® His 
expression consists of a double line integral along the 
two dislocation lines C and C’, where the integrand is a 
function of the radius vector between the two line 
elements. It has been argued that the self-energy of a 
dislocation can be obtained by taking the curves C and 
C’ separated by a distance ro, corresponding roughly to 
the half-width of the dislocation, and inserting a factor 
} in Kréner’s expression.” A good estimate based on the 
Peierls model is that r¢~3b. A more accurate evaluation 
of the self energy will depend on a good theory of the 
dislocation core. However, since the final expressions 


5 J. Weertman, Phys. Rev. 107, 1259 (1957). 

6 E. Kroner, Ergeb. angew. Math 5, (1958). See especially p. 78. 

7 Roland de Wit, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1959), Vol. 10, p. 
249. 
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of this paper depend only logarithmically on ro, the 
uncertainty in this quantity is not very important. 

For the present problem it is convenient to use a 
cylindrical coordinate system (p, ¢, z) with the Burgers 
vector along the z direction. It has been shown that 
Kréner’s expression then reduces to® 


Gb? m+1 m 
E,=— $|-—— A .dz+—— 
8r J cl m-—1 m—1 


X (B,dp+Bypdo+ Bas)| 


pr 
- ) (cosbdp’+sin®p'd¢’), 


R 


(4) 
(5) 


Here G is the modulus of rigidity and m is the reciprocal 
of Poisson’s ratio. A, is called the z component of the 
magnetic vector potential and the B’s are called the 
dislocation potentials. It will be noticed that the above 
integrals are all closed. In the subsequent application 
to a finite length of helix, however, this condition is 
violated since the helix then has a beginning and an end. 
The result is therefore incomplete, but it can be com- 
pleted by closing the dislocation with a return loop. This 
will be done at the end of this paper. 


III. THE HELICAL GEOMETRY 


For the calculation we consider two helices of the 
same pitch wound on two concentric cylinders of radii 
a and (a+ro) whose axes are along the z axis (Fig. 1). 
The equations of these two curves are given by 


/ 
p =a=const, 
(6) 


» , 
= ’ 
2= ph 

2 . 


p=a+ry=const, 


From (5) this also gives Z= p®. For each turn of the 
helix we move in the z-direction by a distance 2rp. If 
there are .V turns, its total length LZ along the z-direction 
is 


L=2npNn. (7) 


8 See reference 7, Appendix, 
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The above relations (6) give for Eqs. (1), (2), (3), and 
(4) 


Gh? fi+p m+1 m p 
E.= f |-- —A,+ (4. +B.) fs, (8) 
Sir ML m—1 m—1 p 
aN pdq’ 
f ear (9) 
aN R 
™N 7] pe? 
By= J ( —-— ) cosbadg’, 
mn\R_ R 
aN 1 pe 
B= f ( to--- ) oi 
aN R R’ 


R?= "+ p?—2ap cosh+ p*”. 


The integrals (9) and (10) are difficult to perform 
because the variable of integration ¢’ appears in the 
integrand under the radical R both as an algebraic 
function in & and as the argument of a trigonometric 
function in cos®. For their evaluation a hint is taken 
from the work of Snow® who calculated the inductance 
of a tightly wound helical wire by using the trick of 
writing the reciprocal radius R™ in his integrals as an 
integral over a Fourier-Bessel series. For our purposes 
it is sufficient to look at his expansion as a Fourier 
series. 

The basic idea is that since R in (4) is an even function 
of ®, its reciprocal can be expanded in a Fourier cosine 
series. The Fourier coefficients, which are given in 
terms of integrals over R™ by Fourier theory, can be 
inserted in this series, so that we obtain 


1 


Fic. 1. The helical 


dislocation. 





(11) 


2 « . dy cosny cosn® 
ae 


R 7 n=0 » (p?+p’—2pp’ cosy+Z")? 


where €y= 4 and e,=1 for n> 1. Finally the relations (6) 
can be inserted giving us 
1 22 * dy cosny cosn® 
ats En ’ 
R 7 n=0 0 QO 


0? = P24 pre?, 


(12) 


(13) 
P? = a*+p’— lap cosy. 


9C. Snow, Bur. Standards Sci. Papers 21, 431 (1926-27); Bur. 
Standards J. Research 9, 419 (1932). 
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It is seen that this expansion removes from under the 
radical the trigonometric function of © and leaves only 


an algebraic function, which makes the integrations in 
(9) and (10) much simpler. This is done, however, at 
the expense of an additional sum and integral. 


IV. EVALUATION OF THE POTENTIAL FUNCTIONS 
A. The Vector Potential 


If we substitute (12) in (9) and make a slight change 
of variable we have 


di ot dh cosn® 
J dy cosny { ° 
; J o-eh QO 


We now introduce the first approximation, that there 
are many turns: 


N>1. (14) 


The case where the helix has less than one turn can be 
treated as a perturbation of a straight line. Under the 
above approximation it will be seen that the cosine in 
the denominator of the last integrand will go through 
many while the numerator decreases 
steadily with increasing &. Therefore it will be per- 
missible to let the limits of integration go to infinity, 
except for the first term in the sum which lacks a cosine 
term. If this is done and the integrals performed we have 


1 r 
P f iy] n(p0-+0) | 
T 0 


oscillations 


ota 
o—ar\ 
© 


[ dy cosnvK y(nP/ p), 


where Ao is the modified Bessel function of the second 
kind and of order zero. 

We now introduce the second approximation, that 
the length of the cylinder on which the helix is wound 
is much larger than its radius: 


L>a, (15) 


or by (7) and (13) that 2rpV>P. This allows us to 


evaluate the first integral in A, above in an approxi- 
mate way, for the integrand then reduces to 


Inl (2rp.V+ 2p) (2rp.V —2po) |—In(?”). 


To evaluate the series of integrals we use Gegen- 
bauer’s addition theorem,' which states that 


K of (2+2Z°—22Z cosp)!]=2 ¥. €,1n(2)K,(Z) cosnd, 


if s<Z, where the sum extends from zero to infinity. 
/,, and K,, are the modified Bessel functions of the first 
and second kind. It follows from this expression by 


A. Erdélyi, Higher Transcendental Functions (McGraw-Hill 


Book Company, Inc., New York, 1953), Vol. II, p. 44. 
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DE WIT 
integrating and making the appropriate substitutions, 
using (13) and the relation a<a+ro=p, that 


ss 


1 
f dy cosmpK \(nP/ p)=Im(na/ p)K m(np/ p). 


T ) 


So we finally obtain for A,, after making use of (6) 
and (7) in the first term, 


1 r 
J dy{In[ (L+2s)(L—2zs) ]—In(P?)} 


To 


+4 >> /,,(na/p)K,.(np/ p) 
n=! 


In{ (+ 2z2)(L—2s) ]|—2 Inp+45, 


where we have defined 


S= ¥ 1,(na/p)K,(np/ p). 


n=l 


B. The Dislocation Potentials 


With the help of the magnetic vector potential 4, 
found above, it is now relatively easy to evaluate the 
dislocation potentials B, by a simple trick. Since from 
(11) we can write 


4 i pr? 
“(ye 
Op R R’ 


it follows from (9) and (10) that we have between B, 
and A. the relation 


24,—pdA,/dp. 


If we use (16) in this expression, taking into account 
the dependence of the first term on p through (6) and 
(7), we obtain 


B,=2 \In{ (L+22)(L—2z) ]—4 Inp+8S—2 
—4pdaS/dp. (18) 
It is possible to evaluate the dislocation potential 
B, in (10) by an entirely analogous procedure. The 

result is 

2a” p° os a oT 
~§-1 +4e—, 
p ap p ap 


(19) 


where we have defined 
T= > 1,/(na/p)K»'(np/p). (20) 
n=l 


The J,’ and K,’ represent the derivatives of the Bessel 
functions with respect to their arguments. 
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V. THE SELF-ENERGY OF THE HELIX 
A. General Expression 


If we substitute (16), (18), and (19) in (8) the 
integration is elementary and we have the result 


1b?) m [a os¢T 
a a arvas 22 
4 'm—I1Lp’ Op\p’ 
)] | 


dar 9-29), 
P 


(21) 


This is the self-energy of a helical dislocation. In this 
expression S and 7 are given by (17) and (20) and 
p=a+ro; p is the pitch of the helix as illustrated in 
Fig. 1, a and L are the radius and length of the cylinder 
on which it is wound, and G and m are the modulus of 
rigidity and the reciprocal of Poisson’s ratio. The 
approximations used are that there are many turns 
(V>>1) and that the cylinder is long (L>>a). 


B. The Tightly Wound Helix 


If we set p<a, then the helix is tightly wound, in 
other words the turns are close together. It is then 
possible to evaluate S and T more explicitly by using 
the following asymptotic expansions of the Bessel 
functions as x—> ~: 


I ,(x) 
K(x) 3 (24 x)—e 


> (2rx)—he?, 


If we substitute these in (17) we have to first order in 
p/a, using ro=p—a, 

SD bp(ap)-ine-n10/ 9 = 
A further simplification in this expression can be made 
Since ro represents the half-width of the dislocation and 
2rp the separation between two consecutive turns 
along the axial direction, it is reasonable to expect that 
ro<2mp. Actually, as we saw at the beginning of this 
paper, we have in many cases that 


{¢_= tb<Kp, 


—}p(ap)* In(l—e"’”). 


i.e., the turns are separated by a distance much larger 
than the dislocation cross section. Therefore we can 
write 
S~—}p(ap)“ In(ro/p). 

If we are calculating /, in (21) only to second order, 
i.e., only to terms of order a*/p*, a/p, and 1, then S is 
negligible since it is of order p/a. 

However, the contribution of 7 is significant. We 
find, similarly, from (20) that T— —S. If we use this 
result in (21), we have to second order in p/a 


Gb?; m fa? (ap)} ro 
for os Rak acs RN 
4 (m—1Lp? p p 


2L 
+In— 1}. 
p 
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More terms can be obtained in this expansion by taking 
more terms in the asymptotic expansions of the Bessel 
functions. 

The energy expression can also be written in terms of 
the number of turns per unit length of the helix, which 
is defined by v=N/L. From (7) we find the relation 
2rpv=1. If we substitute p from this in (22), we have 


m 
E,= LG’ 
m—1 


{ v?ra?—}v(ap)*[In(2rvro) +1 }} 


Gb 2L 2m—1 
+L In—— | (23) 


4rl pp m—1 


This expression allows us to make a plausible physical 
interpretation of the result. The dominant term repre- 
sents the contribution to the helix of a cylindrical 
dislocation, i.e., a stack of closely packed circular 
dislocations.'' It can also be argued that 'the first-order 
term containing ro represents the influence of the size 
of the dislocation cross section; this is the term that 
can be improved by a better core calculation. Finally, 
the second order terms give the effect of the axial 
component of the helix. The self-energy of a straight 
screw dislocation is given by” 
Gb 2L 
L in—— 


4dr ro 


(24) 


2m—1 | 


m—1 


We see that the second-order terms in (23) represent a 
screw of half-width pexa rather than ro. 


C. The Nearly Straight Helix 


If we set a<p, then the helix will be stretched out, 
in other words it will be almost straight. It is now 
possible to evaluate S and T more explicitly by using 
the expansions of the Bessel functions for small argu- 
ments. We find that 


S— —} In(ro/p)+jappLy+In(ro/2p)— 4 J, 
T — — 5p’(ap)™ In(ro/ p) +4 Ly +In(r0/2p)+3+4/p ], 


where y=0.577 is Euler’s constant. If we use these 


), 
results in (21), we have to second order in a/p 


70" 2. 2m—1 ap 
L—}l|n — 


tx | Lal 


m—1 }p* 


m+1 ry 5m—1 
x|2 (v+in ): i (25) 
, w~! 2p m—1 


We see that here the dominant terms represent the 
contribution to the helix of the straight screw dis- 
location, Eq. (24). The second order terms can be said 


1! Reference 7, Eq. (19.4). 
2 Reference 7, Eq. (17.4). 
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to give the effect of the interaction between turns of the 
helix. 


VI. CORRECTION FOR A RETURN LOOP 


As mentioned before the above expressions for the 
self energy are incomplete since the helix is not a closed 
line. The addition of a return loop will remedy the 
situation (Fig. 2). It can be shown that the total energy 
for the helix and its return loop can be written 


E,=EA+E PLE". 


Here EF,‘ is the self-energy of the helix found above in 
Eq. (21). If the return loop is a straight line of length 
L running parallel to the helix from z=}L to z= —}L, 
then E,? is the self energy of a straight screw given by 
(24). The quantity E£;4% is the interaction energy 
between the helix A and the return loop B. It is found 
by setting 


Po pd’, 
o=0, 


, 
p =a=const, 2 


p=h=const, 


where h is the distance between the return loop and the 
center of the helix. These relations can be substituted 
in the expressions (1), (2), (3), (4), and (5) and the 
calculation carried out, remembering that the result 
must be multiplied by the factor 2 for the interaction 
energy. We assume that L>h2a, so that the return 
loop is close to the helix but not inside it. If we also use 
the previous approximations that V>1 and L>a we 


find that 
Gb’y 2L 2m-—1 
E,448=—-L-— in -— | 


2x h m—1 


Finally, if we substitute these results in the above 
expression for the total energy we have 


Gb?{ m fa’ 0/T 
L- —+2app ( ) | 
4 (m—I1Lp’ Op\ Pp 


+In 


E,= 


h? | 
-+25 >. 
~~ 4 


(26) 


For the case where <a, i.e., when the return loop is 
inside the cylinder, we obtain the same expression with 
h replaced by a. 

For p<a the above expression reduces in second 


order to 
Gb?{ m fa? (ap)'/ 1% he? 
| (in“41) fn ; 
4r |m—1 P* p p pro 


E,=L—}{—_| —- 
and for a<p to 
Sm— | 


Gb*y hk? apf m+1 ro 
E,=L— {in —— |2— (v4 ) 
4dr ro" 4p* mi— 1 2p 
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DE 


The dominant term in the last expression, 


Gh? oh 
L— |In—, 
2r To 


gives the self and interaction energies of two straight 
screw dislocations separated by a distance h. 


VII. CONCLUSION 


If we let a and NV be constant but vary p, which is 
proportional to L by (7), then we keep the projected 
area ma*.V of the helix constant, while its length varies; 
in other words we let the helix change its shape by glide 
but not by climb. It is then seen from the above ex- 
pressions that the total self energy /, for the case pa 
will decrease with increasing p, while for the case a<p 
it will increase with increasing p. That is a tightly wound 
helix will try to extend itself while a nearly straight 
helix will try to compress itself. An equilibrium position 
must exist for some intermediate value of p, found by 
minimizing E,. This position will readily be assumed 
when glide is easy. 

Now consider the case where we let L and ra?N be 
constant but vary .V, and consequently also a and p; 
in other words we are considering a dislocation segment 
between two points separated by a distance L, at which 
a certain number of vacancies (proportional to 2a?) 
have condensed or evaporated. The final result can be 
a helix with few turns of large radius or with many 
turns of small radius. A rough calculation using the 
above expressions shows that the total self energy E, 
increases with increasing .V. On energy grounds then 
we would expect helices of few and large turns. However, 
helices of many turns seem to be the experimental rule; 
this could be the result if vacancy redistribution along 
the dislocation is slower than in the lattice. 

It is seen in this paper that a rather general expression 
can be derived for the self-energy of a helical dislocation 
without too much difficulty. The result, Eq. (21), 
involves the little known functions S and 7, Eqs. (17) 
and (20). However, these functions can be evaluated 
to arbitrary precision in terms of elementary functions 
in the two limiting cases of small and large pitch. We 
find that this leads to physically meaningful results for 
the self-energy. The dislocation core is treated roughly 
and taken into account by the single parameter ro. 
This is a consequence of using continuum theory and 
of our ignorance of the core structure. Two further 


Fic. 2. The helix with a 
return loop. 
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limitations on the result of this paper are that we use 
isotropic theory and an infinite medium. The mathe- 
matical complexities of the theory would be multiplied 
considerably if both these simplifications were not made. 
Finally, since the general formulas require closed dis- 
location loops, we close the helix with a return loop. 
This eliminates spurious and possibly misleading terms. 


PHYSICAL REVIEW VOLUME 


HELICAL 


ae 6, 


DISLOCATION 


ACKNOWLEDGMENTS 


The author wishes to express his sincere appreciation 
to Professor Frederick Seitz for suggesting this problem 
and for his guidance throughout the course of this work. 
He also wishes to thank Professor J. S. Koehler and 
Professor Robb Thomson for helpful discussions and 
suggestions. 


NUMBER 3 NOVEMBER 1, 1959 


Optical Absorption in Pure Single Crystal InSb at 298° and 78°K* 


S. W. Kurnickf AND JoHn M. Powettt 
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The absorption spectra of single crystal homogeneous InSb 
were measured in the spectral range 5 to 10 microns at tempera- 
tures of 78°K and 298°K. Primary emphasis was placed on the 
precise determination of absorption coefficients less than 400 cm. 
Absorption spectra were measured in many samples over the 
following range of impurity concentrations. Net impurity concen- 
trations, expressed in atoms cm™, ranged from 5X 10" to 9.5X 10!6 
in p-type samples, and from 2X10 to 3X10" in n-type samples, 
as determined from Hall coefficients measured at 78°K. 

In general, the spectral range covered included regions where 
the absorption was dominated by either free-carrier absorption or 
valence-conduction band transitions. Free-carrier absorption in 
p-type InSb indicates a simple valence-band structure about 
k=0, consisting of light and heavy hole bands. Free carrier cross 


I. INTRODUCTION 


HE measurement of infrared absorption is a 
standard procedure in studying certain properties 
of semiconductors. When applied to InSb, these meas- 
urements have yielded a reasonably clear picture of 
band structure and effective masses, free carrier 
absorption, and lattice vibrations.’~* In addition, many 
attempts were made to interpret the shape of the band 
edge,’~* and more recent studies have been made on 
the interaction of impurities (donors or acceptors) with 
the band structure itself.!°" 
The purpose of our measurements was to evaluate 
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sections at 298°K are ¢p=8.65X 10-6 cm? per hole and ¢,=0.23 
X 10~'6 cm? per electron (at 9 u). Whereas the free hole absorption 
coefficient is roughly independent of wavelength, the free electron 
absorption o, varies as \? and agrees well with the classical Zener- 
Drude model. 

The main absorption edge at both temperatures may be 
extended to lower absorption coefficients a by subtracting the 
extrapolated free carrier absorption coefficients a. The resultant 
band edge In(a—a-) values when plotted against the photoenergy 
(hw) fits a straight line. The slopes of these band edges increase 
at the lower temperature and decrease (either at 78° or 298°K) as 
the acceptor concentration in the optical sample increases. Various 
models previously proposed are compared with the experimental 
results. 


the edge absorption and the free carrier absorption of 
InSb with more than ordinary emphasis upon the 
precise evaluation of absorption coefficients and the 
quality control of the semiconductor material. This 
detailed data on the absorption edge shape, as well as 
the shift in its effective cutoff, will be used to compare 
the various band edge interpretations. 


Il. EXPERIMENTAL DETAILS 
A. InSb Samples 


A summary of the InSb material used is shown in 
Table I. The samples were cut from large single crystals 


TABLE I. InSb samples. 


lotal impurity 
concentration® 
(cm~) 
2.1 10'"n 
3.0X 10'"n 
4X10" 
2.7X10'*p 
2.5 10'®p 
9.5X 10!%p 


Net impurity 
concentration® 
(cm~) 


2.07 X 10!" 
2.95X 10!" 

2X 10'n 
2.75X10'*p 
2.52X 10!*p 
9.5 K10'%p 
6.6 X10'p 


Mobility 


(cm?/volt-sec)> 


43 600 
38 500 
192 000 
2900 
3060 
1650 
4550 


Specimen 
(see Figs. 3 and 4) 


* Concentrations determined from Hall coefficient measurements at 78°K 
and defined as 1/eRu. 

b Mobility determined from Ruo =yB at 78°K 

¢ Reference 12. 
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to minimize inhomogeneities; the crystals were grown 
by pulling from the melt. The samples ranged in im- 
purity concentration from 5X 10"* to 9.5 X 10"* acceptors 
cm, and from 2.0X10 to 3.010" donors cm~. 
These values were determined from the Hall coeffi- 
cient measured at 78°K by means of the relation 
Na—Np=(eRaz)™. At room temperature the carrier 
concentrations for the purer samples were essentially 
intrinsic with a concentration of 2X 10'® carriers cm™ 
in both the valence and conduction bands. The extent 
of compensation is of considerable interest. The tabu- 
lated mobilities are sufficiently high to indicate that 
compensation” is slight. 

The crystals were sliced perpendicular to the direc- 
tion of growth; each slice (about 1 sq inch in area) 
provided an optical blank {-inch in diameter and Hall 
measurement blanks from which was determined the 
extrinsic concentration of impurities at 78°K, and the 
uniformity of the transmission blank. (The Na—NVp 
concentration was determined from the Hall coefficient 
measurements; the mobility” was used as an index to 
the amount of compensation.) Samples of measurable 
nonuniformity were rejected. Thickness of the optical 
blanks depended upon the requirements of the trans- 
mission measurements and ranged from 0.08 mm to 
3mm. 

In the optical blank parallel surfaces were of great 
importance. To prepare the sample, low melting salol 
(40°C) was used to cement the sample to a steel block 
ground parallel to about 2 u. The sample thus mounted 
was placed on the magnetic chuck of a surface grinder 
and ground to near-optical flatness with a 600-grit 
silicon carbide wheel. The surface was then optically 
polished by hand on a slightly convex pitch lap using 
0.5 micron abrasive (Buehler Lts. 1551 AB) alumina in 
water with green soap. Then the salol was dissolved in 
methyl alcohol and the sample turned over, re-cemented, 
ground to the desired thickness and polished. Thickness 
was then measured and the sample checked for parallel 
surfaces, which were held to 0.0002 cm for thicker 
samples, and to 0.0001 cm for thinner ones. Flatness, 
checked with an optical flat, was within } micron. To 
further insure against the effects of nonparallel surfaces, 
a stop was placed in the optical system to restrict 
illumination to the central area of the sample. 


B. Optics 


Transmission measurements were made with a double 
monochrometer (Beckman IR-3) which has been de- 
scribed by Donner." The sample and cryostat were in 
the analyzed beam. The spectrophotometer optics were 
located in vacuum except for the thermocouple 72 and 
its collecting mirror. These were placed in a dessicated 
plastic box (see Fig. 1). Following along the optical 
axis from the exit slit, the periscope plane mirrors M, 

12 A. J. Strauss, J. Appl. Phys. 30, 559 (1959). 

13 W. Donner, Electronics 28, No. 11, 137 (1955). 
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and Mz reflected the infrared beam to the spherical 
mirror M;. The beam then passed through a doublet 
field lens M,, then through the multiple cryostat 
windows (not shown in Fig. 1) and specimen S to the 
collecting mirror M; and finally to the thermocouple T>2. 
The field lens M, imaged the mirror M; on the sample. 
The spherical mirror M; focused the exit slit onto the 
field lens M,. The collecting mirror Ms focused the 
rays onto the collecting face of the thermocouple 
detector T:. Great care was used to assure that the slit 
image remained on the thermocouple and that such 
small shifts as did occur did not interfere with measure- 
ment accuracy. (These shifts occurred when the 
cryostat window was removed for insertion of the blank 
and replaced.) The cryostat was vacuum-insulated, 
and the sample-chamber was arranged so that it could 
be filled with helium gas to effect heat exchange between 
the cooled walls and the sample. This arrangement re- 
quires four-vacuum-tight windows, two of which have 
to withstand cooling. The cryostat followed the design 
published by McMahon é al.," but their spherical silver 
chloride windows and spherical seats were replaced by 
flat KRS-5 windows, teflon gaskets, and flat seats. 
The temperature of the sample was controlled to 
within 0.2°C. 


C. Procedure of Transmission Measurements 


A correction had to be applied to the recorded trans- 
missions to compensate for the effect of multiple reflec- 
tions between the many parallel surfaces of the cryostat 
windows. This effect was especially pronounced with 
KRS-5 windows, which had reflecting power per surface 
of 17%. Apparent transmissions were smaller than 
actual ones because the multiply-reflected rays that 
traverse the sample-space an odd number of times and 
contribute to the beam emerging toward the thermo- 





Fic. 1. Cut away view which shows the modified optical array 
of the Beckman IR-3 spectrophotometer and cryostat. Optical 
path starts from exit slit and terminates at detector 7: at right. 


4 McMahon, Hainer, and King, J. Opt. Soc. Am. 39, 786 (1949). 
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couple are attenuated on each passage through the 
sample. The difference between apparent and actual 
transmission was reduced by tilting the sample slightly 
(3°); analysis showed that with the tilted sample the 
apparent transmission 7” and the true transmission T 
were related by the formula 


1/T’= (1+a)/T—aT, (1) 


where a=0.089 for KRS-5 windows. This correction 
was verified experimentally. When the 7’ was measured 
with KRS-5 windows and a sample, and then com- 
pared with the 7 measured without KRS-5 windows, 
the computed 7 from Eq. (1) agreed with the measured 
T to within 3%. 

In the interpretation of the transmission data, care 
must be taken to allow for the influence of the slit 
width. The region in which the slit width plays a 
dominant role is that in which the transmission curve, 
as a function of wavelength (or photon energy) changes 
slope rapidly. Owing to the finite width of the slit and 
to diffraction, there will be overlapping of the slit 
images.!® This source of error can be partially corrected, 
with accuracy of the correction depending on the slit 
width used. The best procedure, of course, is to use a 
slit so narrow that the error introduced is negligible. 
Unfortunately, for the longer wavelength region (5-10 ») 
the problem of low signal levels sets a minimum to the 
narrowness of the slit available. A compromise was 
adopted by opening the slits somewhat and correcting 
for the overlap of slit images. 

The measured transmission 7” for the nominal slit 
width Co and wavelength \ determined the true trans- 
mission T(A) by the following relation: 


T (A) =T' (A) — (1/12) A2T’ (A)Ce? 
+ascending difference terms, (2) 








0.2 
THICKNESS (CM) 
Fic. 2. ‘Test for use of R=0.35 (n=3.90). The transmission 7° of 
a uniform sample was measured at two wavelengths beyond the 


cutoff as a function of thickness. The selection of R=0.35 is 
shown to be a proper fit by the linearity of the array of points 


16 W. E. Forsythe, Measurements of Radiation Energy (McGraw 
Hill Book Company, Inc., New York, 1937), p. 349. 
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Fic. 3. The plot of Ina vs fw (ev) at 78°K for samples of various 
extrinsic concentrations. Samples A, B, C and D are described in 
Table I. 


where the difference term was 
N?T"(A) = T"(A+Co)+T!(A—Co) —2T" (0). 


To find the proper slit width Co, runs were made with 
the resolving power as high as 0.0015 ev and compared 
with runs at a somewhat lower resolving power. The 
overlap correction [Eq. (2) ] was applied to the lower 
resolution run, then compared with the transmittancies 
of the high resolution run. When the comparison showed 
no difference greater than 5%, the greater signal 
available with somewhat opened slits enabled measure- 
ments to be taken to higher absorption coefficients. The 
resolution used most frequently was about 0.0025 ev. 

Since the reported values of the index of refraction 
of InSb range from 3.75 to 4.10, an independent value 
of R, the reflection coefficient, was determined from 
the transmission T as a function of thickness x. The best 
value for R was determined by plotting assumed values 
for R with the measured transmission versus the corre- 
sponding thickness. The criterion of linearity was used 
to determine R as 0.35 (n=3.90). Figure 2 shows 
Inf{{ (1—R)?/2T ]+[R?+ (1—R)1/4T? }}} vs x for a 
p-type sample (Hall concentration 2.1710" carriers 
at 78°K) for two different wavelengths. Other samples 
of different concentrations were also measured in the 
same way and were found to be in agreement with the 
value selected. 

The accuracy with which 7 could be measured as 
well as the range over which T could be measured for a 
given sample thickness determined the reliability of 
ax, the product of the absorption coefficient and thick- 
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Fic. 4. Extension of Fig. 3 data to lower photon energies at 78°K. 
See Table I for sample data. 


ness. Values of ax about 6.0 set the upper limit at which 
the Johnson noise of the thermocouple drowned out the 
transmitted signal. The lower limit ax=0.02 was deter- 
mined by the accuracy of the value given to R. To 
obtain a reliably wide range of a’s it was found important 
to use as many as several thicknesses for a sample. 


III. RESULTS AND DISCUSSION 


The absorption spectra for doped InSb samples at 
298° and 78°K are shown in Figs. 3, 4, and 5. For ex- 
trinsic concentrations and mobilities see Table I. These 
curves are each characterized by the presence of a 
strong absorption edge towards the higher photon 
energies, and a relatively flat region towards the lower 
photon energies. At both temperatures the flat region 
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Fic. 5. The plot of Ina vs tw (ev) at 298°K for samples of 
various extrinsic concentrations. Samples a, b, c, and d are de 
scribed in Table I. 
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is dominated by free carrier absorption and depends on 
the impurity concentration. 

The steeply rising portion of the absorption curve 
will be interpreted in terms of transitions from the con- 
duction band to the valence band. For the more highly 
doped n-type material the steeply rising band edge 
shows the Burstein effect.'® This shift of the edge 
towards increased photon energies is ascribed to the 
filling of the bottom of the conduction band and is 
apparent at both 78° and 298°K (samples a, A). 

A comparison of Roberts and Quarrington’s data’ 
with ours (Figs. 6 and 7) shows a sharper rise of our 
band edges at the same temperature. Furthermore, 
their data at temperatures below 78°K shows only a 
shift in the band edge and no change in shape. There is 
a possibility that their high curvature region could be 
interpreted as nothing more than the rounding off of 
absorption readings between the sharply falling portion 


103; 


Fic. 6. Comparison of 
Roberts and Quarrington 
data (~—) with ours (——). 
Observations taken at 78°K. 
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and the flat portion (slit-width overlapping). Our data 
utilized slit-widths so small that the high curvature 
region may be interpreted as a definite property of the 
InSb absorption and not of the spectrophotometer slits. 


A. Free Carrier Absorption 


In Fig. 8 the free carrier absorption is shown as a 
function of the doping determined from 78°K Hall 
measurements. The photon wavelength at which the 
free carrier absorption was considered was 9y at 
298°K and 8 wat 78°K, just beyond the intrinsic absorp- 
tion edge. 

At 78°K the hole optical cross section is some 215 
times greater than that of the conduction band elec- 
trons. However, the room temperature data requires 
more analysis. Assume that for the doping concentra- 
tions used, ¢, and oy, the hole and electron absorption 


16 EF. Burstein, Phys. Rev. 93, 632 (1954). 





OPTICAL ABSORPTION IN 
cross sections, are both independent of the impurity 


concentration; then the absorption constant is 


a= ppotonno. (3a) 


Furthermore, the mass action equation holds for slight 
impurity concentrations, and the equation for electrical 
neutrality gives 

(3b) 


(3c) 


Nopo= n,", 
po—No= Na—Np. 


Solve for po and mo between Eqs. (3b) and (3c); then 
inserting the results in Eq. (3a) the absorption coeffi- 
cient a, is given directly in terms of V4—Np and n; 


a= 3 (gp—On)( Na—Np) 
Na—Np 


+ni(op+on) +(— — ) 
2n; 


244 
|. (4a) 


—_ 
| 
| 


BIR i 298°K 
| ROBERTS AND QUARRINGTON (282°K 
|KURNICK AND POWELL (298°K) 


= } 
b 
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Fic. 7. Comparison of Roberts and Quarrington 
data (-- 282°K) with our data ( 298°K). 


When 2,, the intrinsic concentration, is sufficiently 
small, the hyperbolic plot of a vs (V4—Np) becomes 
so sharp at the origin, that Eq. (4a) breaks down into 
the two asymptotic solutions 


a=0,(N4a—Np) and a=oe,(Np—Na). (4b) 


These conditions hold at 78°K when n;~ 10° cm~*. 

At 298°K the ratio (V4—Np)/2n; is no longer large 
compared to unity and the absorption curve is hyper- 
bolic. To test the two asymptotes, contours were drawn 
for n;=2X10'® cm and 1X10'* cm where the a’s 
were calculated using the values of o, and o, of the 
asymptotic slopes (see Fig. 9). 

The best fit is that for 2;=1.510!®, which is close 
to the accepted value 7;= 2X 10!® cm=$ at 298°K. From 
the asymptotic slopes 7,= 8.65 X 10~'* cm? and ¢,=0.23 
10-6 cm? and their ratio is about 40, That the 
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Fic. 8. Absorption coefficient versus extrinsic doping as determ- 


ined by 78°K Hall coefficient measurements. The temperatures at 
which these measurements were made were 298°K and 78°K. 


asymptotes have different slopes at different tempera- 
tures shows that the scattering mechanism does not 
remain the same. Whereas the free hole cross sections 
did not vary with photon energy, those for the more 
heavily doped n-type material did increase according 
to a A? dependency.! 

As a check on the observed absorption cross sections 
of the conduction band electrons, the effective mass 
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Fic. 9. Analysis of 298°K absorption coefficients versus extrinsic 
concentration as determined from Hall coefficient data taken at 
78°K. The asymptodes A and A’ were first drawn in to determine 
o, and gp, the optical cross sections. The two curves drawn for 
n;=1X10'* and 2X 10'* cm= bracket the observed concentration. 
Best fit is determined by n;=1.5X 10!® cm~ at 298°K. The symbol 
A on the right-hand side of the figure should read A’, 
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may be calculated from the Zener-Drude model'’ in 
which 
en? 


On> (3) 


~ ’ 
nem*y 


the mobility ~.=e7r/m* is introduced after converting 
7.6X 104 cm? volt sec to esu. The effective mass ratio 
m*/m=0.025 is derived for \=9 microns in good agree- 
ment with the effective mass derived by other methods. 

For p-type material, the shape of the free hole ab- 
sorption vs photon energy hw is flat.! This obviously 
different functional dependence of the absorption on hw 
can be tested for a valence band structure similar to 
that proposed for p-type Ge by Kahn.’? His model for 
p-type Ge utilized a simple band structure about k=0 
of both heavy and light hole bands. The free hole ab- 
sorption was attributed to scattering between these 
valence bands. 

If one uses the same model for p-type InSb and 
calculates the absorption coefficient at 298°K for the 
free holes, then ¢,=3X10~'* cm? at 9y, with the as- 
sumed heavy hole mass 0.20m and the assumed light 
hole mass 0.03m. This is to be compared with the 
measured value ¢,=8.6X 107!* cm’. 


B. Edge Absorption 


The shift of the band edge towards higher photon 
energies as the sample becomes more and more n-type 
has been previously interpreted (Burstein effect'®). How- 
ever, there is another shift of the band edge in the 
p-type material which moves the edge farther into the 
infrared with higher acceptor doping. If the extrapo- 
lated free carrier contribution a, is subtracted from the 
observed a’s close to the more strongly absorbing band 
edge, the plot of the absorption edge In(a—a,) vs hw 
may be approximated by a straight line. This is demon- 
strated in Fig. 11 for samples 8’, B’ and c’, C’ at both 
temperatures (see Table I). The quantity In(a—a,) 
shows two definite trends: (1) as the sample becomes 
more and more p-type, the band edge slope becomes 
less steep; (2) the band edge for a given concentration 
becomes steeper upon cooling to 78°K. Except for the 
dependency of the slope of the band edge upon the 
acceptor concentration, the temperature behavior of the 
absorption data varies approximately as 


a=ag expLh(w—wo) ‘kT }. (0) 


Urbach'* has noted similar behavior in the silver halides 
and a number of other crystals. However, there has 
been no detailed analysis available as to why the 
absorption should follow Eq. (6). This effect was first 
observed by Roberts and Quarrington’ and an attempted 
interpretation was made by Stern and Talley” on the 
limited evidence available. They explained the shift to 
be due to hydrogenic impurities interacting with the 


17 A. H. Kahn, Phys. Rev. 97, 1647 (1955 
‘SF, Urbach, Phys. Rev. 92, 1324 (1953). 
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band edge. For this shift to occur the impurity concen- 
tration must be so large that impurity levels are no 
longer well separated from the main band edge. Their 
criterion for the minimum concentration was 


Ninin= 3X 103 (mese/mx)? cm, 


For p-type and n-type InSb their computed threshold 
concentrations were N>5.0X 10" acceptors cm~ and 
N>2X10" cm. With such a low concentration re- 
quirement the shift should be noticeable for n-type 
material, if it were not for the larger shift of the cutoff 
towards the visible (Burstein effect). The p-type InSb 
samples used in our experiments do not fulfill the com- 
pensation requirements. The p-type samples are not 
compensated sufficiently (see Table I). However, a 
bigger objection is that the shift of the band edge 
towards lower photon energies increases well below 
5X10" acceptors cm~, 

Another objection may be raised as to whether the 
lowest energy level of the band is sufficient to interpret 
a model. The distribution of the density of states in the 
bands should also be considered. 

There are many imperfection types which may cause 
the edge of the cutoff to spread into the forbidden band: 
dislocations, impurity atoms, and lattice vibrations 
(acoustical and optical modes)."® The common charac- 
teristic of these imperfections is their ability to break 
down the selection rules of the host crystal. Ordinarily, 
the host crystal, without imperfections, would comply 
with direct transitions in which an exciting photon 
would kick an electron across the gap with conserva- 
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Pic. 10. Subtraction of the extrapolated free-carrier absorption 
from the absorption coefficients near the band edge results in an 
extended linear plot of In(a—a,) vs hw. Shown resolved are 298°K 
data of samples 6, c, and d. 


*D. L. Dexter, Proceedings of the Conference on Photoconduc- 
livily, Adantic City, 1954, edited by R. G. Breckenridge, ef al, 
John Wiley & Sons, New York, 1956). 
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tion of wave number between the initial and final states 
as well as conservation of energy. The shape of the 
band edge for such direct transitions, according to 
Bardeen, Blatt, and Hall would be precipitously steep.” 
The cause for spreading of the absorption edge has then 
been ascribed to indirect transitions aided by phonons. 

By an indirect transition we mean a second order 
transition through a virtual intermediate state which 
involves scattering in k space by the absorption or 
emission of a phonon in addition to the usual absorption 
of a photon. The breakdown in the selection rule, in 
this case, occurs when k’— k=q, the phonon momentum. 
Such a model where both the valence and the conduc- 
tion band extrema occur at k=0, has been proposed by 
Dumke.’ This section will emphasize the detailed 
analysis of the band edge shapes where the indirect 
transitions play an important role. 

As an example, Fig. 11 shows semilog plots of the 
measured absorption coefficients vs photon energy 
which are to be compared in shape with that computed 
from other models. A semilog plot was selected to 
compare shapes since the models proposed only provide 
the relative absorption coefficients and not their 
absolute values. The contribution from the free carriers 
has already been subtracted away. Figure 11 shows 
more plots of the 78°K data with the residual absorption 
subtracted away. Band edge shape of Dumke’s optical 
mode model is to be compared with our experimental 
data. An additional interpretation utilizing a screened 
potential is also shown for comparison. See Appendix | 
for the analysis of the screened potential model. It is to 
be pointed out that the absorption curve is steepened 
at 78°K. At 298°K the shape is adequate and the 
proposed models appear consistent for the optical mode 
with an equivalent temperature. However, unexplained 
is the temperature and acceptor density dependency. 
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APPENDIX I 


Of further interest is the application of phonon- 
electron interaction for interpretation of the tail of the 
absorption band edge. Dumke’® has utilized a simple 
band structure with extrema at k=0 to interpret the 
band edge shape by an indirect transition mechanism. 


2 RP ai*u . 
ant SMFal Fay Cy 
(2r)* nem*AEg : 


| Axx |*6L AE+ (ark?+a-k”)h?/2m—hw— k6 | 


[AE+ (a»+a,)h?k?/2m—hw |? 


The square of the momentum operator (| Py<|*)ay Was 
averaged between the valence and conduction band 


» Hall, Bardeen, and Blatt, Phys. Rev. 95, 559 (1954). 
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Fic. 11. Comparison of resolved band edge shapes at both 78°K 
(B’ and C’) and 298°K (b’, c’, and d’). Edge shapes of proposed 
models are 7; and T2. In Dumke’s analysis, 7 the scattering 
potential |x|? is taken to be constant and independent of 
k and k’. An extension of Dumke’s analysis to a screened scatter- 
ing potential is shown by curve T:. Note.—The symbol D’ in the 
figure should read d’. The symbol B’ in the lower left-hand corner 
of the figure should read 6’. 


over all directions of polarization of the phonons. The 
other matrix H,, was the element for scattering be- 
tween k and k’ in the valence band by absorption of a 
phonon of energy 6. 

The scattering matrix on which Dumke based his 
conclusions was | 1;4°|?= | 6?| (exp6/T—1)~ where | 6?! 
is independent of k’ and k. The absorption coefficient 


A 4 
é/T-IL ( o?@—1)! 


4 e?m|B| (| Poc|?) av 


where 


mr nch®AE(aya,)'(1+a,./ay)* 


Z | ké | 
—{- ee. 
1+a,./a,'hw+kO—AE 


His conclusions for the best fit of the Roberts and Quar- 
rington data at different temperatures was the selection 
of the ratio of the effective masses a,/a,»=5. Inserting 
x0= 290°K, the relative absorption coefficient was com- 
puted and is to be compared with the experimental 
band edge curves for shape in Fig. 11. 

Another form for the scattering matrix included the 
effects of polarization by the optical phonons and the 
screening by other mobile carriers.’ Inserted for 
| Hix |? was 

| (k—k’)? 


Hyx |? ~ ; 
é/T—1 [ (k—k’)?+08? }? 


where 6?= 41re?(no+ po)/n’kT is the reciprocal square of 


21H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 
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the Debye-Hiickel screening length and |I*| is inde- the terms ¥, ¢, ®, and A were defined as 
pendent of k and k’. The results will differ from Dumke’s 
nomenclature only in the interchange of a, and a, to 
consider hole instead of electron transitions because of 
the many more states in the valence band. 

After some mathematical manipulations 


1—a,/a. 
y=, 
1+a,/a. 


k6 
ety=(1+y)——., 
1 €?(| Peel?) [2] (e*—1)"'9 hwt+kO—AE 


ar , and 
(23)? nch®AERO (1+a,/a,)*a a, 


A= (+ gf)?+ (¢—-1)(1-P). 


where the term 9 was found to equal 


y\! 0T?—1 
nal 
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In Fig. 11, the computed shape of a (in relative units) 
vs the photon energy fw is shown for the two cases 
b+*=2X10® cm for (mo+po0)=4X10' cm and 


a,/a-=0.1 and for the case | Hi.x-|?= | 6?! /(e®/7—1). 
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Nordheim’s Theory of the Resistivity of Alloys 


GrorGE L. HALL 
RIAS, Baltimore, Maryland 
(Received June 8, 1959) 


Nordheim’s theory is extended to account for (1) ionic potentials that extend outside the unit cell, and 
(2) order of any range. It is shown that the original theory is less approximate than is generally asserted. 
As an incidental result, it is also shown that Flinn’s electronic theory of order can be extended appreciably. 


INTRODUCTION 


T is generally recognized that Nordheim’s theory! of 
the resistivity of binary alloys that form continuous 
solid solutions has only a qualitative significance. 
Nevertheless there still seems to be an interest?* in this 
theory, probably because no acceptable theory has 
been published except for dilute solutions. It therefore 
should be of interest to prove, as is done in this note, 
that the usual form of the theory, say Jones’,’ is less 
approximate than is usually asserted [Jones’ equation 
(25.6) is exact]. The theory is also easily extended: 
(1) to account for ionic potentials that extend outside 
the unit cell, and (2) to account for order of any range. 
In order to prove these facts, the order parameter of 
Cowley‘ is introduced using essentially Flinn’s notation 
from his article® on the electronic theory of local order. 
(It is also incidentally proved that three of Flinn’s 
approximations exactly cancel.) 


THEORY: AN EXTENSION OF NORDHEIM’S THEORY 
OF THE RESISTIVITY OF BINARY ALLOYS 


We imagine a disordered lattice of A- and B-atoms. 
Let the rigid potential associated with an A-atom be 


1 L. Nordheim, Ann. Physik 9, 607 (1931). 

2N. V. Grum-Grzhimailo, Fiz. Metal. i 
Nauk S.S.S.R. Ural. Filial 5, 23-29 (1957). 

5H. Jones, Handbuch der Physik edited by S. Fliigge (Springer- 
Verlag, Berlin, 1956), Vol. 19, p. 269. 

4 J. M. Cowley, Phys. Rev. 77, 669 (1950). 

*P. A. Flinn, Phys. Rev. 104, 350 (1956). 
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U(r) and that associated with a B-atom be Uz(r), 
where both U4(r) and U,(r) do not necessarily vanish 
outside the unit cell. Then the total potential U(r) is 
given by 


U(r) = Uz(r—*). (1) 


ie 


A-atoms 


Ua(r—*)+ 2 


B-atoms 


In order to decompose this into a more workable form, 
we introduce a function C, defined at the lattice points 
as follows: 

C,=mp), if an A-atom is at 


= —m4,, if a B-atom is at ¢, 


where m; is the concentration of the ith component. 
Further, we define an average potential 


U(r) =D {m4U 4(r— 2) +-mpU 2(r—*)}, (2) 


which is periodic, and a ‘‘difference potential” 
U(r) => CU 4(r— 2) —Up(r—*)} 

=> C,AU(r—*), (3) 
which is disordered. Clearly, we have that 


U(r)= U(r) + U2(r). 


We next imagine we have the exact Bloch functions 
for the average potential (2) and then perturb these 


(4) 
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Bloch functions with the difference potential (3). The 
matrix element for the k’ to k scattering is 


(k’| U2 (r)|k) -— fi V™ uC. AU (r—s)¥x(r)dr 


-—¥ Cc a | eti(k-k’) 1 (r—)dr, (5) 
d vol 


where, 


(x)= uy’* (x) AU (x) uy (x). (6) 


Since we apply periodic boundary conditions to the 
perturbed as well as to the unperturbed problem, (x) 
is periodic with the period of total crystal. Thus we 


have, 
LLC of fe iAk-(r—z) 


(k’| U2( 
X(r—s)b*(z—n)drdz. 


i 
r)|k)| va? 


(7) 


Letting y=r—z and s=n+7, find that (7) 


reduces to 


we 


cistrdy f &(z—n+y— 2)*(2—n)dz 
1 


vol vo 


1 
—> af e*4k-1O(r— )dr, 
(NQ)? + vol 

where 


O(r) =| @(x-+r)b*(x)dx, (9) 
vol 


and 
@e=) 0 Coen tT 


[It will be noted that Q(r) is an autocorrelation 
function which has a particularly simple interpretation 
in the free electron case where uy(r)=1.] We denote 
the integral in (8) by /(k’,k,+), so that 


(10) 


| (k’| U(r) |k)|2= > @,/(k’,k,s), 


2 + 


1 
- (11) 
( 
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which is equivalent to Jones’ equation (25.5). The @, 
is an order parameter differing from that used by Flinn 
only by a normalizing constant Vmams. We refer to 
Flinn for a discussion of it, but we need to point out 
Flinn’s article contains a small error which is important 
to us here. He states that for'random solutions, a, is 
zero for all <; we correct it to-read “for random solu- 
tions, a, is zero for all nonzero +.” This is simply 
verified. Thus, we have for random solutions, 


| (k’ | U(r) |k) |2= (12) 


1 
—— @ol (k’,k,0), 
(NQ)? 


Qo= Nmamz, (13) 
which proves that the second sum in Jones’ equation 
(25.5) is identically zero for random solutions even if the 
rigid atomic potentials extend over more than one cell. It 
is further seen from (11) how order of any range enters 
to modify Nordheim’s theory. Contrary to what one 
might gather from Seitz’s statement,® short-range order 
can invalidate Eq. (12); i.e., Seitz’s Eq. (9) or Jones’ 
Eq. (25.6). 

Note that if (11) is used in an energy calculation, it 
yields only pair interactions with @, giving the number 
of pairs separated by a distance t, where A—A, A-B, 
and B-B have the weighting determined by the 
definition of C,. Thus we see that @o corresponds to a 
self-energy. In the case of random solutions, pair 
interactions (or double scattering) are accounted for, 
but the negative weighting of the 4—B and B-A pairs 
just cancel the contribution of the 4—4 and B-B pairs 
except for +=0. 

Finally, it should be pointed out that Flinn® 
necessarily restricts himself to potentials that go to 
zero at the cell boundaries, and then arrives at an 
integral over the unit cell [his Eq. (36)]. He then 
inserts potentials which are not zero outside the cell 
and replaces the integration over the unit cell by an 


un- 


integration over all space. From the development above, 
it is clear that these three approximations exactly 
cancel. 


®F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 543. 





PHYSICAL REVIEW VOLUME 


116, 


NUMBER 3 NOVEMBER 1, 1959 


Resistance Transitions in Superconducting Tantalum} 


D. P. SerapHm™m AND R. A. CONNELL 
International Business Machines Research Laboratory, Poughkeepsie, New York 
(Received June 3, 1959) 


A study has been made of the superconducting to normal transition in outgassed tantalum wires induced 
by the application of an external longitudinal magnetic field. It was found that in most cases the transition, 
as determined from resistance measurements, consisted of an almost discontinuous appearance of resist- 
ance; followed by a rather gradual rise in resistance until the full residual resistance was restored. Flux 


measurements showed that the sharp portion of the transition corresponded to the magnetic, or ‘bulk’ 


transition. The behavior of the broad portion of the transition was of the type commonly associated with 
superconducting “‘filaments.’’ Although the “‘filamentary” properties were found to be extremely sensitive 
to localized contamination and the thermal history of a specimen, they did not appear to depend exclusively 
on such inhomogeneities, and a systematic variation with residual resistance could be discerned. Plastic 
deformation altered the characteristics only in proportion to the corresponding increase in residual resist 
ance. A small amount of supercooling which was independent of the “filamentary” phenomena was some 


times observed in the ‘“‘bulk”’ transition. 


INTRODUCTION 


HE anomalous behavior of the so-called “hard” 

superconductors, of which tantalum is a good 
example, has been described on numerous occasions in 
the literature (see Shoenberg'). Characteristically one 
finds, in varying degrees, (a) large critical fields for the 
restoration of resistance, (b) small critical currents, 
(c) broad resistance transitions, (d) an incomplete 
Meissner-Ochsenfeld effect, (e) separation of the resist- 
ance and magnetic transitions, and (f) flux trapping. 
In many respects the “hard” superconductors resemble 
some of the superconducting ‘‘soft” metal alloys so far 
investigated, (see reference 1, p. 37) for both exhibit 
to some degree the above departures fram what is con- 
sidered to be “ideal” thermodynamic behavior. Re- 
cently? there has been some evidence to indicate that 
in the transition metals these effects are not character- 
istic of the pure metal, but are due to the presence of 
interstitial nitrogen, oxygen, and carbon. 

In an attempt to explain the appearance of these 
phenomena in alloys, the concept of the superconducting 
“filament” was formulated.’ These “filaments”? were 
believed to be associated with some sort of crystalline 
imperfections, usually referred to as “flaws” or ‘‘strains 
and inhomogeneities,” (see reference 1, p. 37) which 
could give rise to a negative interphase surface energy 
in their vicinity.*-* Such a negative surface energy could 
be used to explain the existence of thin threads or 
laminae in the presence of magnetic fields well above the 
“bulk” critical field of the material. The nature of these 


{ This work was supported in part by the Department of 
Defense. 

1D. Shoenberg, Superconductivity (Cambridge University Press, 
Cambridge, 1952), pp. 9 and 37. 

2H. Preston-Thomas, Phys. Rev. 88, 325 (1952) 

3 A. Wexler and W. S. Corak, Phys. Rev. 85, 85 (1952). 

4L. C. Jackson and H. Preston-Thomas, Phil. Mag. 41, 1284 
(1950). 

5K. Mendelssohn, Proc. Roy. Soc. (London) A152, 34 (1935). 

6 T. E. Faber, Proc. Roy. Soc. (London) A214, 392 (1952). 

7C, J. Gorter, Physica 2, 449 (1935). 

§ H. London, Proc. Roy. Soc. (London) A152, 560 (1935). 


“flaws” and their detailed effect on the superconducting 
properties of a material remain something of a mystery, 
however. Pippard® has recently proposed a model in 
which he relates the surface energy to the electronic 
mean free path in the normal metal. Since, however, it 
could be a localized mean free path rather than the 
average mean free path that is the controlling factor, 
the experimental evidence’ is not conclusive. With 
the development in this laboratory of more refined tech- 
niques for the purification of tantalum, it seemed de- 
sirable to conduct a detailed investigation designed to 
determine the imperfections influencing the supercon- 
ducting properties of this material. 


PREPARATION OF MATERIALS 


‘The growth of single crystals and the purification of 
single and polycrystals of tantalum has been described 
previously.”* The specimens were two-inch lengths of 
0.010-in. diam wire and were all initially degassed by 
being heated above 2500°C. in vacua of 5X 10-8 to 10~° 
mm Hg. Calculations show that the annealing time 
employed at these temperatures is sufficient to provide a 
homogeneous distribution of interstitial contaminants.” 

The strained specimens were prepared at room tem- 
perature by twisting them through 80 revolutions per 
inch while under a tension, which produced an elonga- 
tion of about 5%. In addition specimens were strained 
by being bent sharply along their entire length several 
times. 

For the aging treatment the specimens were attached 
to a nickel wire and placed in a Pyrex tube which was 
then sealed onto the vacuum system. A magnet was 
used to position the specimens in a cool part of the 


* A. B. Pippard, Proc. Cambridge Phil. Soc. 47, 617 (1951). 

 P. R. Doidge, Trans. Phil. Soc. A248, 553 (1956). 

'T, E. Faber, Proc. Roy. Soc. (London) A231, 353 (1955). 

2 Budnick, Ittner, and Seraphim, Proceedings of the Kamerlingh 
Onnes Memorial Conference on Low-Temperature Physics, Leiden, 
Holland, 1958 (Suppl. Physica 24, S151 (1958). 

18 Seraphim, Budnick, and Ittner, Trans. Am. Inst. Mining Met. 
Petrol. Engrs. (to be published). 


606 





RESISTANCE 


system while the remainder was thoroughly baked out. 
The specimens were then dropped into a hot section of 
the system enclosed by a furnace which was pre-set at a 
desired temperature. Surface desorption generally caused 
the pressure to rise to the range of 10-* mm Hg but 
within a few minutes the pressure decreased to about 
10-7 mm Hg. During the major portion of the aging 
process the pressure was less than 5X 10~* mm Hg. 
There is sufficient evidence that the bulk purity of the 
specimens did not change significantly during the above 
treatment. As in previous work".!* the resistance ratio 
I'= (R300— Ra.2)/R4.2 was used as a measure of the im- 
purity content. I’ was found to change but slightly 
during the treatment. However, the possibility of local- 
ized contamination near the surface cannot be excluded. 


EXPERIMENTAL PROCEDURE 


In all experiments the specimen to be measured was 
immersed directly in the liquid helium bath. Rough 
temperature stabilization was accomplished by means 
of a bellows-operated manostat, which held the pressure 
above the bath constant to within about 1 mm Hg. For 
finer control of the temperature of the specimen, a 
thermoregulator such as described by Sommers" was 
used, with the heater and carbon resistance thermometer 
mounted on a copper can enclosing the specimen. In 
this manner the temperature of the specimen could be 
held to within 10-*°K during the course of a measure- 
ment. Temperatures were determined by measuring the 
vapor pressure above the helium bath at equilibrium 
(accurate to within 510-3 °K). 

The external magnetic field was provided by a Garrett- 
type’® end wound solenoid mounted on the helium 
Dewar in the liquid nitrogen bath. The fields so obtained 
were estimated to be uniform to one part in 10 over the 
length of the specimen. Solenoid current, and hence the 
applied magnetic field could be measured to within 
0.25%. 

The resistance of a specimen was determined by 
measuring the voltage developed across a pair of po- 
tential leads upon the application of a known current 
through the specimen. This voltage was then displayed 
onan X-¥Y recorder as a function of the solenoid current. 
Voltages of 0.05 uv were detectable above a noise level 
of 0.01 uv with this system. Care was taken to minimize 
stray thermal emf’s. The signal to noise ratio appeared 
to be limited by the noise generated in the silver paste 
contacts to the specimen. 

Magnetic measurements were made in a conventional 
manner.” A coil arrangement, in which the coil contain- 


ing the specimen is connected to an oppositely wound 
dummy coil and a ballistic galvanometer, was used. With 
the specimen normal, the emf’s induced across the indi- 
vidual coils by a change in the external magnetic field 
could be adjusted so as to cancel each other. Thus, the 


14H. S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954). 
15M. W. Garrett, J. Appl. Phys. 22, 1091 (1951). 
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. Resistance transitions for degassed tantalum wire 
with various measuring currents (I'= 169). 


deflection of the ballistic galvanometer caused by a 
change in external magnetic field was proportional to 
the flux excluded by the specimen. 


EXPERIMENTAL RESULTS 
Effects of Measuring Current 


Initial measurements of the resistance transition 
showed that in sufficiently pure wires (I'>150) the 
appearance of resistance at 4.2°K was almost discon- 
tinuous, 1.e., when the magnetic field was raised to a 
certain critical value, the resistance rose to its full value 
over a range of field equal to about 1% of the critical 
field. As the temperature was lowered, however, the 
resistance versus field curves ceased to be completely 
sharp and assumed a form such as is shown in Fig. 1. 
rhe sharp step in the R/R, vs H/H, curve was found to 
be relatively insensitive to the specimen impurity con 
tent,'®"7 while the broad portion of the curve was found 
to vary widely from specimen to specimen. These curves 
were reproducible from run to run for a given specimen, 
however. The broad portion of the transition showed a 
marked sensitivity to the current passing through the 
specimen, as typified by the results shown in Fig. 1. At 
the lowest temperatures and current densities (see 
Fig. 1) no sharp step is evident and the transition 
appears to be continuous. 

It was obvious upon comparing the values of the field 


16 A decrease in 7; with increasing residual resistance could be 
observed. These shifts were of the same order of magnitude as 
those in dilute Sn alloys as reported by Lynton, Serin, and Zucker, 
J. Phys. Chem. Solids 3, 165 (1957), and in most cases could be 
disregarded in this work. 

‘17 J. I. Budnick (to be published). 
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Fic. 2. Current dependence of the filament transition in a 
degassed and aged tantalum wire. (I'= 530, T; =3.9 K. 


at the discontinuity to the known critical field for 
tantalum'’-'* that the sharp step in resistance coincided 
with the discontinuities in susceptibility and the specific 
heat. This fact was further confirmed directly by simul- 
taneous measurements of the resistive and magnetic 
transitions on several specimens. Within the accuracy 
of the measurements (+ 1%) the transition as evidenced 
by flux measurements coincided with the sharp step in 
the resistance, and a negligible amount of flux was 
involved in the broad portion of the transition. In 
all cases the specimens exhibited a reasonably good 
Meissner-Ochsenfeld effect. 

In view of these facts, it seems justifiable to treat the 
sharp and broad portions of the transition (as measured 
resistively) as independent quantities, one characteriz- 
ing the bulk material, and the other the imperfections 
present. An equivalent circuit for this model would 
consist of two different superconductors connected in 
parallel. One of these fictitious superconductors would 
have a discontinous resistance transition and a critical 
field curve corresponding to that of the bulk material. 
The other would have a broad, continuous, current 
sensitive resistance transition and a critical field curve 
defined by the field at which R/R, assumes a value of 
one half. In the region where the continuous transition 
overlaps the sharp transition in field, there is a discon- 
tinuity in the resistance of the equivalent circuit, (see 
Figs. 1 and 4). Henceforth the two will be referred 
to as the bulk transition and the filament transition, 
respectively." 

The current dependence of the filament transition is 
shown in Fig. 2, where the field at which the resistance 
assumes 50% of its normal value, H;,” is plotted as a 


'® White, Chou, and Johnson, Phys. Rev. 109, 797 (1958). 

' This interpretation was first proposed by M. D. Reeber of 
this laboratory, in reference to transitions in the resistance of 
In-Hg alloy specimens, which were of similar disposition to the 
transitions for tantalum. This work will be published shortly. 

~” If the field values for which R/R,,>0.5 are used, the current 
dependence is proportionately reduced. The increased sensitivity 
to the shape of the filament transition negates this advantage, 
however, so the more easily definable //; was used. 
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function of the average current density,”! defined as the 
total current divided by the cross-sectional area of 
the wire. 

The behavior here is certainly more complex than the 
simple power law used by Doidge” to describe a similar 
effect in Sn-In alloys. The interesting feature of Fig. 3 
is that H,/H, appears to be approaching a limiting value 
for sufficiently small current densities. The appearance 
of the transitions seems to substantiate this observation, 
for at the lowest current densities, where H, is far re- 
moved from H,, the transition becomes relatively sharp. 
See for example the transitions at 3.010°K in Fig. 1. 
Here the transition for 4 amp/cm? is much sharper 
than that for 40 or 790 amp/cm*. 

A second parameter which could prove useful in de- 
scribing the continuous portion of the transition is its 
breadth. A measure of the breadth can be obtained by 
extrapolating the slope of R/R, at H, to R/R,=0 and 
R/R,=1. The increment in H between these values of 
R/R,, can then be defined as the breadth. 

The effect of temperature and current density on the 
breadth of the transition can be observed in Fig. 3. 
There appears to be a limiting breadth at the lowest 
current densities. In any case the breadth increases 
with decreasing temperature and increasing current 
density. 

The approach of the filament transition to some sort 
of limiting value at the lowest currents suggests that 
there may be a relatively well defined critical field 
associated with the substructure. This was, in fact, 
suggested by Preston-Thomas.” Unfortunately the satu- 
ration effects become apparent in a range of current 
densities where the measurement of the voltage drop 
across the specimens becomes awkward. Therefore in 
studying the effects of various lattice defects on the 
filament transition, the current density was arbitrarily 
fixed at a convenient value (20 amp/cm?) and held 
constant throughout subsequent measurements. 
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Fic. 3. Current dependence of the filament transition width in 
a degassed and aged tantalum wire (I'=530, 7;=3.9°K). 


21 The use of the current density as a parameter is based on the 
assumption that the filaments are uniformly distributed through- 
out the cross section of the wire. While this may be open to ques- 
tion, it does not influence these results, since the wire diameters 
were always the same. 





RESISTANCE TRANSITIONS 


Effect of Impurities 


A group of 15 specimens was degassed above 2500°C 
in vacua of 5X10-* to 10-° mm Hg and allowed to cool 
to room temperature in the vacuum system. The varia- 
tion in treatment between specimens here was mainly 
the length of time at which they were held at the high 
temperature and the ultimate pressure of the vacuum 
system. For these 15 specimens there was no significant 
difference between single and polycrystalline specimens, 
but with increasing I there was a qualitative decrease in 
—0H,/dT and the temperature 7; for which H,=H, at 
J=20 amp/cm?. The resistance ratios varied from 30 to 
500 for these specimens. Therefore there appears to have 
been a large impurity effect on the filament transition. 
This was subsequently verified by Ittner and Mar- 
chand” who added known quantities of nitrogen to the 
specimens and found a systematic variation of 7, with 
the amount of added impurity. 

A dependence of 7; on residual resistance is no as- 
surance that the effect is determined by mean free path, 
or that it is, in fact, even characteristic of the bulk 
material. Furthermore, there was sufficient scatter in 
in the data to indicate that other parameters must be 
taken into account. For instance, a localization of im- 
purities, such as segregation or precipitation, could 
certainly explain the observed filamentary behavior. In 
particular, the mobilities of nitrogen, carbon, and es- 
pecially oxygen are sufficient in the range of 200°C to 
500°C to allow migration of these impurities over sig- 
nificant distances (for example the distance between 
dislocations) in the tantalum lattice. A number of 
experiments were thus performed to investigate the dis- 
position of the impurities and other defects. 

The effect of thermal aging (155 hours at 290°C) is 
illustrated by the data in Fig. 4. For clarity the charac- 
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Fic. 4. Filament critical field curves for degassed tantalum 
wire before and after aging. Included are curves for three other 
aged samples with various residual resistance ratios. 

2 W. B. Ittner, III, and J. Marchand, Phys. Rev. 114, 1268 
(1959), 
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teristic behavior prior to the aging treatment is shown 
for only one specimen. For this specimen H, intersected 
the H, curve at 3.2°K. The intersection temperature 
increased to 3.9°K after aging, and —0H,/0T increased 
correspondingly. The remaining data in Fig. 4 show the 
transition characteristics for aged specimens of various 
residual resistance ratios. In all cases Ty and 0H,;/dT 
increased greatly with aging, as did the transition width 
AH;,. The same specimens were subsequently returned 
to the vacuum system and held at 420°C for 133 hours. 
In contrast to the previously observed behavior, the 
resistance ratios following this treatment decreased 
slightly (5 to 10%). Nevertheless the transition charac- 
teristics improved somewhat, especially for the specimen 
with the highest I’; i.e., the aging effect appears to have 
traversed a maximum. Nevertheless 7; and H, were still 
well removed from their original values before aging. 

To ascertain whether exposure to air in the interim 
between the initial vacuum degassing and subsequent 
aging could have contributed to the aging effect, several 
specimens were degassed in the vacuum system and 
then aged in situ. These specimens showed an inter- 
section temperature and a slope —0H,/0T in the general 
range of values found for unaged specimens with com- 
parable I’ values. Thus exposure to air appears to have 
had a profound effect on the nature of the filament 
transition. This was verified by the behavior of a speci- 
men aged briefly in air (2 hours at 150°C). This treat- 
ment caused 7; to increase from 3.05°K to 3.5°K with- 
out producing a measurable change in I’. This specimen 
also showed an exceptionally broad filament transition. 
The evidence strongly suggests that one major effect of 
the thermal treatment was to contaminate the speci- 
mens by a mechanism which was sufficiently localized 
so as not to have changed the residual resistance ratio 
significantly. 

It can be surmized that the contamination may have 
been confined to regions near the surface of the wire. To 
check this, several specimens with different thermal 
histories were etched to various depths and then re- 
measured. An immediate and obvious effect, which 
made itself apparent after the removal of less than 
0.0001 in. from the surface by a light etching treatment, 
or more especially by electropolishing, was a sharpening 
of the broad transition to much smaller values of AH. 
Nevertheless the H; curve was still well removed from 
the bulk critical field curve, and a considerable amount 
of material had to be removed from the aged specimens 
before they displayed characteristics comparable to 
their original behavior before aging. Strangely enough, 
the unaged specimens also showed a decrease in T; and 
—0H,/dT roughly proportional to the amount of ma- 
terial etched away. 

The intricate nature of chemical reactions at surfaces 
do not allow definite conclusions to be drawn from such 
treatments at present. What can be said is that the 
removal of a thin surface layer, which should contain 
all the gaseous impurities (excepting hydrogen) diffusing 
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Fic. 5. Filament critical field curves for a tantalum wire 
quenched from 2800°C to room temperature, and a nitrogen-doped 
tantalum wire” with a comparable residual resistance ratio. 


in from the surface by matrix diffusion, does not remove 
all the effects of aging, either in vacuum or in air. The 
possibility remains, however, that enhanced diffusion 
along dislocation lines could carry contaminants to the 
center of these specimens. In any case it seemed clear 
that the localized impurities were responsible for the 
effects of aging. 

There was thus some hope that quenching from the 
degassing temperature to room temperature would com- 
pletely remove the filament transition by preventing 
localization of the impurities. The quenching experiment 
was achieved with considerable difficulty but with great 
success. The specimen was dropped into a bath of liquid 
gallium with such velocity that the top portion which 
was not covered by the gallium was white hot while the 
remainder was completely submerged. The quenching 
time for the center of the specimen was estimated to be 
~0.002/K sec at 500°C and ~0.005/K sec at 200°C, 
where K is the thermal diffusivity of gallium in cal/cm? 
sec. The resistance ratio for this specimen was 95, indi- 
cating that the impurity content, even allowing for 
some contribution from quenched-in vacancies, was 
rather high. 

The behavior of this specimen was unusual, as shown 
in Fig. 5, where the H; vs T curve is compared to that of 
an unquenched specimen with a comparable resistance 
ratio. Both specimens have a high 7; (4.05°K) but the 
quenched specimen has a much lower slope —dH,/dT. 
The transitions at 3.2°K shown in the insert are also 
quite different. The quenched specimen has a surpris- 
ingly sharp filament transition, in contrast to the un- 
quenched specimen. However, since quenching does not 
eliminate filamentary conduction, this suggests the 
possibility that dispersed impurities may also have 
an effect. 

With this in mind, detailed experiments were carried 
out with several high-purity specimens (I'~1000 to 
I'~10 000) made from NRC tantalum. The substitu- 
tional impurity content in these specimens is approxi- 
mately a factor of 10 lower than in the Fansteel wire.’ 
The data show the intersection temperature occurring 
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as low as 2.6°K. This does not evaluate the ‘‘perfect- 
ness” of this last group of specimens fairly, however, 
for at temperatures as low as 1.3°K approximately 
one-fifth of the normal resistance still returns abruptly, 
and there are indications that the discontinuity will 
remain at temperatures close to 0°K. 

More recently a careful examination for a group of 
specimens which has been heavily doped with nitrogen 
(C= 60 to 130) revealed that the sharp step could also 
be detected in impure specimens at temperatures below 
2.5°K. The fraction of resistance restored at H, for 
a fixed current density decreased rapidly with de- 
creasing temperature and decreasing I’. For example, 
at T=2.59°K and J=100 amp/cm’, only 0.2% of the 
total resistance was restored at H,., which at this tem- 
perature was separated from H, by several hundred 
oersteds. Nevertheless, extrapolation to even lower 
temperatures suggests that the resistance may remain 
finite above H, at all temperatures, and consequently 
that the filaments never become completely continuous. 
Unfortunately the uncertainty involved in this proce- 
dure does not allow any definite conclusions. 

It seems important at this point to consider the role 
of dislocations in this phenomenon. Several specimens 
with various impurity concentrations (100 to 


l'~9000) were deformed up to 80 revolutions per inch 
of specimen. In all cases this resulted in a change in I’ 
of the order of 10-* » ohm cm and an increase in 7; of 


0.1 to 0.2°K. The above plastic deformation was cer- 
tainly sufficient to produce orders of magnitude in- 
creases in the dislocation densities, although the result- 
ant changes in residual resistance were rather small. The 
corresponding changes in the filament transition were 
also small, as would be expected if the residual resistance 
were increased a comparable amount by changing the 
impurity level. One must remember of course that the 
impurities in the specimens were present before the dis- 
location density was altered. One of the deformed speci- 
mens (I'=370) was aged. The intersection temperature 
increased from 3.1°K to 3.9°K. 
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. 6. Dependence of the intersection temperature 7;(H4=H- 
for J=20 amp/cm?) as a function of residual resistance. 





RESTSTANCE TRANSTTIONS 

The values of 7; for all the specimens investigated 
are plotted as a function of 1/I' in Fig. 6. One can discern 
two distinct curves, the lower characteristic of well out- 
gassed and vacuum cooled tantalum, and the upper 
characteristic of specimens which were either aged or 
doped with oxygen.” In both groups filamentary con- 
duction remains in specimens so pure as to have I’ be- 
tween 10° and 104. More importantly, the small amount 
of oxygen sufficient to provide '~10* is also sufficient 
to raise 7; from below 3°K up to 3.9°K. The scatter of 
data in the lower curve can thus be explained in terms 
of a pronounced sensitivity of the specimens to con- 
tamination by oxygen and perhaps by other similar 
interstitial contaminants. The effect of aging can be 
explained simply by the contamination of the specimens 
from the few monolyaers of oxide which form on the 
specimens upon exposure to air. It appears from the 
data in Fig 6 that there is a saturation effect occurring 
with very minute quantities of oxygen. It should be 
stressed that there is no assurance that the oxygen is 
dispersed. Rather it seems more probable that in having 
such a large effect it may be localized in spite of all 
efforts to achieve homogeneity. 


DISCUSSION 


A result of particular practical importance in this 
work was the identification of the sharp step in the 
restoration of resistance with the bulk transition, and 
the realization that in such cases the critical fields 
determined from resistance measurements can be mean- 
ingful. It is interesting to note that increasing the cur- 
rent density will move the toe of the broad filament 
transition towards lower fields until the sharp step, or 
flux exclusion point, can be seen. In situations where it 
is inconvenient to measure the magnetic transition 
directly, the above observations can be of great im- 
portance. The major limitation in determing the critical 
field by the method lies in the necessity of keeping the 
power dissipation in the specimen and the current leads 
to the specimen sufficiently small to avoid heating 
effects. In the present work this limitation affected us 
only when dealing with specimens where I'< 50. 

The large effect of the measuring current on the fila- 
ment transition must somehow be related to the fact 
that the current is actually localized, and the high- 
energy density of the current in localized superconduct- 
ing regions is thus able to produce a profound effect. 
Little can be said at this time concerning the details of 
this situation, which can be described only through a 
knowledge of the geometry of the filaments. The size, 
shape, and orientation of the superconducting regions, 
as well as their number, can all influence the current 


* The oxygen doping was accomplished by heating the tantalum 
wires to 2500°C in oxygen atmospheres ranging in pressure from 
5X 10-5 to 5X 10-7 mm Hg. This work is a part of a comprehensive 
program for adding known quantities of oxygen, nitrogen, hy- 
drogen, and carbon to high-purity tantalum which has recently 
been initiated by Seraphim, Budnick, and Novick. A more com- 
plete report on this work will be published at a later date. 
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distribution within the specimen, and simple theoretical 
models prove to be of little use in describing the observed 
results. From the sharpness of the transitions at the 
lowest current densities, one might infer that most of the 
filaments in a given specimen are equivalent insofar as 
their ‘‘critical fields” are concerned, but there is never- 
theless a wide variation in current sensitivity among 
the filaments, as evidenced by the increasing breadth 
with increasing current. 

The temperature dependence of the filament tran- 
sition is amenable to a qualitative interpretation in 
terms of the interphase surface energy. The absence of 
any sign of filamentary conduction in the purer speci- 
mens at temperatures close to JT, might be inferred to 
indicate that the interphase surface energy, an, is every- 
where positive. As the temperature is lowered, ans 
should decrease in value, and it may become negative in 
certain regions. At this point the filament transition 
should become observable. This would correspond to the 
temperature 7, for which H,=H., (neglecting for the 
moment the spread in the transition, which possibly 
indicates the spread in composition throughout the 
specimen). 

Unfortunately, a calculation of the dependence of T; 
on the residual resistance, based on an expression for the 
surface energy derived by Bardeen,* and using the 
mean-free-path dependence of the penetration depth as 
given by Pippard,?® did not agree even qualitatively 
with the experimental data shown in Fig. 6. The cause 
of this disagreement is not clear, but it very likely lies 
in the assumption that the surface energy can be in- 
fluenced by the mean free path of the normal electrons 
in such a simple manner. 

It has by no means been conclusively established that 
filamentary effects will appear in homogeneous materials. 
The treatments given the unaged specimens were prob- 
ably sufficient to create a random distribution for the 
interstitial contaminants, but there is no assurance that 
this was true for the slower moving substitutional com- 
ponents. Those substitutional components with sub- 
stantial vapor pressures can, in fact, be expected to be 
more densely distributed near the center of the wire. 
The gradual increase in I’ with increased degassing time'® 
that was observed is indicative that substitutional im- 
purities were indeed diffusing to the surface. There is, 
moreover, a remote possibility that some tightly bound 
intermetallic compounds or otherwise insoluble con- 
taminants are present in precipitates which are too small 
to be observed with normal microscopy techniques. 
Certainly localized contamination by interstitials, as 
evidenced in the aging experiments, can play a dominant 
role. Nevertheless, the rather consistent dependence of 
T, on 1/ for quenched, unquenched, and deformed 
specimens, as shown in Fig. 6, would indicate that some 
sort of mean free path effect cannot be ruled out en- 

* J. Bardeen, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1956), Vol. 15, pp. 327-330. 

26 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 
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tirely. If the existence of inhomogeneities is not a neces- 
sary condition for filamentary effects, and if in turn the 
explanation of their occurrence in terms of a negative 
interphase surface energy is correct, one is led to the 
possibility that it can be negative everywhere, for sufh- 
ciently short mean free paths.”* A local theory is incapa- 
ble of handling such a situation without arbitrary re- 
strictions on the minimum size of the superconducting 
and normal regions into which the material could sub- 
divide. It is possible that treatment of this problem in 
terms of a nonlocal theory” could resolve this difficulty, 
but to date no computations of this sort have been 
completed. 

Another interesting feature of the resistance tran- 
sitions of these specimens is that in almost all cases a 
certain amount of hysteresis was observed for the sharp 
transition. No hysteresis could be seen in the filament 
transition. While the amount of hysteresis varied from 
about 2% to 8% of the critical field in going from speci- 
men to specimen, its behavior for a given specimen was 
rather consistent, showing a gradual increase in magni- 
tude as the temperature was lowered. The fact that the 
amount of hysteresis was independent of measuring 
current, ruled out the possibility of a heating effect 
being responsible for the observed behavior. Since it was 
impossible to stabilize the specimen on the normal- 
superconducting transition, the behavior seemed to 
indicate the presence of supercooling. Hysteresis effects 
of this type were also observed by J. I. Budnick in the 
magnetization curves of high-purity tantalum. That 
this was indeed supercooling was confirmed by perform- 
ing an experiment of the type described by Faber,® 
whereby a small coil wound on a portion of the specimen 
was used to lower the field locally, thus inducing the 
normal-superconducting transition throughout the en- 
tire specimen. 


26 Such a condition would favor the subdivision of the material 
into arbitrarily small superconducting and normal regions, with 
no exclusion of the magnetic field. For reference see F. London, 
Superfluids (John Wiley and Sons, Inc., New York, 1950), Vol. 1. 
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In the model proposed by Faber® to explain the oc- 
curance of supercooling, he postulates that there always 
are “flaws” in the material which are superconducting 
even at very high fields. These superconducting nuclei 
cannot immediately grow when the magnetic field is 
reduced below H,, since their small size makes their 
surface to volume ratio unfavorable for growth in 
regions of positive interphase surface energy. It is not 
until the field has been lowered to some value H.’<H, 
that the ratio becomes favorable for growth, and the 
entire specimen becomes superconducting. 

Significantly, supercooling could be observed not only 
at temperatures close to JT. where the transition was 
entirely sharp, and the interphase surface energy was 
presumably positive throughout the bulk of the speci- 
men, but also at temperatures below 7j, where there 
was pronounced filamentary conduction and conse- 
quently no scarcity of superconducting nuclei. Indeed, 
the supercooling in all respects seemed to be almost 
completely independent of the filamentary conduction. 
This is rather surprising, in view of the fact that the 
phenomenological description of both the superconduct- 
ing nuclei and filaments in terms of negative surface 
energy are almost identical. Furthermore, the existence 
of supercooling as explained in terms of surface energy is 
incompatible with the idea of a simple mean free path 
effect, where the surface energy could become negative 
everywhere. It is evident that considerably more work 
on impurity effects is needed before these questions can 
be answered satisfactorily. 
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Work Function of Iron Surfaces Produced by Cleavage in Vacuum* 
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Kelvin measurements of the contact potential difference between iron surfaces prepared by cleavage in 
high vacuum and freshly flashed tungsten surfaces are reported. From these measurements, the work function 
of iron could be found since the work function of the tungsten was known. The work function of the cleavage 
plane of iron was 4.17+0.03 electron volts at liquid nitrogen temperature. Evidence indicating that these 
measurements were made on clean surfaces is presented. The work function which has been determined is 


believed to be that of the (100) plane of iron. 


I. INTRODUCTION 


UMEROUS measurements of the work function 
of iron have been reported.’ Most of these were 
probably on surfaces which were contaminated by at 
least a monolayer of adsorbed gas because either the 
pressure in the experimental tube was too high to main- 
tain a clean surface or the method of preparation did 
not produce a clean surface. Iron can probably not be 
cleaned simply by heating in vacuum." The measure- 
ments by Riviere" on films evaporated in very high 
vacuum do not seem to suffer from these objections. 
This report describes contact potential difference 
measurements between iron surfaces produced by cleav- 
age at liquid nitrogen temperature in high vacuum and 
freshly flashed tungsten ribbons. Particular attention 
was given to the preparation of the surfaces to ‘insure 
that they were clean. Since the work function of tung- 
sten was known, the work function of clean iron could be 
found. 


2. EXPERIMENTAL APPARATUS AND TECHNIQUES 
A. The Method of Measurement 


The measurements were made by the Kelvin method 
using a dynamic capacitor, the elements of which were 
a cleaved iron crystal surface and a vibrating tungsten 
ribbon. The use of electronic feedback allowed rapid and 
continuous measurements to be made. A known voltage 
from a A—1 potentiometer was placed across the 
dynamic capacitor to check the calibration of the 
measuring system. The time constant of the circuit was 
approximately 1 second. A block diagram of the meas- 
uring system is shown in Fig. 1. 


* Based on a thesis submitted to Cornell University as partial 
fulfillment of the requirements for the Ph.D. degree. 
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The feedback voltage, Z;, which was recorded con- 
tinuously during the measurement was related to the 
contact potential difference (cpd) by the following 
equation: 

E;=cpd(1+1/G), (2.1) 
G is the gain of the system including the conversion 
efficiency of the dynamic capacitor. The conversion 
efficiency is defined as the ratio of the rms ac voltage 
across the dynamic capacitor divided by the de voltage 
across it. The maximum capacity of the dynamic 
capacitor used in this experiment was only ~ 107" farad 
and the conversion efficiency was approximately 5X 107°. 
The use of a high gain amplifier, however, brought G up 
to 1000 making the feedback voltage the same as the 
cpd to 0.1%. 

Because of the small size of the dynamic capacitor, 
the effect of stray capacity between the dynamic 
capacitor elements and the surrounding elements will be 
considered in detail. The effect of stray capacity was to 
make the measured or apparent cpd differ from the 
actual cpd as follows: 


cpd=[cpd (apparent) 


dX ACr(Vi-—Vi)/ACrd) ], (2.2) 
£hl 


sea, 


where the subscripts / and / refer to the high-impedence 
(tungsten) and low-impedence (iron) elements of the 
dynamic capacitor and 7 refers to other elements in the 
experimental tube. AC); is the maximum difference in 
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Fic. 1. Block diagram of the measuring circuit. 
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capacity between elements /: and i during a cycle of 
vibration of the dynamic capacitor. 

The effect of stray capacity was investigated by 
varying the spacing between the dynamic capacitor 
elements and by varying the amplitude of the vibrator. 
A small decrease in spacing between the dynamic 
capacitor elements causes a large increase in ACj,, since 
the separation between them is small. Such a change in 
spacing has little effect on AC,; since elements h and i 
are widely spaced. Therefore, as the spacing between 
elements / and / is decreased, the apparent cpd should 
approach the cpd. When the amplitude of vibration is 
decreased, both AC); and AC); are decreased. The effect 
on AC; can be compensated for by decreasing the 
spacing between elements h and /. Therefore, as the 
amplitude is decreased but AC), kept constant, the effect 
of stray capacity should decrease. 

Since it was not possible to measure the spacing be- 
tween the dynamic capacitor elements directly, the 
apparent cpd was measured as a function of the con- 
version efficiency of the dynamic capacitor. The conver- 
sion efficiency is inversely proportional to the spacing 
between the elements in the limit of small spacing. The 
gain of the amplifier was varied to keep the total! gain of 
the system, G, near 1000. Figure 2 shows the results of 
these measurements. As expected, the apparent cpd 
approaches a limiting value, which is taken to be the real 
cpd, as the spacing is decreased. Also, the effect of stray 
capacity is smaller for smaller amplitudes of vibration. 
Since all the measurements reported here were made 
with the smallest amplitude of vibration and with the 
smallest spacings shown in Fig. 2, the effect of stray 
capacity introduced a probable error of less than +0.002 
volt in the cpd measurements. 


B. Reference Surface 


Tungsten was used for the reference surface because 
it can be cleaned in vacuum simply by heating to high 
temperature and because it has a reproducible work 
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function. Tungsten ribbons, kindly supplied by E. Taft 
of the General Electric Research Laboratory, were pre- 
pared by heating to 2700°K for 1 hour in vacuum. Since 
the ribbons came from the same stock, were given the 
same heat treatment and, as a result, were observed to 
have the same small grain size as the ribbons studied by 
Apker, Taft, and Dickey,” it has been assumed that 
their work function is the same, namely, 4.49+0.02 
electron volts. 

Large-grained polycrystalline ribbons prepared by 
high-temperature heat treatment, or by pulling tungsten 
ribbons through a temperature gradient were also used 
as reference surfaces. Since it proved impossible to de- 
termine their work functions directly, the cpd measure- 
ments in which they were used did not give information 
on the work function of iron. However, they were useful 
in evaluating the technique. 

C. Iron Crystals 

The iron crystals used in this experiment were cut 
from a single crystal rod of Armco iron purchased from 
the Virginia Institute for Scientific Research. The 
nominal impurities in this material were 0.02% carbon, 
().03% manganese, 0.009% phosphorous, 0.016% sulfur 
in addition to unknown amounts of nitrogen and oxygen. 
Pieces 0.050 in.X0.250 in. 0.500 in. were cut from this 
rod with each face within 4 degrees of a (100) plane. 

Cleavage of the crystals was achieved, after cooling 
them to liquid nitrogen temperature, by placing a chisel 
which had been ground to an angle of 45 degrees into a 
narrow notch cut in the edge of the crystal and applying 
a slowly increasing force until fracture occurred. The 
cleavage was not a cutting operation since in no case did 
the chisel reach the bottom of the notch. The resolved 
cleavage force was measured to be about 30 tons per 
square inch in agreement with that observed when 
direct tensile stresses were applied to iron crystals.” 


Fic. 3. Photomi- 
crograph of a cleaved 
iron surface show- 
ing an area 0.0037 
0.005 square inch. 


® Apker, Taft, and Dickey, Phys. Rev. 73, 46 (1948). 
13 Allen, Hopkins, and McLennen, Proc. Roy. Soc. (London) 
A234, 221 (1956). 
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Examination of the cleaved surfaces showed that 
while they were quite rough, more than 95% of the 
surface was made up of valleys and plateaus parallel to 
the (100) plane. These were separated from each other 
by boundaries which were on twin planes of the crystal. 
This is consistent with the assertions of Biggs and 
Pratt that twins are produced by deformation which 
occurs before and during cleavage. Figure 3 is a photo- 
micrograph of a cleaved surface. 

In addition to the large structure, a fine structure is 
observed. This was probably due to small steps, or slipped 
and torn regions on the surface. A back-reflection Laue 
picture of the cleaved surface gave no indication of 
distortion deep in the crystal. 


D. Experimental Tube 


The experimental tube is shown schematically in 
Fig. 4. The iron crystal was mounted on a flange on the 
bottom of a monel bellows. The bellows could be ex- 
tended by a screw to press the crystal onto a chisel for 
cleaving, and could be distorted to provide lateral mo- 
tion of the crystal. The crystal could be moved one inch 
in the lateral direction. This motion was used to bring 
the freshly cleaved iron face close to the reference sur- 
face for measurement. In addition, it allowed up to 
three cleavages to be made without opening the tube. 
To cool the crystal, the entire tube was immersed in 
liquid nitrogen. 

The tungsten frame which supported the reference 
surface was mounted on a Kovar rod by means of glass 
insulators. The rod was vibrated by the magnetic inter- 
action between the rod and the driving coil. Since the 
driving voltage had half the frequency of the vibrator, 
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Fic. 4. Schematic of the experimental tube. Inset shows details 
of the vibrator assembly. 
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TABLE I. Summary of experimental data. 


Cpd 
(volts) 
extra- 
polated 
tot=0 


Work 
Work function function 
of tungsten of iron 
(ev) (ev) 


Rise in pres 
sure during 
cleavage 
(mm Hg) 


Description of 
tungsten 


0.385 ~2X10~" 
0.395 <10-" 
0.317 <i* 
0.310 : = 
0.325 = 
0.270 cig 


Large crystallites 
Large crystallites 
Large crystallites 
Large crystallites 
Large crystallites 
Single crystal 
oriented within 
8° of (114) 
Small crystallites 
Small crystallites 
Small crystallites 


4.42+0.05" 4.15 


4.49+0.02» 
4.49+0.02> 
4.49+0.02> 


4.190 
4.165 
4.165 


10 0.300 
13 0.325 
14 0.325 


* Found by a linear extrapolation between the work function of the 
nearest principal planes of tungsten as measured by Smith (reference 15). 
+ From Apker, Taft, and Dickey (reference 12). 


it could be separated from the amplifier by a filter. 
Flexible leads to the tungsten ribbon allowed it to be 
flashed by resistance heating. A shield, which moved 
between the iron and tungsten when the iron was moved 
away from the reference surface, protected the iron 
from the evaporation products from the tungsten. 

The tube was evacuated by a conventional mercury 
pump system with a bakable liquid nitrogen trap. An 
Alpert valve was used to seal the tube from the pumps. 
A Bayard-Alpert type ionization gauge and a molybde- 
num getter were connected to the tube. Baking at 
325°C for 10 hours was usually sufficient to reduce 
the pressure to 5X10-® mm Hg in the sealed-off tube. 
Upon immersion in liquid nitrogen, the pressure in the 
tube became less than 8X 107! mm Hg 


3. RESULTS 


Measurements on nine iron surfaces are summarized 
in Table I. Figures 5 and 6 show the change in cpd as a 
function of time. In runs 6, 7, and 8 and in runs 13 and 
14, respectively, the same tungsten reference surfaces 
were used. Measurements were usually begun within 2 
minutes after the iron was cleaved. The tungsten was 
flashed several times at 2400°K, the last time less than 
15 seconds before the iron was cleaved. The slow change 
in cpd allowed the measurements to be extrapolated 
back to the time of cleavage to get the cpd between 
clean iron and clean tungsten. 

After following the change in cpd for 10 to 20 minutes, 
the tungsten ribbon was flashed, thus restoring it to its 
condition at !=0. This allowed the change in work 
function of the tungsten to be separated from that of the 
iron. The change in work function of the iron was ob- 
served to be comparable to that of tungsten. The de- 
crease in cpd with time observed in runs 10 and 14 is 
believed to be due to a change in composition of the gas 
in the tube caused by either adsorption in the cooled 
tube or a small leak in the tube induced by the nitrogen 
bath. 

Measurements of the pressure in the system indicated 





RALPH 





| | 

CPD (¢y~¢,,) 
——— Fe cleaved ot t=O — 
W flash at t=-15 sec 


Large grain tungsten 
___ reference surfaces 














CPD (volts) 








20 30 
Time (minutes) 


. 5. Cpd as a function of time between freshly flashed tungsten 
and cleaved iron. Dashed lines indicate extrapolations. 


that little or no gas was evolved during the cleavage. 
The apparent pressure rise observed in runs 1 and 14 
(Table I) is believed to be due to electrical pickup in 
the measuring circuit caused by motion of the tube at 
the instant of cleavage. Even if the apparent pressure 
rise was real, it was less than 2% of the observed pres- 
sure rise when approximately one monolayer of gas was 
flashed off the tungsten reference ribbon, which was 
comparable in area to the cleaved surfaces. 


4. DISCUSSION 


On the basis of the three measurements in which the 
small grained polycrystalline ribbon was used as a refer- 
ence surface, the work function of the cleavage face of 
iron has been found to be 4.17+0.03 electron volts. The 
limits of precision of the cpd measurement are +0.01 
volt ; however, imperfect knowledge of the work function 
of the reference surfaces causes the limits of error on the 
work function to be extended. The measurement in 
which a single crystal of tungsten was used is in agree- 
ment with the above value, although there the limits of 
error are +0.05 electron volt because of the way in 
which the work function of the tungsten was determined 
(see the note on Table I). Using the value of 4.17 
electron volts for the work function of iron, the work 
function of the large-grained polycrystalline tungsten 
used in runs 1, 3, 6, 7, and 8 can be found. These were 
between 4.56 and 4.48 electron volts, well within the 
range of work functions observed for tungsten of differ- 
ent crystallographic orientations." 

The following arguments suggest that the iron sur- 
faces produced by cleavage were clean. (1) The work 
function of the cleaved surfaces was reproducible. In the 
runs in which the same reference surfaces were used 
(runs 6, 7, and 8 and runs 13 and 14), the cpd was the 
same to +0.01 volt. (2) The rate of change of the work 
function of iron was comparable to that of freshly 
flashed tungsten. (3) The quantity of gas given off 
during cleavage was too small to appreciably contami- 


16G. F. Smith, Phys. Rev. 94, 295 (1954). 
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nate the surface. (4) Contamination of the surface by 
diffusion of impurities from the bulk to the surface is 
unlikely at liquid nitrogen temperature. 7, the mean 
time an atom stays in an interstitial position in iron is 
found to be greater than 10” seconds for No, C, and H» 
at this temperature by putting experimental diffusion 
data'*'® into the expression for 7 derived by Zener." 
(5) The surface is probably not contaminated by surface 
diffusion of impurities. Gomer e/ al. have shown that 
while oxygen” and hydrogen” are not mobile on a clean 
tungsten surface below 400°K and 180°K, respectively, 
they can diffuse over contaminated surfaces to the clean 
surface at lower temperatures. It is estimated that the 
rate of diffusion had to be less than 2 10~® cm/sec for 
Gomer to see this effect on a small field-emission tip. 
For iron surfaces of the dimensions used in the experi- 
ment reported here to be covered by the same process 
would require at least 5X 10* seconds, a time too long to 
affect this experiment. 
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Fic. 6. Cpd as a function of time between freshly flashed 
tungsten and cleaved iron. Dashed lines indicate extrapolations. 
The work function of iron was obtained from these data. 


The work function of the cleaved iron is believed to 
be that of the (100) plane of iron. Although the surface 
was rough, an estimated 95% of the surface was made 
up of regions parallel to the (100) plane. The large steps 
separating these regions probably had no effect since the 
surface was in an equipotential region during the meas- 
urement. Arguments of Morant and House” indicate 
that the small scale roughness would not affect the 
measurement. The approximately 5% of the surface 
which was not parallel to the (100) plane probably had 


16 C. Wert, J. Appl. Phys. 21, 1196 (1950). 

17C. Wert, Phys. Rev. 79, 601 (1950). 

18R. M. Barrer, Diffusion in and through Solids (Cambridge 
University Press, Cambridge, 1951), p. 223. 

°C. Zener, Imperfections in Nearly Perfect Crystals (John Wiley 
& Sons Inc., New York, 1952), p. 289. 

2 R. Gomer, Advances in Catalysis, edited by W. G. Franken- 
burg et al. (Academic Press, Inc., New York, 1955), Vol. 7, p. 93. 

21 Gomer, Wortman, and Lundy, J. Chem. Phys. 26, 1147 
(1957). 

2M. J. Morant and H. House, Proc. Phys. Soc. (London) B69, 
14 (1956). 
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negligible effect on the results.* In addition, the re- 
producibility of the work function of the iron suggests 
that a single-crystal plane is probably exposed by 
cleavage. 

The exact agreement between the results reported 
here and those of Riviere’ must be considered fortuitous. 

*3 Even if the work function of 5% of the surface differed by 0.5 
electron volt from the rest of the surface, it would change the 
measured work function by only 0.03 electron volt. For further 


discussion of the patch effect see C. Herring and M. H. Nichols, 
Revs. Modern Phys. 21, 185 (1949). 
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The exposed planes on a film evaporated on a cold glass 
substrate cannot be expected to be the same as those on 


a cleaved surface. 
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Thermoelectric Power of Cold-Rolled Pure Copper* 
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The difference between the thermoelectric power of severely cold-rolled and well annealed pure copper 
has been measured between about 8°K and 320°K. The absolute thermoelectric power of our annealed and 
cold-worked samples were determined over the same temperature range by measuring the thermoelectric 
power of a thermocouple formed from annealed pure copper and pure lead. The thermoelectric power of 
cold-rolled copper is positive relative to annealed pure copper over the entire temperature range, and the 
effect of cold work is largest at very low temperatures where the thermoelectric power of annealed copper 
displays a pronounced minimum. Our results are in fair agreement with recent work by Powell and by 


van Ooijen. 


INTRODUCTION 


E report here the result of measurements of the 
thermoelectric power (TEP) of severely cold- 
rolled pure copper between about 8°K and 320°K. 
The investigation of the TEP of cold-worked metals is a 
natural sequel to the studies of the resistivity due to 
cold work.! Indeed, the change in the TEP due to 
cold work has already been studied experimentally? 
and theoretically.* The experimental work of the past 
was carried out using relatively impure copper (99.98% 
and 99.97% pure). Studies of very dilute copper alloys 
have shown conclusively that minute amounts of 
certain impurities can change the TEP of copper by 
orders of magnitude at low temperatures.‘ Recently 
Powell has reexamined the TEP of cold-worked pure 
* Supported in part by the Office of Ordnance Research, 
U. S. Army and by an All-University Research Grant, Michigan 
State University, East Lansing, Michigan. 
t Present address: National Bureau of Standards, Cryogenics 
Laboratory, Boulder, Colorado. 
1C. W. Berghout, Acta Met. 4, 212 (1956); H. G. van Bueren, 
Acta Met. 3, 524 (1955); H. G. van Bueren, thesis, University of 
Leiden, 1956 (unpublished). 
2D. J. van Ooijen, thesis, University of Delft, 1956 (unpub 
lished) ; see also references to earlier work contained therein. 
3A. W. Saenz, Phys. Rev. 91, 1142 (1953); H. Bross and 
A. Seeger, J. Phys. Chem. Solids 4, 161 (1958). 
*D. K. C. MacDonald and W. B. Pearson, Acta Met. 3, 392, 
403 (1955); Phil. Mag. 45, 491 (1954); Physica 19, 841 (1953). 


copper, using material of the highest purity available, 
and has obtained good agreement with previous work.° 


EXPERIMENTAL PROCEDURE 


Our samples were prepared from nominally 99,999% 
pure copper supplied by the American Smelting and 
Refining Company. The metal, in the form of cylindrical 
billets of about 5-mm diameter, was cold-rolled at 
room temperature into strips about 5 mils thick. Some 
of these strips were then annealed for three hours in 
vacuum (pressure less than 10-° mm Hg) at 950°C. 
A thermocouple was formed using an annealed and an 
unannealed strip, and the thermal emf’s were measured 
with a Leeds and Northrup microvolt amplifier. ‘The 
temperature difference between the cold junction (in 
liquid He, liquid air, or ice bath) and the hot junction 
was measured by means of calibrated gold-2.1% cobalt 
versus Copper and copper versus constantan thermo- 
couples.® 

We estimate that errors +1.5% of the 
measured thermoelectric emf and +0.1°K for the 
temperature measurements. We have also carried 


our are 


5 R. L. Powell (to be published). 

6 We are grateful to R. L. Powell and M. D. Bunch of the 
National Bureau of Standards for providing us with some cal- 
ibrated copper constantan and copper and gold-cobalt thermo 
couple wires. 





KROPSCHOT 


AND €:. J. BLATT 














Fic. 1. The thermo- 
electric power of a pure 
annealed copper versus 





lead thermocouple. 
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through a least square analysis for the annealed versus 
unannealed pure copper thermocouple data. The 
standard deviation in the range 4.2°K to 80°K is 0.1 
microvolt ; in the range 80°K to 320°K it is 0.05 pv. 
The absolute TEP of our pure annealed copper was 
determined by the same technique using a copper 
versus lead thermocouple. The absolute TEP of lead 
has recently been remeasured at Ottawa.’ 
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Fic. 2. A. The absolute thermoelectric power of pure annealed 
aaer: B. The absolute thermoelectric power of pure annealed 
lead. 


an, Pearson, and Templeton, Proc. Roy. Soc. 


7 Christian, 
(London) A245, 213 (1958). 


As a partial check on the purity of our copper 
samples we measured the resistance ratios p=Rs.2/ 
(Re73— R4.2) of the annealed and the unannealed strips. 
For the annealed specimen we obtained pa= 1.85 X 10~. 
This value compares favorably with the resistance 
ratios of 2.5X 10~* quoted by Pearson and MacDonald,‘ 
and 7.1X10-* and 4.3X10-* quoted by van Ooijen 
for his nominally purer and less pure samples, respec- 
tively. From the measured value of the resistance ratio 
for the unannealed strip ~.=5.4X10~*, we conclude 
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Fic. 3. The thermoelectric emf of a thermocouple formed from 
pure annealed and pure unannealed copper. The cold junction 
reference temperature is 4.2°K. The curve was extended to 
temperatures above 90°K by matching slopes of the measured 
data at 79°K, the cold junction temperature for the higher 
temperature measurements. 
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(b) 


that the increase in residual resistivity due to cold- 
rolling was 5.5X10-* pohm-cm, a value consistent 
with results reported from other laboratories.! 


RESULTS AND DISCUSSION 


Our results are shown in Figs. 1-5. Figure 1 shows 
the TEP of the pure annealed copper versus lead 
thermocouple. The absolute TEP of pure annealed 
copper obtained therefrom and from the currently 
accepted values of the absolute TEP of lead’ is shown 
in Fig. 2. Of particular interest is the sign reversal of 
the absolute TEP of copper at about 40°K and the 
pronounced minimum at about 10°K. At that tempera- 
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Fic. 4. (a) The thermoelectric power of the pure annelaed 
copper versus pure unannealed copper thermocouple, solid line. 
The dashed line shows the corresponding results obtained by 
Powell; we would like to thank Mr. Powell for making his results 
available to us prior to their publication. (b) The thermoelectric 
power of unannealed versus annealed copper, 99.98% pure, for 
several amounts of cold work, as determined by van Ooijen, 
reference 2. (c) The thermoelectric power of unannealed versus 
annealed copper, 99.97% pure, for several amounts of cold work, 
as determined by van Ooijen, reference 2. 


ture the TEP of copper is orders of magnitude larger 
in absolute value than the free electron theory would 
predict even under the most favorable assumptions. 
In this respect pure copper appears to behave similarly 
to pure silver and gold which also show sign reversals 
in their absolute TEP at low temperatures and a 
TEP at very low temperatures which is anomalously 
large. Moreover, a negative absolute TEP in pure 
copper appears to have been observed also by Mac- 
Donald and co-workers.’ There remains the possibility 
~ § MacDonald, Pearson, and Templeton, Phil. Mag. 3, 657 


(1958). 
MacDonald, Mooser, Pearson, ‘'empleton, and Woods, Phil. 


Mag. 4, 433 (1959). 
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Fic. 5. The absolute thermoelectric power of cold-rolled pure 
copper, curve A. We also show here, for comparison, the absolute 
thermoelectric power of pure annealed copper, curve B, and the 
absolute thermoelectric power of a one atomic percent CuSb 
alloy, also well annealed, curve C. 


that the behavior of our copper at low temperatures 
is associated with the appearance of a resistivity 
minimum, and is the result of small amounts of impu- 
rities. Although we cannot say so with certainty, 
we do not believe that the copper we used contained 
impurities necessary to give rise to such an anomaly. 
In particular, the measured resistance ratio is one which 
is normally ascribed to very pure copper. 

Figure 3 shows the thermoelectric 
thermocouple formed from unannealed and annealed 
pure copper. In Fig. 4(a) we show the TEP of the 
annealed copper versus unannealed copper thermocouple. 
In addition to our data we reproduce here the curve 
obtained by Powell’; in Figs. 4(b) and 4(c) we show 
the results of van Ooijen. It is apparent that our results 
are in fair agreement with those of Powell and also of 
van QOoijen (for his nominally purer samples). The 
main difference is that we do not observe the slight 
minimum found by Powell and van Ooijen near 60°K. 

The absolute TEP of our cold-rolled copper is shown 
in Fig. 5. For ease of comparison we have reproduced 
here the absolute TEP of annealed copper, Fig. 2. 
It appears from these curves that the effect of cold- 
rolling on the TEP of copper is most significant at low 
temperatures, particularly in the region where the 
absolute TEP of the pure annealed copper suffers a sign 
reversal and exhibits its pronounced minimum. The 
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major effect of cold work appears to be the nearly 
complete suppression of that minimum, leaving the 
TEP very nearly unaffected above about 40°K. The 
minimum in the TEP of copper apparently arises only 
if the specimen is relatively free of imperfections, 
specifically dislocations. However, it is interesting to 
note that dilute (approx. 1 atomic %) copper alloys 
show the same qualitative behavior at low temperatures 
as does cold-rolled copper.’ The absolute TEP of a 
one atomic percent CuSb alloy is shown also in Fig. 5. 
These results suggest that at low temperatures impu- 
rities have much the same effect on the TEP as do 
dislocations, namely, that of suppressing the minimum 
in the TEP of pure copper. It would seem, then, that 
the pronounced change in the TEP of pure copper due 
to cold work is not so much a characteristic of cold 
work as such, but is rather a phenomenon which 
should perhaps be associated with a lack of crystal 
perfection per se. These suggestions are also in agree- 
ment with the results obtained by MacDonald and 
co-workers,'!' who have found that the TEP of their 
metallic samples is largest in magnitude the purer the 
sample, or at any rate the lower the residual resistivity. 
It is tempting to suggest that the minimum in pure 
annealed copper may be the result of a phonon drag 
mechanism, normal” or Umklapp,! which becomes 
inoperative when the phonon mean free path is sub- 
stantially reduced by the presence of crystal imperfec- 
tions, be they impurities, dislocations or other defects. 
At low temperatures especially, dislocations should be 
very effective in reducing a phonon drag TEP, if one 
exists, since at low temperatures the thermal resistivity 
due to phonon scattering by dislocations goes as 1/T?." 
There is one practical aspect of our results, as well 
as those of Powell and of van Ooijen which, though 
surely known already, is worth reiteration. It must be 
concluded that thermocouples which employ pure 
copper as one arm of the couple should not be used 
above about 200°C. Above that temperature the cold- 
worked copper wire will begin to anneal, and if the 
thermocouple is used subsequently in low temperature 
measurements, particularly in the region near 10°K, 
the readings may well be unreliable. 
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Paramagnetic resonance spectra have been observed of Mn**, Gd*+, and Eu?* in single crystals of stron 
tium chloride grown from the melt. The Mn** shows a very small cubic-field splitting a<110~ cm™ and 
a hyperfine structure constant of A =81.2X 10-4 cm“, indicating some covalent bonding. The Gd** and Eu?* 
have cubic symmetry with splitting parameters, for Gd*+: c= + (39.640.1) X10 cm™, d= (0.2+0.1) 
X10 cm™, g=1.9906+0.001; for Eu**: c=(52+5)X10 cm™, A™!= (34.5+0.3)X10-! cm™, Al 


= (15.54+0.3) X10 cm™, g=1.995+0.001. 


The smaller cubic field splittings in SrClz compared with CaF: seem to favor a mechanism responsible 
for the cubic-field splitting which is linear in the crystal potential terms. 


INTRODUCTION 


HE properties of some paramagnetic ions of the 

iron group and rare earth group substituted as 
impurities in single crystals of calcium fluoride have 
recently been investigated.'~® 

The properties of these ions in the fluorite symmetry 
are of particular interest, since, if the cubic symmetry 
is preserved, the order of the Stark levels is inverted 
compared with octahedral symmetry. 

For a number of reasons it seemed advisable to study 
these ions in another matrix of the same symmetry as 
calcium fluoride. First of all, the spectrum of the iron 
group in calcium fluoride is of considerable complexity 
because of the many lines caused by the hyperfine inter- 
action with the adjacent fluorine nuclei. Very often these 
lines are not resolved and the lines are broadened con- 
siderably. Second, it has been noticed that in CaF, some 
of the trivalent ions can be substituted for the calcium 
without disturbing the cubic-field symmetry.2* Other 
ions, however, give rise to paramagnetic resonance 
spectra which can only be interpreted with a spin 
Hamiltonian of axial symmetry. This has been inter- 
preted to arise from an extra F~ ion occupying the 
nearest vacant interstitial site.4° For one particular ion, 
gadolinium, it became apparent that in some calcium 
fluoride crystals the cubic symmetry was preserved 
whereas in others a large tetragonal distortion is de- 
tected. Since the radius of the strontium ion is larger 
than the calcium ion, it was felt that the trivalent ions 
of the rare earth group could be substituted with less 
difficulty. 

For these reasons we have embarked on a systematic 
intensive study of the magnetic and optical properties 
of transition elements in strontium chloride. This paper 


¢ Supported in part by the U. S. Air Force Office of Scientific 
Research, European Office of the Air Research and Development 
Command. 

1W. Low, Phys. Rev. 105, 793 (1957). 

2 W. Low, Phys. Rev. 109, 265 (1958). 

3 R. Lacroix, Helv. Phys. Acta 30, 374 (1957); C. Ryter, Helv. 
Phys. Acta 30, 353 (1957). 

4 Baker, Bleaney, and Hayes, Proc. Roy. Soc. (London) A247, 
141 (1958). 

5 Bleaney, Llewellyn, and Jones, Proc. Phys. Soc. (London) 
B69, 858 (1956). 


reports an investigation on ions which can easily be 
studied at room temperature, i.e., S-state ions. These 
ions comprise Mn?*, Fe**+, Gd**, and Eu**. All these ions, 
with the exception of Fe*+, could be substituted with 
relative ease for strontium. The paramagnetic resonance 
spectrum of Fe** could not be detected, although chemi- 
cal analysis proved it to be present in the crystal. 
Presumably the trivalent ion is not located substitu- 
tionally and may aggregate along dislocations. It is also 
possible that part of the trivalent iron may have been 
reduced to divalent iron during the crystal growth. The 
spectrum of Fe?*+ would not have been detected at room 
temperature because of its very short relaxation time. 


EXPERIMENTAL DETAILS 


Strontium chloride is the only chloride to crystallize 
in fluorite symmetry. It belongs to the O,° space group. 
The unit cell is relatively large. 

A number of attempts were made to grow single 
crystals of strontium chloride before good transparent 
crystals were obtained. In the final arrangement the 
strontium chloride powder was dehydrated by baking it 
at a few hundred degrees under vacuum. This is particu- 
larly important since any moisture present in the origi- 
nal powder gives rise to white or opaque crystals which 
upon being exposed to air disintegrate slowly into a 
white powder. If the crystal is grown with care it re- 
mains stable for several weeks without any special pre- 
cautions. Strontium chloride crystals seem, however, to 
be particularly hygroscopic to organic vapors. 

The crystals were grown in a closed quartz tube under 
a vacuum of about 10-*—10-* mm Hg. It was found 
that the crystals grew better in quartz tubes than in 
Vycor tubes. In Vycor tubing the powder tends to react 
with the glass and on cooling the single crystal breaks 
into a number of small crystals. 

The crystals were grown at about 900°C. The quartz 
tube was lowered through a sharp gradient of about 
200°C. ‘The rate of lowering was 1-2 cm per hour. The 
crystals were annealed for several hours at a few hundred 
degrees C. 

The paramagnetic resonance spectra were observed 
in a conventional X-band or K-band reflection spec- 
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trometer. The crystals were cleaved along the (111) 
planes, covered with beeswax to prevent the absorption 
of water vapor, and placed with appropriate wedges 
into the cavities. The crystals could be rotated about a 
horizontal axis and the magnet about a vertical axis. In 
this way the spectrum could be investigated in nearly 
all important crystallographic planes. 


EXPERIMENTAL RESULTS AND DISCUSSION 
(a) Manganese, Mn’** (3d°,°S;) 

The spectrum consisted essentially of six hyperfine 
lines. It could be interpreted with the usual cubic spin 
Hamiltonian 
H=g8H-S+AS-1 

+tafS4+5,5+S4— $5 (S+1)(39°+35—1)], 


A= (81.2+0.2) 


(1) 


with S and J=3, g=2.0017+0.0008, 
10-4 cm, and 3a<1X10™ cm“. 

The magnitude of the cubic-field splitting could be 
inferred from the line width and partial resolution of 
the fine structure of the m=+$ and m=+ lines. 
The second order hyperfine structure of magnitude 
(A*/2g¢8H)[ I (1+-1)—m?+-m(2M —1) ] causes a splitting 
of a few gauss for m=+$ and m= +3. The splitting is 
small for m=+4 since the g factor in manganese is 
isotropic. This quantity is independent of orientation 
of the crystal axis with respect to the magnetic field. 
However the term of the cubic-field splitting varies in 
magnitude with orientation. 

It was found that if the magnetic field pointed along 
the [100] axis the highest-field line had a square shape 
of half-width about 16+2 gauss at 3 cm. Using a field 
modulation of very small depth, this line was resolved 
into its fine structure components. The intensity dis- 
tribution, as well as the resolution, varied with orienta- 
tion. The third and the fourth line were always fairly 
narrow, of width approximately 6 gauss. The spectrum 
was also investigated at 1.25 cm. At this frequency the 
magnitude of the second-order hyperfine structure is 
considerably smaller. The fine structure could not be 
resolved, although the line width was less. The angular 
variation had only a very small effect on the intensity 
distribution and line shape of the hyperfine lines. This 
is to be expected if the cubic-field splitting is very small 
and the fine structure is nearly collapsed. At 3 cm, where 
the fine structure is partially resolved because of the 
isotropic second-order hyperfine structure, it is easier to 
detect the influence of even a small cubic-field splitting. 
A detailed analysis of the shape of the lines enables us 
to set an upper limit to the magnitude of the cubic-field 
splitting 3a to be less than 3X10~ cm“. 

The value of a is probably the smallest found so far 
in any crystal. It is smaller than in CaF.‘ As will be 
discussed below, this is to be expected since the crystal 
field is considerably weaker in SrClo. 

The magnitude of A is considerably smaller than in 
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CaF, [A~(97.8+1)K10™ cm. This is probably 
indicative of covalent bonding. 

We should like to point out that these results are at 
variance with those reported by Dobrowolski ef al.® 
These authors find A=93.6 gauss for powdered SrCl» 
at 20°K. To check our results we ground one crystal to 
powder and prepared, as well, as sintered SrCl. powder 
containing manganese. The results for the powdered 
specimen were in agreement with those found on the 
single crystals. In view of this it may be worth while to 
check the ratio of the moments of Mn**/Mn®* which 
these authors have measured on the powdered samples. 


(b) Gadolinium, Gd** (4f7,°S;,.) 


Crystals were grown from a mixture containing 0.5% 
of gadolinium by weight. The paramagnetic resonance 
spectra indicated less than this amount to be present in 
the parts of the crystal cleaved off for this investigation. 

The spectrum observed showed one ion in the unit 
cell. It can be described by a cubic spin Hamiltonian, 
in the notation of Baker et al. 


i= g8H-S 
+ B,s(0¢+5044)+ Be(Oo®— 210.) + AS-I, 


where 240B,=c and 4X 1260B,=d in the author’s nota- 
tion.” The energy levels and transitions have been given 
by the author’ and by Lacroix.* The results for the 
splitting parameters and g factor are listed in Table I. 
The absolute signs of c and d have not been determined. 
The sign of d has been found to be opposite of c. 
Table I lists the initial splittings of various crystals 
of fluorite symmetry containing gadolinium. 
Wanatabe’ has considered the mechanisms responsi- 
ble for the ground-state splittings of Mn’+ and Fe** in 
cubic crystalline fields. His reasoning as extended to 
gadolinium is essentially as follows. Two ions are said 
to be complementary when the patterns of their Stark 
splittings are inverted. This occurs for /™ and f*™. 
Now f’ is complementary to itself, and, therefore, would 
show two patterns, one the inverse of the other. But 
since a given multiplet shows only one pattern, the 7 
configuration cannot be split by the action of a linear 
crystal field. It can be split by higher-order perturba- 


(2) 


TABLE I. Cubic field splittings of Gd** in various crystals 
of the fluorite symmetry. 


Crystal g-factor cin 10cm din10“cm™ Reference 


+0.2+0.1 
—4 +2 
0.3 
+1.8+0.8 


1.9906+0.001 
1.991 +0.002 
1.9918+0.001 
1.99132-0.0005 


Thispaper 
Low* 
Ryter> 
Low and 
Shaltiel* 


+39.6+0.1 
+185 +5 
+183 
+242 


SrCly 
CaF. 
CaF. 


Th¢ do +0.8 


* See reference 2. 
> See reference 3. 
© See reference 8. 


6 Dobrowolski, Jones, and Jeffries, Phys. Rev. 104, 1378 (1956). 
7H. Wanatabe, Progr. Theoret. Phys. (Kyoto) 18, 405 (1957). 
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tions involving off-diagonal elements in the square or 
higher-order cubic potentials. 

According to Wanatabe’s analysis, the cubic field 
splitting c would be of the form 


c= (Dq)*La—b(Dq)?}. 


where Dg represents the usual measure of the cubic field 
strength, and @ and 6 are constants depending on the 
detailed nature of the excited states. The quadratic term 
Dg arises in the main from processes quadratic in the 
potential and quartic or of higher order in the spin-orbit 
coupling (or quadratic in Dg and of higher order in 
spin-spin interaction and spin-orbit interaction). The 
quartic term in Dg arises from processes quartic in the 
potential and quadratic in the spin-spin interaction. 
Since the potential (i.e., Dg) is presumably small for 
most rare earth ions and th spin-orbit interaction fairly 
large, the splitting ought to be primarily proportional 
to the square of the potential or inversely to the tenth 
power of the interionic distance. 

The ratio of the Sr—Cl and Ca—F distance is about 
1.28-1.29. Assuming that the trivalent gadolinium ion 
does not change this ratio appreciably, one can calculate 
the ratio of the cubic splittings. This gives 11.8 times 
larger splitting for CaF, than in SrCl: compared with 
the experimental ratio of 4.7. The comparison with the 
data on ThO, is more difficult since here the trivalent 
gadolinium is substituted for the tetravalent thorium.*® 
Assuming that the interionic distances are not changed, 
one calculates the theoretical ratio of the cubic-field 
splitting to be about 36 times that of SrCl». (This large 
ratio is caused by the fact that the charge on the oxygen 
is twice that of the chlorine.) The experimental ratio 
is about 5.5. 

One is, therefore, led to suspect that the mechanism 
responsible for the splitting is linear in the potential. In 
this case the agreement is fair. Another possibility is to 
assume that the Gd—Cl or Gd—F distances differ con- 
siderably from the Sr— Cl or Ca—F distances. The ratio 
of these distance would have to be reduced to 1.08 in- 
stead of 1.29 to bring about agreement with the experi- 
mental results. There is, however, some additional evi- 
dence favoring the first alternative. The ratio of the 
cubic-field splitting of Eu®* in CaF, and SrCl, is about 
4.5 and therefore very similar to that of gadolinium. It 
is exceedingly unlikely that the divalent europium would 
charge the interionic distances so drastically and in a 
similar manner to trivalent gadolinium. Secondly, the 
temperature dependence of the cubic-field splitting in 
the lattice of ThO2 and CaF» show that c is changed by 
only a few percent between room and liquid helium 
temperatures. If the splitting mechanism were depen- 
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dent on the square of the potential, a much larger change 
would have been expected. These data, therefore, favor 
a mechanism linearly dependent on the potential. (It 
would be worth while to investigate the spectrum of 
Gd* and Eu**+ in CaO. Extrapolation from our data 
indicate that a splitting of about 0.2 cm™ is expected.)* 

Mechanisms linear in the potential can indeed be 
constructed if one does not limit oneself to the 4/7 
configurations.’ These processes involving higher con- 
figurations of the type 4/* 6p or 4/* 6/ involve the spin- 
orbit interaction to the fourth order or the spin-spin 
interaction in the second order. One would, however, 
expect that the contribution of these mechanisms to the 
cubic splitting would be somewhat smaller than those 
restricted to the 4/’ configuration, since the excited 
energy levels are far removed from the ground state. 

Our results give no indication how and where the 
charge compensation is achieved. The full width at half 
power of the } — —} transition is about 2 gauss. Since 
the spectrum can be fitted with a cubic spin Hamiltonian 
and since the line width is very narrow, this seems to 
show that there are no interstitial ions in the neighbor- 
hood. In view of the contrary results found by Baker 
et al.4 on CaFs, it is planned to investigate whether the 
spectrum changes on heat treatment, such as prolonged 
annealing and quenching. 


(c) Europium, Eu**(5f7,5S;) 


The spectrum of europium has been previously re- 
ported by the author" and has also been observed by 
Hayes." 

The spectrum is similar to that of gadolinium except 
that the hyperfine structure of isotopes 151 and 153 with 
spin } complicates the spectrum. The total number of 
lines is 84 consisting of 7 groups which are in part super- 
imposed one on top of the other. Analysis of the spec- 
trum yields the following parameters: c= (5245) XK10"4 
cm, Al!= (34.540.3)X10 cm“, A= (15.5+0.3) 
X10 cm™!, g=1.995+0.001. This is in fair agreement 
with the results of Hayes. 
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Polycrystalline garnets of the form (3—.x)Y203;-xGd2O03-5Fe20; have been prepared for several values 
of x ranging from 0 to 3. Lattice constants vary linearly from 12.374+-0.005 A for yttrium-iron garnet 
(x=0) to 12.463+0.005 A for gadolinium-iron garnet (x=3). Magnetic moments were measured from 77°K 
to 580°K. For 0<x<0.73, the magnetization decreases as x increases, the decrease being more pronounced 
at low temperatures. At x~0.73, a compensation point occurs near absolute zero. This compensation point 
appears at increasingly higher temperatures as x increases beyond 0.73, until it reaches ~287°K for x=3. 
The magnetic moments for the members of the series show reasonable agreement with values calculated on 


the basis of the Néel theory. 


INTRODUCTION 


ADOLINIUM-IRON particular 
interest because it has a high magnetic moment 
at low temperatures and a compensation point near 
room temperature. Its crystalline and magnetic proper- 
ties were discovered and reported by workers at 
Grenoble, France.'~* We have prepared polycrystalline 
samples of mixed yttrium-gadolinium garnets having 
the formula (3—x)Y.O3-xGd.03-5Fe.O;, where 
O0<x<3, in order to study the effects of gadolinium 
substitution on the magnetic properties. The method of 
preparation and the measuring techniques are the same 
as those described previously.‘ 


garnet is of 


LATTICE CONSTANTS 


The lattice constant increases linearly with gado- 
linium content as shown in Fig. 1. For yttrium-iron 
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Fic. 1. Lattice constants vs x for the garnets 
(3—x)Y203-xGd203-5FesO; at 25°C. 
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garnet (x=0), the lattice spacing is 12.374+0.005 A‘ 
and for gadolinium-iron garnet (x=3) it is 12.463 
+0.005 A. Other values for gadolinium-iron garnet are 
12.44 A*(Bertaut and Forrat)! and 12.472 A (Sirvetz 
and Zneimer).® 


MAGNETIC PROPERTIES 

The unusual magnetic properties of the members of 
this series are explained by the fact that gadolinium 
is itself a paramagnetic ion with a spin of 3. The 
presence of gadolinium in the c-sites of the garnet 
structure produces a magnetic moment which opposes 
the net moment due to the interaction between the 
iron ions of the a-sites and d-sites. Since the temperature 
dependence of the gadolinium and iron sublattices is 
different, a temperature may exist at which the net 
magnetization goes through zero and actually changes 
sign. This temperature is called a compensation tem- 
perature. Although the net magnetic moment vanishes 
at the compensation point, magnetic order is still 
present in the crystal lattice. 
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Saturation magnetization vs temperature for the 
garnets (3—x) Y2O;-xGd.203-5F e203. 


Fic. 2. 


5M. H. Sirvetzand J. E. Zneimer, J. Appl. Phys. 29, 431 (1958). 


624 





MAGNETIC 


Figure 2 shows plots of the temperature variation of 
the magnetic moment for several values of x in the 
temperature interval from 77°K to 580°K. The mag- 
netic moment is expressed here in Bohr magnetons per 
formula weight. Note that yttrium iron garnet (YIG) 
has no compensation point but that one appears when 
gadolinium is added. Theoretically, a compensation 
point should exist for this series only when 0.73<a<3. 
Thus the curve for x=0.5 should not have a compen- 
sation point. Although the “dips” shown in the curves 
for x>1.0 do not appear to go to zero, it has been 
definitely determined that they are true compensation 
points. A cylindrical rod of the sample was suspended 
between magnet poles and it was observed to rotate 
through 180° as the sample was alternately cooled and 
warmed through the compensation temperature. 

The fact that the curves do not touch the axis is 
probably due to the lack of experimental points in the 
vicinity of the compensation temperature. 

The magnetic moments of the yttrium-gadolinium 
garnets fit the Néel theory rather well. Using the three 
sublattice model and assuming antiparallel c-d and a-d 
interactions, one may write 


b= 2(3u-+2ua— 3p) (1) 


for the magnetic moment per formula weight at a given 
temperature. If the c-sites contain both Gd**+ and Y* 
ions in the ratio x to 3—«, then the 3u, term becomes 
Xuca* since the moment of yttrium is zero. Assuming 
further that a- and d-sites contain only Fe** in the 
garnets considered here, Eq. (1) becomes 

w= 2(XuGatt— pre’). (2) 
From the data shown in Fig. 2, we have at 77°K: for 
x=0, p=9.38; and for +=3, w=14.87. Using these 
values in Eq. (2), it follows that 


u(77°K) =8.08x— 9.38. (3) 
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Fic. 3. Saturation magnetization vs x for the garnets (3— x) Y20; 
-xGd203-5Fe2O; at 77°K. The lines represent values predicted 
by the Néel theory; experimental values are shown by circles. 


A plot of the absolute value of uw vs « at 77°K is shown 
by the straight lines in Fig. 3. Experimental values are 
shown by the circles. Note that the agreement with the 
Néel theory is good. 


PERMEABILITY AND LOSSES 


Preliminary measurements have been made of the 
initial permeability and magnetic losses from de to 2 
kMc/sec at several different temperatures. Results to 
date indicate that all the garnets of this series lack the 
electron diffusion-type loss mechanism proposed by 
Epstein and Frackiewicz for YIG.° A report of the 
permeability and losses will be the subject of a future 
paper. 
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The very large domains found in the intermediate state of hard superconductors are investigated. It is 
found that pure, annealed rhenium shows fine domains like other soft superconductors, but that coarse 
domains can be produced by cold-working the sample. Thus the large domains are not due to peculiar 
electronic properties of the hard superconductors, but to locally strained or impure boundary regions. 


I. INTRODUCTION 


HE hard superconducting metals are distinguished 
from the soft superconductors by their larger 
ratio of critical magnetic field to transition temperature. 
Characteristically, they also show more magnetic 
hysteresis and flux trapping. As the metals are prepared 
in purer and less strained form, these differences de- 
crease, but it is seldom possible to remove them entirely. 
One of the most striking differences in behavior is 
observed in the intermediate state.’ When a magnetic 
field of suitable magnitude is applied perpendicular to 
the face of a superconducting plate, superconductivity 
is destroyed in some regions, while a portion of the 
plate remains normal. In a soft superconductor, such as 
tin or aluminum, these superconducting domains are 
small and closely spaced. From their average spacing 
one can infer a value of the interphase boundary 
energy.'* With hard superconductors, such as vana- 
dium, tantalum or niobium, the domain size is very 
much larger,’ although it also depends on sample thick- 
ness. If one were to infer a value of boundary energy 
from their domain spacings, it would be too large to 
explain by any of the present theories. 

On the other hand, the large domain patterns in the 
hard superconductors might not be fundamental in 
origin, but might come from the strains and impurities 
which were present in even the best available samples. 
Some, although not all, features of the pattern seemed 
to persist on successive applications of the magnetic 
field to the sample. Bismuth probe measurements of the 
local magnetic field on the surface of a vanadium plate 
were made. They showed that motion of the domains 
was accompanied by large jumps of the magnetic field, 
but its value was in general neither zero nor the bulk 
critical field. It seemed, therefore, that the behavior of 
the hard superconductors might be due to locally 
strained or impure regions which act as barriers to field 
penetration. Once such a barrier is overcome, the field 
moves a long distance further into the sample until 
another one is reached. If all the strains and impurities 
could be removed, the sample would behave like a soft 
superconductor. However, none of the available samples 


1A. L. Schawlow, Phys. Rev. 101, 573 (1956). 
2'T. E. Faber, Proc. Roy. Soc. (London) A248, 460 (1958). 


showed anything but very large intermediate-state 
domains. 

Alers* has observed similarly large intermediate-state 
domains in impure lead (containing 33% antimony). 
He was not able to resolve the domain structure in 
pure lead. We have observed that pure lead has an 
intermediate state like tin, but with an even smaller 
boundary energy. Thus the addition of impurities to 
lead can change its intermediate-state characteristics 
from soft to hard. However, it is not clear whether the 
change is caused by the simple introduction of in- 
homogeneous regions, or by a donor action of the 
antimony which changes the electronic structure of 
the lead. 


II. EXPERIMENTS WITH RHENIUM 


It has been found‘ that rhenium of sufficient purity, 
which has been arc melted, behaves magnetically as a 
soft superconductor. However, cold-working transforms 
it into a hard superconductor. Vacuum annealing 
restores the soft behavior. It is therefore interesting to 
see whether this change is also reflected in the structure 
of the intermediate state. 

Figure 1 shows the pattern observed when an 
annealed disk (diameter 1.37 cm, thickness 0.18 cm) of 
pure rhenium at 1.10°K is subjected to a magnetic field 
of 75 oersteds. At this temperature H.~113 oersteds so 
that H/H,=0.66. The pattern is very much like those 
found by Faber* in aluminum. That is, the domains are 
fine and although their walls are quite irregular their 
spacing is fairly uniform across the plate. The average 
spacing of about 0.29 mm can be used to calculate a 
rough value of the interphase boundary energy param- 
eter, A’? We have to pretend that the domains are 
infinite laminae, to apply the theory of Lifshitz and 
Sharvin!* connecting the spacing with boundary energy. 
Then A=7.3X10- cm for T/T.=0.647. Faber*® has 
proposed a correction dependent on (A/L), where L is 
the plate thickness, to take into account a fluted domain 
wall. In this case the correction factor is 0.76, so that 
A=5.6X10~ cm. 


’P. Alers, Phys. Rev. 105, 104 (1957). 

‘J. K. Hulm and B. B. Goodman, Phys. Rev. 106, 659 (1957). 

5E. M. Lifshitz and Yu. V. Sharvin, Doklady Akad. Nauk 
S.S.S.R. 79, 783 (1951). 
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Fic. 1. Intermediate-state pattern of an annealed rhenium plate 
at 1.10°K, H=75 oersteds. The fine domains are characteristic 
of a soft superconductor. 


In either case the value of A is approximate, but it 
seems quite reasonable. It lies between the values for 
aluminum and for tin. 

If the sample is cold-worked by grinding off about 
0.12 mm from each of the flat surfaces, the pattern 
changes completely and the behavior is entirely that of 
a hard superconductor. Figure 2 shows the domain 
pattern for the cold-worked rhenium sample. The 
domains are much larger, even though the plate is 
thinner, and their spacing is quite irregular. When the 
applied magnetic field is changed, domain wall motion 
proceeds with abrupt jumps over large regions. 

In the case of rhenium, cold-working alone without 
chemical contamination is sufficient to create the large 
domains characteristic of the intermediate state in hard 
superconductors. The hardening process seems to in- 
volve creation of filaments (probably thin) which act 
as barriers to flux penetration. It is clear that the 
intermediate-state behavior of the hard superconductors 


STATE: OF 


HARD SUPERCONDUCTORS 


Fic. 2. Intermediate-state pattern of the same plate after surface 
grinding. The domains are now large, as in hard superconductors. 
Same temperature and magnetic field. 


is not related in any fundamental way to their electronic 
structure. 


III. CONCLUSIONS 


Because the large domains characteristic of hard 
superconductors can be produced in lead by impurities, 
or in rhenium by cold-working, and because the field 
inside them is not the critical field, it is concluded that 
they are not a fundamental property of those metals. 
It is much less likely for soft superconductors to be 
greatly affected by structural imperfections, because 
they anneal readily. One could be more certain of this, 
if the magnetic field on the surface of these domains 
could be measured with sufficient precision and spatial] 
resolution. Meanwhile, the approximate regularity and 
quantitative agreement between different experimenters 
attest the fundamental nature of the domains in soft 
superconductors. 
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In order to study the induced conductivity in CdS crystals without charge injection at the electrodes, 
the crystals were insulated with Mylar and ac impedance measurements were made. The capacitance and 
resistance of the crystals were studied as functions of intensity and wavelength of excitation, and frequency 
and voltage of the ac field. The crystal-Mylar combination was found to behave in a manner similar to 
that of powdered samples in like experiments. With a model that treats the crystal as a capacitor shunted 
by a light-sensitive resistance, the capacitance was found to increase with intensity of excitation, and to 
decrease with voltage and frequency. The resistance of the crystal increased by factors of 4 or 5 as the 
intensity of excitation decreased by factors of 10. The limitations of the model are discussed, and conclusions 
drawn regarding whether trapped electrons or only conduction electrons contribute to the impedance. 


INTRODUCTION 


HE induced conductivity in materials of the ZnS 

type has been investigated by many laboratories, 

but the actual behavior of the current carriers has been 
masked by “‘side-effects” in many cases. 

When these materials are used in powder form, d¢ 
measurements depend strongly upon the grain bound- 
aries and electrode pressure. With ac measurements 
these effects can be reduced, but quantitative con- 
ductivity data is still difficult to obtain. 

When these materials are in the form of single 
crystals, other difficulties arise. The electrodes may 
introduce unknown effects because of blocking layers, 
for example, or because at high field strengths charge 
injection (or ejection) may occur. Blocking layers can 
be reduced by cleaning (glow discharge) or by a suitable 
choice of electrodes (i.e., indium, gallium, or gold). 
Still a third difficulty concerns geometry. If a crystal 
of several millimeters to several centimeters in length 
has electrodes at the ends, the inhomogeneity of the 
crystal may be such as to cause the measured conduc- 
tivity to be determined by the least conductive region. 
This difficulty can be partially overcome in flat crystals 
discharging the surface thoroughly and 
evaporating transparent gold electrodes on the flat 
surfaces, so that the effective thickness of the crystal 
may be less than 1 mm. However, experiments have 
shown that even in this case some barrier effects are 
noted.! 

Since it appears to be extremely difficult to completely 
eliminate barrier effects with single crystals, we have 
tried a somewhat different approach, that of deliberately 
introducing a known insulating barrier. A thin insulat- 
ing film of Mylar with a semitransparent coating of 
each flat 


by glow 


aluminum on one side cemented to 


surface of a CdS crystal with the aluminum coating on 


Was 
the outside. With ac impedance measurements, the 


* This investigation was supported by the Hupp Corporation, 
Cleveland, Ohio, from July, 1954 to July, 1957. 

Tt Also with Physics Department, Hunter College, Bronx, 
New York. 

1 Work done by S. Jaffe in this laboratory. 


intrinsic conductivity under various types of excitation 
and ac fields was determined. 


PROCEDURE 


The CdS crystals were grown from the vapor phase 
at 900°C according to the method of Frerichs and 
Warminsky** and copper activated with CuCl by the 
Hupp Corporation. These crystals were flat platelets 
whose approximate dimensions were 1 cmX1 cmX0.3 
mm. The Mylar (0.001 cm thick) was applied to both 
surfaces, and leads attached to the aluminum coating 
with silver paste. 

A General Radio 650-A impedance bridge was used 
for most measurements; the capacitance, Co, and 
dissipation factor, Do, of the crystal-Mylar combination 
could be obtained by correcting for the capacitance 
and dissipation factor of the leads. The crystal-Mylar 
combination could be considered to be two capacitors 
in series (both Mylar sheets are equivalent to one 
capacitor), with the capacitor that represents the 
crystal shunted by a light-sensitive resistance. 

C, and R, are the equivalent parallel capacitance 
and resistance which describe the ac behavior of the 
crystal. C, need not be constant; it behavior will be 
determined from the experiments. Cyy is the capac- 
itance of the Mylar. 

C, and R, can be obtained from Co and D»y through 
the relations 


Co(1+D,")D; 


“Do(A+D2) 
Cure 
(Cay~CHU4+D9) 

R,=1/(wDL,), 


Dim 


if Cay is known. The capacitance of the Mylar was 
obtained by two independent methods. In one 
method the intensity of excitation was increased until 


2 R. Frerichs, Naturwissenschaften 33, 281 (1946). 
3R. Warminsky, Ph.D. thesis, Technical University of Berlin, 
1948 (unpublished). 
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('y reached a saturation value. In this range the crystal 
is shorted out by the small R, and Co=Cmy. The 
second method involved making a capacitor by cement- 
ing two Mylar sheets together; the Cuy obtained by 
this method was within 10% of that obtained by the 
first method. 

In order to ascertain how critically C, and R, depend 
upon the value selected for Cuy, an interation procedure 
was applied using Eqs. (1) and (2) and the values of 
Co and Do obtained at different intensities. This 
procedure showed that C, and D, are not critically 
dependent upon Cy, so that a small error in the value 
of Cuy does not affect C, and D, to any great extent. 


EXPERIMENTAL RESULTS 


The crystals were contained in a light-tight box, 
which also held the source of illumination, a 73-watt 
incandescent lamp. The light was collimated and 
reached the crystal from below. Filters could be 


C, (uf) 
10) 











NTENSITY 


Fic. 1. Measured values of the capacitance C and dissipation 
factor D of crystal-Mylar combination No. 1 as a function of 
intensity with and without simultaneous infrared irradiation. 
The ac potential is 1.9 volts rms at a frequency of 1000 eps. 


inserted between the crystal and the source. Infrared 
radiation could be applied to the crystal from above 
through a shutter at an angle of about 45° with the 
vertical. The intensity of visible radiation (through a 
Corning 1-56 filter) incident on the crystal (after 
having passed through the coated Mylar) was about 
5 microwatts/cm*. 


(a) Crystal 1 


An ac potential of 1.9 volts rms at a frequency of 
1000 cps was applied across the combination; this 
corresponds to ~1.6 volts across the crystal in the 
unexcited state, and, of course, a much lower voltage 
in the illuminated state. With excitation containing 
visible wavelengths on both sides of the absorption 
edge so that the crystal was nonuniformly excited, the 
results given in Table I were obtained. The measured 
values are given in Fig. 1. The figures in the table show 
that C, does not remain constant, but increases with 
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TABLE I. Capacitance, dissipation factor, and resistance for 
crystal 1, for different intensities of nonuniform.excitation, with 
an ac potential of 1.9 volts rms and a frequency of 1000 cps. Co 
and Dp are the capacitance and dissipation factor of the crystal- 
Mylar combination; C:, D,, and R, the parallel capacitance, 
dissipation factor and resistance of the crystal alone; and C, the 
series capacitance of the crystal alone. ND refers to a neutral 
density filter, the number following it denoting the logarithm of 
the ratio of the incident to the transmitted light. 


Filters Co(uuf) Do Cz (uu) Dz 


Rz(ohms) C,s(puf) 
6X 104 

2X 105 5850 
1x 108 506 
5X 108 59.2 
1.6X 107 Y 4 
5X 10? 14.8 


0.0277 
0.0708 
0.275 
0.471 
0.393 
0.173 


68.4 
67.7 
56.0 
25.6 
16.3 
a | 


1-56 

1-56 and ND1 

1-56 and ND2 

1-56 and ND3 

1-56 and ND4 

1-56 and ND2 
and ND3 

1-56 and ND2 
and ND4 

no illumination 


5.98 
2.29 
0.87 
0.54 
0.21 


158 
80.6 
32.9 
20.1 

14.2 


10.6 0.0737 12.6 0.087 1.6108 12.7 


10.4 0.0199 12.3 0.027 5105 12.3 


increasing excitation. R, decreases approximately 
as the square of the intensity. 

Crystal 1 was also investigated at a frequency of 
200 cps with all other conditions the same as above. 
The results are given in Table II. These results show 
that again the capacitance of the crystal increases 
with increasing intensity. The resistance values are 
slightly higher than with 1000 cps. Results at 200 cps 
with 9 volts were no different from those obtained at 
1.9 volts. 

Uniform excitation of the crystal was effected by a 
Corning 3-66 filter used in conjunction with the 1-56 
filter. This filter combination transmits only those 
wavelengths between 5700 and 6800A and thus 
reduces the intensity to roughly one-half that trans- 
mitted by the 1-56 filter alone. Between 1% and 10% 
of this light is probably absorbed by the crystal. With 
an ac potential of 2 volts and a frequency of 200 cps, 
the results were those shown in Table III. 

These results are similar to those in Table II where 
the excitation was not uniform, the difference being 
attributable to the decrease in intensity which ac- 
companied the use of the 3-66 filter. Since the R, 
values are only slightly higher than those in, Table II 
for the same neutral density filter, one is inclined to 


TABLE II. Capacitance, dissipation factor, and resistance of 
crystal 1 for different intensities of nonuniform excitation, with 
an ac potential of 1.9 volts rms and a frequency of 200 cps. 


Filters Co (upf) Do Cr (upf) D: Rz(ohms) Cs (uuf) 
0.0059 
0.0153 

0.0961 242 
0.399 66.4 
0.412 28.0 


0.317 


56 66.3 
56and ND1_ 66.3 
-56and ND2_ 64.2 
56 and ND3 45.7 
56 and ND4_— 22.7 
56and ND2 16.0 
and ND3 
56 and ND2 
and ND4 
56 and ND3 
and ND4 


1600 


2.36 

0.985 
0.584 
0.431 


12.8 0.221 0.276 2.0108 


12.3 0.186 0.230 2.510% 
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TABLE III. Capacitance, dissipation factor, and resistance of 
crystal 1 for different intensities of uniform excitation with an 
ac potential of 2 volts rms and a frequency of 200 cps. 


R:(ohms) C.(puf) 


1.3 10° 
5.5X 105 


Co(upf) Do 


0.0107 
0.0422 


Filters Cz (upf) D; 


56 and 3-66 = 67.0 
56 and 3-66 —s 66.1 
and ND1 

56 and 3-66 — 57.5 
and ND2 

56 and 3-66 

and ND3 

56 and 3-66 

and ND4 

56 and 3-66 

and ND2 

and ND3 

56 and 3-66 

and ND2 

and ND4 


408 3.57 5060 
92.1 2.32 590 


0.240 3.7X 10° 


0.485 39.1 1.13 18X10’ 89.0 


0.356 24.8 0.526 6.1107 31.6 


0.348 19.9 0475 8.4107 24.4 


0.332 20.1 0452 8.710) 


conclude that the strongly absorbed light did not 
contribute in great measure to the conductivity. 

An increase in voltage to 9 volts for the two points 
of highest intensity did not give rise to any pronounced 
change in R,. 

The effect of applying infrared radiation simul- 
taneously with visible light was also investigated. The 
infrared radiation was that transmitted through the 
Corning 7-56 and 4-97 filters, i.e., wavelengths greater 
than 1.25 microns. Wavelengths shorter than this 
were found to excite the crystal rather than quench it. 
The applied potential was 1.9 volts and the frequency 
1000 cps. The results are given in Table IV and Fig. 1 
and should be compared with those of Table I. 

It can be seen from the figure that the infrared 
radiation has a definite quenching effect, which is much 
stronger at medium intensities than at high intensities. 
This is in agreement with measurements on powdered 
materials' where the quenching effect of infrared 
decreases with increasing excitation. The table shows 
that R, is linear with intensity, a situation which did 
not exist at 1000 cps when the infrared radiation was 
absent. This may be coincidence arising from the fact 
that infrared radiation has a greater effect at lower 
intensities than at higher ones, thus making the 
nonlinear lower intensity region linear while leaving 
the higher intensity region unaffected. 

In addition to the measurements 


with constant 


raBLeE IV. Capacitance, dissipation factor, and resistance of 
crystal 1 for different intensities of nonuniform excitation applied 


simultaneously with infrared radiation (A>1.25u4) with an ac 
otential of 1.9 volts rms and a frequency of 1000 cps. 
1 : I 


Cr(upf) =D R:(ohms) Co(ppf) 
6.7 X 104 
5.2 105 
0.690 5.5106 


Filters Co(uuf) Do 
70.2 0.0294 
63.4 0.204 75. 
29.2 0.364 42.:! 
1 
1 


1-56 

1-56 and ND1 
1-56 and ND2 
1-56 and ND3 
1-56 and ND4 


1340 
62.6 
15.7 
12.3 


4.08 


12.2 0.201 0.246 4.4107 
10.4 0.054 0.0635 2.0 108 


‘ Kallmann, Kramer, and Perlmutter, Phys. Rev. 89, 700 (1953). 
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illumination described above, the effect of infrared 
radiation on a decay curve was investigated. This is 
shown in Fig. 2 where the curves for C and D were 
plotted from the values of the capacitance and dissipa- 
tion factor as given by the bridge not corrected for the 
effect of leads. The quenching effect of the infrared 
radiation is pronounced, as can be seen from a compari- 
ison with the regular decay curve in the figure. ‘The 
first point on each curve is that taken just before the 
light was turned off. 

The R, values obtained from these measurements 
(see Tables I to III) show a decrease with increasing 
intensity (as /" where is between 1 and 3). In Table I 
(1000 cps) the decrease in intensity goes from 1 to 
10~®; in the range of 10~' to 10° an increase of 10! in 
intensity produces an increase of 2.5 10? in conductiv- 
ity. At 200 cps, however, (Table II) the change in 
conductivity is more proportional to intensity; an 
increase in intensity by a factor of 1000 produces an 
increase in conductivity by a factor of 250. The reason 


RON 
(uf 
oo . 
iy | 
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Fic. 2. Normal decay of the capacitance C and dissipation 
factor D of crystal-Mylar combination No. 1 as a function of 
time, and the decay under infrared irradiation. 


for this difference between 1000 and 200 cps is not 
clear, but may be due to the fact that at 1000 cps the 
electrons cannot fully follow the field. A comparison of 
the values of Rz for 1000 cps and 200 cps when Co has 
just reached saturation shows that R, at 200 cps is 
several times higher than R, at 1000 cps, which is to 
be expected. (Compare the third value in Table II 
with the second in Table I.) 


(b) Crystal 2 


The equilibrium capacitance of crystal 2 was investi- 
gated as a function of intensity in the same manner as 
crystal 1 in order to ascertain whether the change in 
C, with intensity was peculiar to crystal 1. No conclu- 
sions regarding the C, of crystal 2 could be drawn with a 
frequency of 1000 cps, because a reliable saturation 
value of the measured capacitance and dissipation factor 
of the crystal-Mylar combination could not be obtained. 
This is most likely due to the lower sensitivity of this 
crystal. The maximum light intensity used for crystal 1 
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was not sufficient to produce a conductivity in crystal 2 
which would insure saturation. 

Measurements were taken at a frequency of 10 cps 
in order to get a better saturation value. The lower 
frequency has the effect of making the capacitance 
versus intensity curve rise more steeply, that is, the 
capacitance will be higher for the same intensity than 
with a frequency of 1000 cps, and will thus reach a 
saturation value earlier. Then, as was the case with 
crystal 1, C, was found to increase with increasing 
intensity. 

The effect of different voltages on the measured 
values C and D for this crystal are shown in Fig. 3.° 
There is a decided voltage quenching, the higher 
voltage causing the capacitance to approach saturation 
more slowly for a given intensity of illumination, with 
the D curve correspondingly displaced in the direction 
of higher intensity. 


OTHER CRYSTALS 


Two other crystals were also investigated and 
similar results were obtained, C, increased with 
intensity, R, increased by factors of 4 or 5 as the 
intensity decreased by factors of 10, and there was no 
difference between the effects of uniform and non- 
uniform excitation. The voltage characteristics of these 
crystals were not investigated. 


CONCLUSIONS 


The results reported above are in general agreement 
with those obtained from powder measurements.’ As 
was the case there, the capacitance of the sample 
increases with increasing intensity of excitation, and 
the D value goes through a maximum. One can readily 
account for the shape of the curves for the capacitance 
and dissipation factor with the model given above. 
As the light intensity is increased R, goes from an 
essentially infinite value to a low value, shorting out 
C,. Thus the capacitance of the crystal-Mylar combina- 
tion goes from a low value when the two capacitors are 
in series to a high value, the value of the Mylar alone, 
when the crystal capacitance is shorted out. The 
dissipation factor is low at low intensities where there 
is little conductivity (Ro is large and Do=1/(RowC). 
At high intensities R, is small, C, is shorted out, and 
what remains is Cuy in series with R,. 

In the case of powders, the barrier layers or layers 
near the electrodes serve as insulators and play the role 
of the Mylar in the present experiments. The fact that 
with powders the measured capacitance increases by a 
factor of 2 while for crystals it increases by a factor of 
5 with the intensities employed is due to the increased 
ratio of conductive to nonconductive thickness for the 
crystal-Mylar combination. 


5 These measurements were done by J. Shain in this laboratory. 
The authors wish to express their gratitude for this and other 
information he contributed, 
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Fic. 3. Capacitance C and dissipation factor D of crystal-Mylar 
combination No. 2 as a function of intensity for different voltages 
at 10 eps. 


It would be meaningless to interpret the results of 
these experiments as due to a change in the dielectric 
constant of the crystal with excitation. The order of 
of magnitude of the number of trapped electrons in the 
crystal is known. A change in the dielectric constant 
due to these electrons which would essentially short out 
the capacitance of the crystal would involve these 


electrons being displaced through the entire crystal, 

which, in effect, would amount to bulk conductivity. 
The fact that the effective parallel capacitance of the 

increasing intensity is 


crystal, C,, increases with 
particularly interesting and requires some discussion. 
We have described the crystal as a capacitor in parallel 
with a resistor which shorts it out at high intensities 
This picture is only valid, however, when there are 
ohmic contacts and current can flow into and out of the 
crystal. In the present case, with Mylar sheets between 
the electrodes and the crystal, no current enters or 
leaves the crystal. The charges produced by the 
excitation pile up at either side of the crystal depending 
upon the instantaneous polarity of the field, and are 
prevented from leaving by the Mylar. Therefore, at 
the crystal surface a finite field exists which is deter- 
mined by the condition that the displacement vector 
be continuous across the boundary between the Mylar 
and the crystal. This means that whatever displacement 
exists in the Mylar must also exist at least near the 
surface of the crystal, which is contrary to the assump- 
tion that the capacitance is shorted out by a parallel 
resistance. At high excitation intensities, there is a 
strong field in the crystal close to the electrodes while 
the center of the crystal remains essentially field-free. 
That is, instead of the resistance shorting out the 
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entire crystal, the situation may be such that only the 
center of the crystal is shorted out, and instead of a 
capacitor shunted by a resistance, we have a capacitor 
in series with a resistance. Thus instead of R, and C, 
we might use a model containing C, and R, in series. 
The capacitance of the crystal is then due to the thin 
charged layers near the electrodes. This capacitance 
C, can be quite high, as is shown in Tables I through 
IV in the column headed C,, but it will be masked by 
the much lower capacitance of the Mylar with which 
it is in series. The series resistance, R,, will not differ 
appreciably at high intensities from the parallel 
resistance, R,, since R, is related to R, through the 
relation R,=R,/(1/D2+1) and in this region D, is 
high. 

The thickness of a layer which could be responsible 
for the value of C, at a high intensity is about 10~* cm, 
which is not too different from the Debye length 
calculated from the density of conduction electrons 
inside the crystal® under the assumption that the time 
variation of the electric field is not sufficiently slow for 
equilibrium between conduction trapped 
electrons, and ionized activators to always exist. At 
lower frequencies this equilibrium condition may hold 
and not only the free electrons but the trapped 
electrons as well may be able to follow the field. This 
would reduce the Debye length and thus increase C,. 
The investigation of the dependence of the capacitance 
C, on the frequency, therefore, may provide an in- 
dependent source of knowledge of the rapidity with 
which equilibrium is established. 

The rapidity with which equilibrium is established 
can also be obtained from frequency measurements 
in the following way. As can be seen from Eqs. (1) and 
(2), when one eliminates Do, Cy depends only upon 
C,, Dz, and Cuy, but not on the angular frequency w 
directly. If one starts at a frequency low enough for 
equilibrium between conduction electrons, trapped 
electrons, and ionized activators to exist at all times, 
then for a fixed intensity R, and C, are constant and 
Co depends upon w through its dependence on D,, 
where D,=1/(R,Cw). As the frequency is increased 
a point will be reached where equilibrium no longer 
exists. At that frequency C, will change and Cy will 
no longer be the same function of frequency as it had 
been up to that frequency. This “critical” frequency, 
then, is a measure of the time required for equilibrium 
to be established. 

A brief theoretical discussion of the crystal capac- 


electrons, 


itance at constant potential is given in the Appendix. 
This might be considered to be the limiting case of the 
slowly varying ac field. 
Regarding the decrease in capacitance with increase 
in potential which is shown in Fig. 3, this may be 
*B. Jaffe, Ph.D. thesis, New York University, 1959 (un- 
published). 
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similar to the voltage quenching effect which was noted 
in experiments with luminescent powders.’ The increase 
in potential causes an increase in the concentration of 
charge, which in turn produces a greater rate of 
recombination. The increase in potential thus acts, in 
effect, like a decrease in excitation. 


APPENDIX 


Consider the simple situation of a condenser in 
series with a battery Vo. Between the condenser plates 
we have two dielectrics, the crystal with capacitance 
C,, and the sheets of Mylar which flank it, with 
capacitance Cy. When light is incident on this 
condenser electrons are released. There are , electrons 
per unit volume at the face of the crystal closest to the 
light, and my per unit volume at the second face. The 
expression for the current density, j, in the crystal is 


j= Enept+ Ddn/dx=0, (la) 


where £ is the field, » the number of charges per unit 
volume, e the electronic charge, » the mobility, and D 
the diffusion coefficient. 7 is equal to zero in this case 
because the insulating layers of Mylar prevent the flow 
of de current. 

Integrating from one side of the crystal to the other 
and substituting D=pkT where k is Boltzmann’s 
constant, one gets for the voltage across the crystal 

V = (kT /e) In(m/np). (2a) 


If one assumes that the field is constant in the Mylar 
and equal to Fo, one has for the total voltage Vo 


Vo=Endt+V, (3a) 


where d is the thickness of the Mylar. 

The capacitance of the entire system C can be 
expressed as C=eFoA/Vo. and if we now substitute for 
Fy from Eqs. (3a) and (2a) we get 


eA kT ny 
C=—{ 1- In— }. 
d eVo No 
If we consider the total capacitance C to consist of 
Cw and C; in series then we get 


COm, <2 eV 
C= -( -1). (5a) 
Cuy—C  d NRT In(11/nz) 


(4a) 


From this expression for C, one can see that at high 
intensities, where 2;~ m2, C, becomes very large, which 
is what was found experimentally. At low intensities 
the ratio ;/n»2 is very large and is essentially meaning- 
less, because at this low concentration of charge the 
ratio would imply a fraction of an electron at one side 
of the crystal. 


7H. Kallmann and P. Mark, Phys. Rev. 105, 1445 (1957); 
Kallmann, Kramer, and Mark, Phys. Rev. 109, 721 (1958). 
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The details of a previously reported measurement of the proton magnetic moment in units of the Bohr 
magneton are given. This ratio of moments, which is obtained from common magnetic field observations of 
the nuclear magnetic resonance frequency of protons in a spherical sample of mineral oil and the cyclotron 
frequency of free low-energy electrons, is found to be wpcoit)/uo= (657.462+-0.003), where the uncertainty 
represents the estimated 50% probable error. The magnetic moment of the free proton is found, upon 
application of the appropriate diamagnetic correction factor, to be 4p/uo= (657.442+0.003)—. The present 
result may be combined with reported values for the ratio of the magnetic moment of the electron to the 
moment of the proton to yield for the magnetic moment of the free electron in units of the Bohr magneton, 


ue /po= 1.001168-+0.000005 
=1+ (a/27) + (1.2+0.9) (a’, r*), 


where the uncertainty is the estimated 50% probable error. This result is to be compared with the current 


theoretically estimated value for this quantity, 


be/po= 1+ (a/21) —0.328 (a?/x?) 


= 1.0011596. 


1. INTRODUCTION 


W* wish to present the details and final results of 
a previously reported measurement! of the mag- 
netic moment of the proton yw, in units of the Bohr 
magneton yo=eh/2mc. This result is used in a determi- 
nation of the magnetic moment of the electron in units 
of the Bohr magneton u,/po. 

One of the striking achievements of the present formu- 
lation of quantum electrodynamics has been the evalua- 
tion of radiative correction terms to the Dirac value for 
the magnetic moment of the free electron. These terms 
provide one of the few opportunities for comparison of a 
quantitative prediction of quantum electrodynamics 
with experiment. Currently, the most precise experi- 
mental value of the electron moment in Bohr magnetons 
u-/wo is obtained by combining the result of an experi- 
ment of the present type wp/uo with a determination of 
Ue/bp. At the time the present work was undertaken the 
precision of the comparison between theory and experi- 
ment was limited primarily by the uncertainty as- 
sociated with the available experimental value for p/p.” 

The quantity u»/uo also can be combined with other 

* This work was supported by a grant from Research Corpora- 
tion, by the Office of Naval Research, and by the U. S. Atomic 
Energy Commission. This report is based on a dissertation sub- 
mitted to the Department of Physics and the Committee on 
Graduate Study at Stanford University in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy by Sidney 
Liebes, Jr., November, 1957. 

Tt Present address: Palmer Physical Laboratory, Princeton Uni 
versity, Princeton, New Jersey. 

t Present address: The Harrison M. Randall Laboratory of 
Physics, University of Michigan, Ann Arbor, Michigan. 

1 P. Franken and S. Liebes, Jr., Phys. Rev. 104, 1197 (1956); see 
also S. Liebes, Jr., Ph.D. thesis (unpublished). 

2 J. H. Gardner and E. M. Purcell, Phys. Rev. 76, 1262 (1949) ; 
J. H. Gardner, Phys. Rev. 83, 996 (1951). A modification of this 
experiment was undertaken by R. W. Nelson, Ph.D. thesis, 
Harvard University, 1953 (unpublished). 


experimental data to establish values for such physical 
constants as Avagadro’s number, Planck’s constant, the 
fine structure constant, the charge of the electron, the 
electron-proton mass ratio, the Bohr magneton, and the 
absolute magnetic moment of the proton.® 


2. THEORETICAL AND EXPERIMENTAL STATUS 
OF THE MAGNETIC MOMENT OF 
THE ELECTRON 


The quantum electrodynamical radiative correction 
terms to the magnetic moment of the electron are ex- 
pressed in powers of the fine structure constant a= e*/hc. 
The term of order a was first calculated by Schwinger.‘ 
The term of order a? was originally computed by Karplus 
and Kroll> and has been recently re-evaluated by 
Petermann® and by Sommerfield.’? The current theo- 
retical estimate for the free electron moment is®? 


Be/po= 1+ (a/ 2m) —0.328 (a? 7) 
= 1,0011596, (2.1) 


where the fine structure constant has been assigned the 
value’ a~!= 137.0391+0.0006. 

The only measurement of u/uo published prior to the 
performance of the present experiment was that of 
Gardner and Purcell*; the stated limit of error was 12 
ppm (parts per million). Four independent measure- 


‘See, for example, E. R. Cohen and J. W. M. DuMond, in 
Encyclopedia of Physics, edited by S. Fliigge (Springer-Verlag, 
Berlin, 1957), Vol. 35, pp. 1 ff.; Cohen, DuMond, Layton, and 
Rollett, Revs. Modern Phys. 27, 363 (1955); E. R. Cohen and 
J. W. M. DuMond, Phys. Rev. Letters 1, 291 (1958). 

4 J. Schwinger, Phys. Rev. 73, 416 (1948). 

®R. Karplus and N. M. Kroll, Phys. Rev. 77, 536 (1950). 

6 A, Petermann, Nuclear Phys. 3, 689 (1957); 5, 677 (1958); 
Helv. Phys. Acta 30, 407 (1957). 

7C. M. Sommerfield, Phys. Rev. 107, 328 (1957); Ann. Phys. 5, 
26 (1958). 
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ments of u,/u, have been performed.*" These determi- 
nations are consistent to approximately one ppm. The 
Gardner and Purcell result may be combined with the 
u,/ py data of Beringer and Heald® (see Sec. 12) to yield 
for the electron moment 


He/po=1+(a/2r)— (2.542.3) (a?/r? 


= 1.001148+0.000012(~12 ppm), = (2.2) 


where the uncertainty represents the limit of error. 
When we use our determination of u,p/yo (see Sec. 11), 
we obtain for the magnetic moment of the free electron 


pe/po= 14+ (a/2e)+ (1.240.9) (a?/x*) 


= 1,001168+0,000005(~5 ppm), (2.3) 


where the uncertainty represents the estimated 50% 
probable error. 


3. OUTLINE OF THE EXPERIMENT AND 
PREVIOUS MEASUREMENTS 


The nuclear magnetic resonance frequency w, 
= 2 pisyf1/h of protons in mineral oil and the cyclotron 

frequency w.=ell/mc of free low-energy electrons are 
measured in the same magnetic field H. The ratio of 
these two frequencies yields the proton moment in Bohr 
magnetons, Wp/We=Up(oil)/ Mo; uncorrected for environ- 
mental shifts due to the mineral oil. The difficulties in 
this type of experiment are largely associated with 
the measurements related to the electron cyclotron 
resonance. 

In the Gardner and Purcell experiment? the electron 
cyclotron resonance was observed in a magnetic field of 
approximated 3340 gauss, at which field the electron 
resonance frequency is approximately 9360 Mc/sec. An 
evacuated rectangular wave guide, its broad dimension 
parallel to the magnetic field, was traversed by a low- 
energy space charge limited ribbon-like beam of elec- 
trons. The electrons were injected into the guide through 
a narrow slit in the guide wall; as the electrons drifted 
across the guide, in a direction parallel to the external 
magnetic field, they were subjected to the transverse 
electric component of the microwave field within the 
guide. The electron current was collected and measured 
subsequent to its departure through a narrow slit in the 
far wall of the guide. An almost hundred-fold increase in 
collected electron current was observed for microwave 
frequencies in the neighborhood of the electron cyclotron 
frequency. The interpretation of this effect was that the 
electron space charge was expanded by the microwave 
field, thus reducing the current-limiting space charge 
potentials within the guide. The electron cyclotron fre- 
quency was interpreted to be that frequency of the 
microwave field at which the collected electron current 
was a maximum. In the Nelson? modification of this 

§ Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 

* R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954). 

” Geiger, Hughes, and Radford, Phys. Rev. 105, 183 (1957). 

4 E. B. D. Lambe, Ph.D. thesis, Princeton University, 1959 
(unpublished). 
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experiment the above kinematical detection scheme was 
discarded in favor of monitoring the microwave power 
absorbed by the electron beam. 

In the present experiment a microwave absorption 
technique was applied to a sample of free electrons con- 
tained in a highly evacuated spherical bulb of Pyrex 
~0.7 cm in diameter. The electrons were produced by 
photoelectric emission from the surface density equiva- 
lent of a film of a few molecular layers of potassium 
deposited upon the inner surface of the sphere.” 

One of the important limitations on accuracy in the 
Gardner and Purcell experiment was imposed by pos- 
sible shifts in the electron cyclotron frequency arising 
from the presence of inhomogeneous electrostatic fields. 
These fields can be produced by space charge, externally 
applied trapping voltages, or stray charges accumulating 
on the boundaries of the system within which the 
resonance is studied. The present experiment is designed 
to correct for these shifts in a fashion that does not re- 
quire a quantitative knowledge of the electrostatic field 
distribution. 

We make three assumptions which are subject to ex- 
perimental verification: (1) the electron orbit radii are 
small compared to distances in which the electrostatic 
field varies appreciably; (2) the frequency shift caused 
by the electrostatic field is small; (3) the electrostatic 
field is independent of magnetic field in a chosen range 
of magnetic field variation. 

When assumptions (1) and (2) obtain it can be shown 
(see Sec. 6) that the experimentally observed frequency 
ratio w,’/w» is related to wo/upwir by the expression 


we! /wp=[to/upoin JL1+ (K/H?) ], (3.1) 


where H is the magnetic field and K is a function only 
of the electrostatic field distribution. The absence of any 
electron orbit or velocity parameters in (3.1) suggests 
the measurement of w,’/w, as a function of magnetic 
field. If assumption (3) is satisfied one should observe a 
linear dependence of w,.’/w, with respect to 1/H*. Thus 
a linear extrapolation to 1/H?=0 would determine 
Ho/Kp(oid- 

We have studied w,’/w, as a function of 1/H? for 
magnetic fields ranging from 750 to 1700 gauss. For each 
run, from three to thirteen points were taken in this 
interval. We have found, by analysis of all the data 
without rejection, that any systematic deviations from 
a straight line dependence are, in this interval, less than 
one part in one million. 


4. FREE ELECTRON CYCLOTRON RESONANCE 


We wish now to investigate the microwave power 
absorption exhibited by a cloud at free electrons in a 
magnetic field H. The physical system to which this 
analysis will be applied has the following pertinent 
features: The sample consists of 10*— 10° free electrons 


One of us (P.F.) is very grateful for his conversation with 
Professor Purcell in 1951 in which several problems associated with 
this experiment were discussed. 
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contained within a ~} cm i.d. highly evacuated spheri- 
cal Pyrex bulb. The electrons are continuously photo- 
ejected from a transparent potassium film upon the 
inner wall, with kinetic energies of ~ 1 ev corresponding 
to speeds of ~5107 cm/sec. Mean electron lifetimes 
are observed to be ~10~-® sec. The applied static mag- 
netic field ranges from 750 to 1700 gauss. In a magnetic 
field of 1000 gauss the maximum diameters of the helical 
trajectories are ~6X 10~* cm, or about 1/100 of the bulb 
diameter. The samples were evacuated to ~3X 10~* mm 
of Hg. The amplitude of the microwave electric field 
Was maintained at less than 10-* volt/cm. 

In this section we shall neglect the mutual interaction 
of the electrons and the influence of external static 
electric fields. Space charge and collective effects are 
discussed in Sec. 6. Relativistic corrections are treated 
in Sec. 10b. 

Let the s axis of a rectangular coordinate system be 
aligned in the direction of the static magnetic field, and 
let E,, E,, and F, be the components of the microwave 
electric field. The nonrelativistic equations of motion of 
an electron (charge —e) are, in Gaussian units, 


dv,/dt= —(e/m)(E,+1,H/c), 
v,H ( & 


(4.1) 
(4.2) 
(4.3) 


dv,/dt= — (e/m)(E,— 


dv,/dt= — (e/m)E;. 


It can be demonstrated" that the £, component of the 
microwave field employed in this experiment is re- 
sponsible for a shift of less than 1 part in 10” of the 
resonance frequency. We shall therefore neglect (4.3) 
and treat the problem as two dimensional. 

It is convenient to introduce a complex velocity 


V =0,+10,, 


MOMENT OF 
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and a complex electric field 
6=E,+1E,, 


in terms of which Eqs. (4.1) and (4.2) can be combined 
to yield 

dV /dt—iw.V = — (e/m)&, 
or 


(d/dt)(Ve~‘#«*) = — (e/m) &e~ '**', (4.4) 


where w,=eH/mc. 
Let us now represent the microwave electric field by 


&= E sin(Qi+ ¢), (4.5) 


where /, assumed without loss of generality to be real, 
is the amplitude of the field, Q is the circular frequency 
of the electric field, and ¢ is a phase factor, Equation 
(4.4) can be integrated, upon the substitution of (4.5), 


to yield 
cK sei(f-wed tJ 


2m Q—w, 
e -~i(2+we tf 
+ ee}, (4.6) 
Q+w, 


where V» is the complex velocity of the electron at time 
1=0. 

The change in the kinetic energy of the electron is 
given by 


Aw=3m(V*V—Vo*Vo), (4.7) 


where V* is the conjugate complex velocity at time ¢ and 
Vo* is the conjugate complex velocity at ‘=0. If we 
substitute (4.6) into (4.7) and let Vo=v0"*, where 1 is 
real, we obtain 


eE \ fcosl (Q—w.)l+ ¢—8]—cosLy—8] cos[ (Q+w,)/+ ¢+6 ]—cosl ¢+6 ] 
Aw= mel )( - + : ) 
Q+w, 


2m 


Q—w, 


ek \*fsin?3(Q—w,)t  sin?s(Q+w,)e 
+2m( ) Pcarctenacommcef 
2m (Q—w,)? (Q+w,)? 


2m 


The sample contains a large number of electrons, and 
we shall require an expression for the average energy 
absorbed per electron. Since there is no correlation be- 
tween the rate of electron emission and the phase of the 
microwave field,'' Eq. (4.8) must be averaged over ¢ to 
obtain for the average energy absorbed by an electron 


13S. Liebes, Jr., reference 1. 

44 Tt can be shown that such a correlation could, for the observed 
resonances, give rise to a shift in the resonance frequency of at 
most one part in 10”, 


(< —_— ¢)—cosl(Q+w,.)l+2¢ ]— Seaetaneeell 
+m — -B. (4.8) 


(Q—w.)(Q+w,) 


living for a time ¢ 


(eL)*psin?[3(Q—w,)t}]  sin?L(Q+a,)t 
teas i catined | (4.9) 


2m (Q—w,)? (Q+w,)? 

It will be noted that (4.9) is independent of the initial 
magnitude v and direction @ of the electron velocity ; 
this feature enables the microwave power absorption P 
to be expressed in terms of the above average (4.9), the 
number of electrons emitted per second N, and the 
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Fic. 1. In (a) the frequency derivative of an observed gas colli- 
sion broadened electron resonance is compared with the derivative 
of the associated theoretically obtained Lorentzian line shape 
(4.13). The signal-to-noise ratio for this gassy bulb was unusually 
poor. In (b) the frequency derivative of a typical one of the 
electron power absorption curves is compared with derivatives of 
(4.13) and (4.15), the latter representing a simplified model of wall 
collision broadening. 


normalized electron lifetime distribution function L(?): 


P= vf (Aw) L(t)dt, 


where L(t)dt is that fraction of the electrons which have 
a lifetime between / and /+d1. 

The second term on the right-hand side of (4.9) is 
antiresonant. It is straightforward to show" that, for 
the case of a relative line width small compared to 
unity, the inclusion of this term into the evaluation of 
(4.10) causes the power absorption maximum to experi- 
ence a relative frequency shift given by 


(4.10) 


dw € 3 


cna = ~ , 
4 
weit / Ay 


We 


(1) 44= f ML (t)dt. 
0 


where 
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In the present experiment the values of w, and (¢*),, are 
such that |éw./w,|<«10-. We therefore neglect the 
antiresonant term and obtain, upon substitution of the 
resonant part of (4.9) into (4.10), for the frequency de- 
pendence of the power absorption 


r 


Expression (4.11) shows that for the conditions con- 
sidered, maximum power absorption occurs for 2=w, and 
the power absor plion curve is symmetric in (Q—w,), regard- 
less of the form of L(t). 

Expression (4.11) may be fitted to the experimental 
line shapes by the selection of a suitable distribution 
function L(t). The true L(f) will be an exceedingly com- 
plicated function of the geometry, the lighting condi- 
tions, the bulb surface conditions, etc. We make no 
attempt to develop a detailed theory of lifetime dis- 
tribution functions. Our practical concern is that the 
resonances be symmetric; evidence providing support 
for the assumed symmetry of the resonance is presented 
in the discussion of measurement procedure (Sec. 9). 
Below we compare two of the observed line shapes with 
the very simplest of theoretical models. 

One simple lifetime distribution function is that which 
approximates the case of gas (g) collision broadening: 


L,(t)=(1/r,)e-"!0, (4.12) 


The result of the substitution of (4.12) into (4.11) is the 
Lorentzian line shape 


P,=ar,?/(1+2°), 


(el:)* 
P=N 


sin*[3 (Q—w,)t] 


L(t)dt. (4.11) 


9 


2m (Q—w-)° 


(4.13) 


where a=.\ (eF)?/4m and x= (Q—w,)r,, and 7, is the 
mean electron lifetime. 

The resonances were not generally gas collision 
broadened. However, one of the electron bulbs, which 
was constructed from fused quartz, had a thin wall 
(thickness ~ 0.003 in.). A few months after the prepara- 
tion of this sample, sufficient helium from the atmos- 
phere had diffused into the bulb to give rise to a nearly 
Lorentzian line. A comparison of the frequency deriva- 
tive of the power absorption curve for this bulb with the 
derivative of the Lorentzian line (4.13) is shown in 
Fig. 1(a). The curves have been matched at the points 
of inflection of the power absorption curve. 

A simple model corresponding to a form of wall (w) 
collision broadening is that which corresponds to elec- 
trons being isotropically emitted, with a fixed initial 
speed v, from a plane wall into a uniform force field of 
strength e£ directed toward this wall. The lifetime 
distribution function appropriate to this model is 


O<td tw 
Tes 


Lit) = 1/Tw, 
= Q, 


(4.14) 


where 7,,=2mv/eE is the lifetime of an electron emitted 
in a direction normal to the wall. The line shape corre- 
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sponding to this model is 


Pw= (ary?/x*)[1— (sinx/x) ]. (4.15) 


It is not suggested that the model that lead to (4.15) 
corresponds closely to the actual physical situation. But 
for comparison purposes, there is shown in Fig. 1(b) one 
of the observed power absorption curve derivatives 
along with the derivatives of (4.13) and (4.15); the 
curves are matched together at the inflection points of 
the power absorption curve. 


5. QUANTUM MECHANICAL CONSIDERATIONS 


The electrons in this experiment have kinetic energies 
of ~1 ev, and hence maximum angular momenta of 
~ 10° in a magnetic field of ~ 1000 gauss. We wish to 
show that, in the limit of vanishingly weak microwave 
fields, the result of the quantum mechanical calculation 
for the power absorbed by a cloud of low-energy 
cyclotroning electrons is precisely the same as that 
obtained by the classical methods of Sec. 4 

We require a set of energy eigenfunctions descriptive 
of an electron i in a homogeneous magnetic field Ho; the 


BA 


sin*C}(Q—ns)i1 sin? ‘La (Q+ wim) 
(Q+ a, )? 


r< os2¢+cos[2(Q¢+ 


(ek)* 
®(#) [2?=— : 


| 2k 
(O-— 


9 
“s Wi m)* 


sellin 


oo 
) 


[(m+1)/2 k=m+1) 


Gia= 4 k=m—1¢, Wim= (W, 


,  (m/2)3, 


0, otherwise 

In this calculation we have used the ordinary first order 
time dependent perturbation theory,!® the w,(r) given 
by Peierls,'® and the harmonic oscillator matrix ele- 
ments.!7 We now average (5.2) over ¢, all values of 
which are equally likely, to obtain 


(ek)? sin’ 4 (Q—wem)e | 


” Gi 
e 


a, (t) > 


mho (Q—wim)? 
sin’[ 3 (Q + Ww m )t | 


Q-+-w; m Ne 


5 


| 6s) 


absorbed by 


+— 


The average value of the energy 
electron living for a time / is then 


an 


L)) av) 
+we)t } 


- | (5.4) 


(Clarendon 


(Aw) ay Y(t) | )mu— (| @n—1" 


sin*[3(Q—w,)f] sin?[}(Q 
+ 
(Q+w,)? 


1®8R, Peierls, Quantum 
Oxford, 1955), p. 146. 

16T. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949), first edition, Chap. 8. 

17. I. Schiff, reference 17, Chap. IV. 
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Hamiltonian is of the form 
(p+eA 'c)?; 


A particularly convenient set is that given by Peierls"; 
an asymmetric gauge (4,=0, A,=Hor, A,=0) is 
exploited to obtain eigenfunctions having an harmonic 
oscillator dependence on x. The energy eigenvalues are 
equally spaced by the energy W,—Way_1=he.. 

At time /=0 let us turn on a weak microwave electric 
field: 


Ho= (1/2m) e>0. (5.1) 


E,=Esin(Q+¢), E,=0, E,=0. 


The total Hamiltonian then becomes 
H=Hot+H’, 
where J€p is given by (5.1) and 
KH’ =elFx sin(Qi+ ¢). 


If the electron is in a particular state u(r) at time ¢=0, 
then at a later oy tthe probability that it will be found 
in the state u;.(r), R#m is given, in the weak-field limit 
by 


t] 


, 


+2¢ 


¢) | —( os[ (2 +wrm)l+ 


’ 


(Q—w 


> |—cosl_(Q —Wim)l =) 


” )(Q-+F a», a) 


—Wy)/h. 


This expression has been developed for arbitrary initial 
conditions and for a very weak microwave field; 
contains no quantum parameters and is identical to the 
classical result given in Sec. 4, Eq. (4.9). 


6. MUTUAL ELECTRON INTERACTIONS AND 
STATIC ELECTRIC FIELDS 


We wish to consider the effects which static electric 
fields and the mutual interactions of the electrons have 
upon the cyclotron resonance. These effects consist of 
small but significant shifts of the cyclotron resonance 
frequency. The magnetic perturbations arising from the 
10‘—10° electrons are several orders of magnitude 
below the sensitivity of the experiment so that this dis- 
cussion will be confined to an analysis of the electric 
terms only. We treat the interaction of a single electron 
with its neighbors in the sample from the macroscopic 
space charge point of view; the lifetime of the electrons 
which contribute significantly to the resonance is very 
large in comparison to the period of rotation in an orbit. 

We first note that though a homogeneous static 
electric field will contribute to the average energy of an 
electron, this field will not appreciably affect either the 
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magnitude or the frequency dependence of microwave 
power absorption. A component of static electric field 
parallel to the magnetic field will accelerate the electron, 
but the transverse motion will be influenced only in so 
far as the mass of the electron is relativistically altered. 
A transverse component of static electric field will 
impart to the electron a skitter velocity in a direction 
mutually perpendicular to both the electric and mag- 
netic fields. This skitter will not, however, give rise to a 
detectable alteration of the microwave power ab- 
sorption. 

An inhomogeneous static electric field can, however, 
cause a significant shift of the electron cyclotron fre- 
quency. In order to develop a general classical formula- 
tion'’ of this shift, let us transform to that frame of 
reference in which the local electron trajectories, when 
projected upon a plane normal to the magnetic field, are 
most nearly circular; we call this the ‘‘skitter frame.” In 
this frame, 

mut, =eF,+(er,H/c), e>0, 


w=. 1+(Ec/H,)), w.=eH/mce, (6.1) 


where 2, is the instantaneous component of velocity 
perpendicular to the magnetic field, w=d6/dt is the 
instantaneous component of angular velocity parallel to 
the magnetic field, and £, is the static electric field 
component directed away from the instantaneous center 
of curvature of the projected orbit. We now average 
both sides of Eq. (6.1) over one period and obtain for 
the average angular velocity w’ 


1? 1 pe Exc 
= f wilt -a( 14 f iv), (6.2) 
‘hy 0 T 0 Hoy 


where 7 is the time required for @ to increase by 2r. 


The relative frequency shift is very small in the present 


experiment so that 
1 f** Ec 
[ d6<%K i. 
& HH: iw 


We shall therefore approximate the integral in (6.2) by 
considering both 2, and w, each of which is nearly con- 
stant throughout the cycle, to be constants in the 
integration. We then obtain 


w’ = 1+ ((E,)wc/Ht) ], 


1 Qe 
f Ede 
Qn Y; 


is the average radial electrostatic field at the orbit. 

In order to express (Z,) in terms of the static electric 
field distribution and the orbit size, let us position a 
rectangular coordinate system at rest in the skitter 


(6.3) 


where 


(n= (6.4) 


18 See the Appendix for a quantum mechanical treatment of this 
shift. 
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frame with the origin located at the center of the 
electron orbit and with the z axis oriented in the direc- 
tion of the magnetic field. In this frame 


E,(7,0) = Ez(1,0) cos0+ EF, (1,0) sind. (6.5) 
We assume that the electron orbit radii are sufficiently 
small, compared to distances in which the electrostatic 
field changes appreciably, that (6.5) may be approxi- 
mated by the first terms of a power series expansion 
about the origin: 


0k, OE, 
E,(r,0) = | art ( “) r cos6+ ( ) r sin@ 
. Ox 0 oy 0 
CE; OE, 
+1( ‘) r cos*6+ (— ) r* cos@ sin 
Ox? 0 Oxdy 0 
CE, 
+3 (- ) r? sin’6+ - - | cosé 
oy" 0 
OE, OE, 
+| Bt (—) r cos6+ (=) r sin0 
Ox 0 oy 0 
EL, Ey, 
+3 (- ) r? cos*6+ (- *) r? cos@ sin8 
Ox? Jo OxdyTF o 


OE, 
+! ( — ‘) r sin’6+ -- | sind. (6.6) 
oy’ 0 


Substitution of (6.6) into (6.4) yields: 


(Ey) w= 3rL(0E2/0x)o+ (0F,/dy)o ]. (6.7) 
Expression (6.7) is valid through second order in r since 
all terms of even order vanish upon integration. The 
field derivatives may be evaluated either in the skitter 
frame or the laboratory frame since the electric fields 
seen in the two frames differ from one another only by a 
constant vector field. 

Inserting (6.7) into (6.3), and making the substitution 
°,=eHr/mc, we find that the electron will follow a 
cyclotron orbit at the circular frequency 


mc? [ /oE, OE, | 
oof) (2) 
2eH? Ox 0 Ov 0 | 


or equivalently, 


mc OE; | 
filo (2) 
2eH? az JJ) 


where py is the local space change density. 

The most important feature of (6.8a,b) is that the fre- 
quency shift is independent of the electron energy and 
orbit radius; the shift is determined entirely by the 
magnetic field and by the parameters of the electrostatic 
field. This feature permits the cyclotron frequency w, to 


(6.8a) 


(6.8b) 
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be determined by an extrapolation procedure, the appli- 
cation of which does not require a quantitative descrip- 
tion of the electrostatic field. 


7. EXTRAPOLATION PROCEDURE 


For convenience we rewrite (6.8) in the abbreviated 
form 


w’=wef 1+(me?/2el?”)I |, 


= (0E,/0x)o+ (0E,/0y)o=4rpo— (OF./0z)o. (7.1) 


Since the field term IT’ is generally a function of position 
within the electron bulb, (7.1) expresses the spatial 
dependence of the frequency w’. The fundamental prob- 
lem is to relate the observed apparent cyclotron fre- 
quency w,’, specifically the frequency at which maxi- 
mum power is absorbed by the sample, to the desired 
unperturbed cyclotron frequency w,.=ell/mce. 

We conclude from (4.11) that if each of the electrons 
in the sample is cyclotroning at the same frequency w’, 
then the power absorption curve is symmetric in (Q—w’) 
about the frequency 2=w’. We may represent such a 
curve by the expression 


fe ¥ See se 
P(Q—w') =Y[b(Q—w’)* ], 


(7.2) 


where small values of the line width parameter 6 are 
associated with broad resonances. 

We now develop a generalized form of (7.2) that is 
applicable to the experimental situation in which w’ is a 
function of position within the bulb. We wish to obtain 
an expression for P(Q—w,’) where w,’ is that frequency 
at which maximum absorption occurs in the sample. We 
denote the difference between the measured frequency 
w,’ and the unperturbed classical cyclotron frequency 
we by 


(7.3) 


bw=w,’ —We, 
and write (7.1) in the form 


wo’ =a, —b0+ (c/2H)I. (7.4) 


We introduce a normalized distribution function (I) 
which is equal to the fraction of electrons per unit I 
experiencing a field term of the value I’, and obtain 
from (7.1) and (7.2) 


P(Q—w,’) 


9 


Tmax i - 
= [ UC - r) o(V)dl. 
e 2H 


Pmin 


It has been observed in the case of the present experi- 
ment that the primary resonance broadening mechanism 
is the electron lifetime distribution rather than the 
variation of I over the bulb. Thus, 0 is small enough to 
prevent the shape of the resonance from being controlled 
by o(I'). We therefore seek the value of 6w in the limit 
that 6 tends toward zero. We first establish the value of 
dw by differentiating both sides of (7.5) with respect to 
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(Q—w,’) and setting 2=w,’. This procedure yields 
Tmax ¢ 2 Cc 
iw f y’ 5(s-—r) [recryar 
Pmin 2H 2H 


Tmax > 2 
cd 
a y|0(- r) jo (aT, 
min 2H ai 
where y’ denotes the derivative of y with respect to its 


argument in (7.5). Letting 5 tend toward zero in (7.6) 
we find!® 


(7.6) 


lim 6a = 
b—0 


{I’) av, 
2H 


Tmax 
n= ff l'o(V)dP. 
I 


min 


where 


Thus, for an electric field induced frequency shift du 
which is small compared to the natural linewidth of the 
resonance, we have, from (7.3) and (7.7), 


We =wel 1+ (mc?/2eH?)(T) wy |. (7.8) 
The value of w,’ is therefore not sensitive to the details 
in the structure o(I). 
It will be recalled Sec. 3) that w/w» 
= [L0, ‘Mpcoil)} therefore, we obtain from (7.8) 


now (see 


(T 


. ( (7.9) 
2eH? 


1+ 


We Ho mc? 
- Av 


Wp Epwoil 


If the electric field configuration within the bulb were 
known, we could determine the value of o/upcoity from 
a single measurement of w,’/w,. It is not possible in 
practice, however, to obtain a detailed description of the 
field. 

Inspection of (7.9) suggests the possibility of de- 
veloping an experimental extrapolation procedure for 
the determination po/p“pwit. If (I) is insensitive to H, 
then a plot of values of w,’/w, vs 1/H? should yield a 
straight line which when extrapolated to (1/H?)=0 
would establish the value for po/u po it). 

Let us consider the dependence of (I'),, upon H. For 
magnetic fields in the neighborhood of 1000 gauss we 
have already noted that the electron orbit diameters are 
~100 times smaller than the bulb diameter. The kine- 
matics of the emission of electrons from the spherical 
bulb surface is therefore expected to be little effected by 
changes of the value of the magnetic field for 7~ 1000 
gauss. Furthermore, since orbit radii are small compared 
to characteristic dimensions of the space charge (see 
Sec. 10A) a decrease in the size of the orbits will have 
very little effect upon the space charge distribution. 
However, the transverse skitter velocities of the elec- 
trons are sensitive to variations of the magnetic field, 

19 This result is a special case of a more general theorem that is 
to be discussed by P. Franken and G. Newell in a later paper. 
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and we must consider how far an electron may be ex- 
pected to skitter as it crosses the bulb. The characteristic 
lifetime 7, for those electrons which contribute signifi- 
cantly to the resonance, is estimated from line width 
observations to be ~3X1077 sec. With at most ~ 10° 
electrons confined to the interior a bulb of radius R~0.3 
cm and distributed as described in Sec. 10A, space 
charge fields /, as large as ~ 10~ esu could occur. Thus, 
at 17= 108 gauss, an electron might skitter a maximum 
distance of (c,7/H)~10~ cm. We conclude that for 
magnetic field intensities of the order of 1000 gauss, the 
electric field term (I°),4, should be fairly independent of 
the magnetic field. 

The extrapolation procedure suggested above has 
been adopted in the present experiment. The independ- 
ence of (I'),4 upon the magnetic field intensity has been 
verified experimentally. The experiment has been de- 
signed to permit an investigation of the ratio w,’/w, over 
a range of magnetic fields from 750 to 1700 gauss. The 
measurements have been performed under an extreme 
variety of bulb lighting conditions, microwave power 
inputs, potassium distributions within the sample, gas 
pressures, etc. 

The signs of the slopes obtained from plots of w,’/w, vs 
1/H? suggest that the value of (I[°),4, was determined 
primarily by the electron space charge distribution. The 
space charge density within the electron bulb has been 
obtained by fitting (7.9) to the measured line slopes. 
The estimate of n~ 10*— 10° for the number of electrons 
momentarily free within the bulb is based upon addi- 
tional information regarding the spatial configuration of 
electron cloud. This value of m is in reasonable agree- 
ment with estimates obtained from microwave absorp- 
tion measurements. 


8. APPARATUS 
A. Electron-Proton Head 


The electron and proton frequency measurements 
could have been performed at different locations in the 
magnetic field, in conjunction with a determination of 
the ratio of the fields at the two sample sites. This 
method was considered impractical because measure- 
ments had to be taken over a relatively broad range of 
magnetic fields. The unavoidable magnetic field inhomo- 
geneity was field sensitive and could be accurately 
reproduced only by careful cycling. 

A common field technique was therefore adopted. A 
rapid and accurate interchange of samples in the mag- 
netic field was accomplished by use of a mobile electron- 
proton (e-p) head. Measurements were taken with three 
different e-p head assemblies of the type illustrated in 
Fig. 2; one of brass, one of OFHC copper, and one of 
aluminum. The head consisted of a metal block into the 
vertical front face of which were bored two identical 
horizontal parallel holes, one to receive the electron 
sample,.and one to receive the proton sample. An axial 
metal post extended part way forward from the rear 
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wall of the electron bore hole. This bore hole functioned 
as a microwave cavity which was excited and monitored 
by the use of electric field coupling. The cavity was 
tuned in its lowest mode by an annular shorting plunger 
which established electrical contact with the cavity 
walls and the center post through flexible fingers of 
phosphor-bronze. The cavity was tunable from 2000 to 
4500 Mc/sec, and the Q was ~500. The electron sample 
was placed on axis near the end of the center post; in 
this region the microwave electric field was approxi- 
mately axial. The external steady magnetic field was 
directed normal to the large vertical side walls of the 
head and thus normal to the microwave electric field. 
The cylindrical portion of the cavity, extending forward 
from the front end of the center post, functioned as a 
section of wave guide beyond cutoff and provided a 
satisfactory aperture for the illumination of the electron 
sample. 

The proton bore hole, the lower hole in Fig. 2, was 
fitted with one of several hollow Lucite coil forms upon 
which were wound approximately 15 turns of No. 24 
bare copper wire. One end of this oscillator coil was 
grounded to the cavity wall and the other end was 
soldered to a }-in. diameter copper rod which extended 
through and was insulated from the rear wall of the bore 
hole. 

The head was symmetrically designed so that the 
electron and proton subassemblies could each be in- 
serted into either one of the cavity bore holes. This 
interchangability provided one means of testing the 
head for asymmetric magnetic contamination. 

The electron and proton samples of nearly identical 
shape and size were clamped to a removable symmetric 
face plate which was fitted to a machined seat on the 
head. Alignment of the electron and proton samples was 
accomplished by fastening the face plate to a separate 
alignment jig. The slender sighting wires of the jig 


Fic. 2. Cross section of a typical one of the electron-protor, 
heads. The face plate is shown separated from the head. Of the 
two samples clamped to the face plate, the upper one is the 
electron sample and the lower one is the proton sample. 
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enabled the sample centers to be reproducibly positioned 
within 0.01 in. 

The electron and proton samples could be moved into 
their operating positions in the magnetic field by an 
eccentric drive and connecting rod mechanism which 
possessed a stroke equal to the sample separation in the 
e-p head. The driven end of the connecting rod was 
fastened to a brass collet which in turn supported a 1-in. 
o.d. copper tube that was screwed to the back of the 
e-p head concentric with the proton oscillator coil. The 
collet rode on two vertical guide tubes attached to the 
yoke of the electromagnet. This device permitted the 
head to be moved very rapidly in the vertical plane from 
one operating position to the other. The reproducibility 
of this interchange was ~0.002 in. 


B. Electron Samples 


The photoelectrons were generated within the interior 
of the spherical portion of samples of the type illustrated 
in Fig. 2. The samples were blown from Pyrex tubing. 
The base section served as a potassium reservoir and as 
a means for handling and clamping the sample. The 
connection between the base and the bulb was a ~1.5- 
mm i.d., ~50 mm long, tubular stem. 

The electron samples were prepared by attaching the 
bases of several newly blown vessels onto a high vacuum 
system. The vessels were pumped down to ~3X10~ 
mm Hg and simultaneously baked at about 450°C for 
~ 24 hours. Deposits of solid potassium, previously pre- 
pared and sealed into the vacuum system in proximity 
to the vessels, were then warmed with a flame, and a 
visible trace of potassium was worked into the reservoir 
of each of the samples. After an additional period of 
pumping, to allow the escape of volatile impurities, the 
vessels were sealed off at their bases and removed from 
the vacuum system. 

A freshly prepared sample would not immediately 
display an electron resonance unless a deliberate effort 
was made to work a small portion of the potassium from 
the reservoir into the bulb. If a newly prepared vessel 
were permitted to cure at room temperature, several 
weeks were required before the electron resonance could 
be observed. This fact suggests that the required photo- 
electric surface consisted of the equivalent of at least a 
monolayer of potassium, since it would take approxi- 
mately 2 weeks for a monolayer of atoms to diffuse from 
the reservoir into the bulb at the room temperature 
vapor pressure of potassium (~3X10-* mm Hg). 
Further qualitative evidence for the extreme thinness of 
the films is that they were totally invisible. If a visible 
amount of potassium were worked into the bulb the 
electron resonance would generally disappear. It is pre- 
sumed that the disappearance of the resonance when 
these thick films where present was in some cases due to 
a shielding of the microwave electric field, as a conse- 


quence of the relatively short electrical time constant of 
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Fic. 3. Spectral distribution of radiation from air cooled B-H6 
mercury vapor lamp. 


the then conducting bulb surface.”° It is believed that 
the film might also on occasions have prevented the 
establishment of incidental trapping fields (see Sec. 8D). 


C. Proton Samples 


To ensure geometrical symmetry of the electron and 
proton samples similar vessels were used to contain the 
electrons and the protons. For use as proton samples, 
the vessels illustrated in Fig. 2 were snapped at the 
stem near the bulb, and Squibb mineral oil (Heavy 
California Liquid Petrolatum) was injected into the 
spherical bulb. The broken stems were then reconnected. 
Vessels similarly filled with a 0.01-molal solution of 
’eCl; doped H,O were compared with the mineral oil 
samples. The ratio of the nuclear magnetic resonance 
frequencies for the two different types of spherical 
samples was found to be w(H2O)/oi1) = 1+ (3.740.40) 
X10~*, where the uncertainty represents the estimated 
50°% probable error. 


D. Light Sources and Bulb Illumination 
bulb 


electron cloud within the electron was 


The 


. sustained by the process of photoelectric emission. Runs 


were taken by the use of either a 1000-watt air cooled 
General Electric B-H6 mercury arc lamp or a 1000-watt 
incandescent projection lantern operating at a filament 
temperature of 3200°K. The data of this experiment 
were obtained for a variety of lighting intensities and 
distributions of illumination over the electron bulbs, 
though no alteration of lighting conditions was made 
during the course of any run. The term “run” is used in 
reference to any one of the series of measurements of 
w/w, taken at various values of magnetic field. The 


” Further details are discussed by S. Liebes, Jr., reference 1 
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Fic. 4. Power absorbed by electrons as a function of electron 
bulb illumination configuration. The top-bottom sensitivity of the 
electron bulb is apparent from this plot of relative power absorbed 
by the electrons as a function of the vertical position of a hori 
zontal band of light that has a vertical breadth of ~} of the 
electron bulb diameter. The static magnetic field is horizontally 
directed, perpendicular to incident beam of light. The source of 
illumination is the mercury vapor lamp 


most satisfactory runs were generally obtained with the 
use of the mercury lamp. 

Figure 3 shows a plot of the number of photons 
emitted per ev per steradian per sec in a direction per- 
pendicular to the lamp axis of the B-1/6 mercury arc. 
The plot is characterized by pronounced spikes modu- 
lating a background which falls off approximately 
exponentially to ~4 ev; the density then falls off more 
steeply to ~5 ev beyond which energy the density may 
be considered, for practical purposes, to vanish. The 
straight line which is shown in the figure represents an 
exponential approximation to the spectral distribution ; 
the equation for this line is 


n(w)=2.3X 10% (8.1) 
where n(w) is the number of photons emitted per ev per 
steradian per sec. 

A most curious and unexpected phenomenon has been 
noted with regard to electron bulb illumination. It has 
been found that maximum electron power absorption 
generally occurred when either the top or the bottom 
portion of the electron bulb was illuminated by the 
external light source, as opposed to the case of uniform 
illumination of the entire electron bulb. The plot given 
in Fig. 4 shows the microwave power absorbed by the 


electrons as a function of the portion of the electron’ 


bulb illuminated by the mercury vapor lamp. A hori- 
zontal band of light having a vertical breadth of ~} of 
the electron bulb diameter was used to obtain this plot. 

We feel inclined toward the following explanation of 
the above phenomenon. When only a portion of the bulb 
is illuminated, there is a pumping of electrons out of the 
illuminated into the neighboring unilluminated portion 
of the bulb. Thejrelatively poor conductivity of the 
potassium deposit on the walls enhances the rapid at- 
tainment of an equilibrium static electric field distribu- 
tion which only for the case of extreme top or bottom 
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illumination, is of such a configuration as to favor 
electron trapping. 

Trapping could be enhanced by placing a wire pigtail 
in the vicinity of the electron bulb in such an orientation 
as to not appreciably modify the cavity mode of oscilla- 
tion. The pigtail was driven by an audio square wave of 
a few volts potential relative to ground. The incidence 
of the discontinuities in the square wave often provided 
a five or ten fold enhancement of the power absorption. 
This method of resonance enhancement was never 
employed in the course of data taking, since the details 
of the enhancement mechanism were not well under- 
stood. 


E. Electronic Apparatus 


A block diagram of the electronic apparatus used for 
the determination of the frequency ratio w,/w, is illus- 
trated in Fig. 5. 

The excitation for the electron cavity in the e-p head 
was derived from the 10th-30th harmonics of the in- 
ternal crystal mixer of a Hewlett-Packard (H-P) 540-A 
Transfer Oscillator. The variable fundamental frequency 
of the oscillator, which covered the range 100-200 
Mc/sec, was counted and digitally displayed by a H-P 
524-B electronic counter used in conjunction with an 
H-P 525-B 100-220 Mc/sec frequency converter unit. 
The cavity possessed a sufficiently high Q (~500) to 
reject harmonics other than that to which it was tuned. 

The amplitude of the oscillating electric field within 
the cavity was detected by a SPR-2 superheterodyne 
radar receiver. The receiver broadband audio output 
Was approximately twenty times noise for the levels of 
oscillation employed. When the electron resonance fre- 
quency, determined by the magnetic field, was adjusted 
to center on the cavity frequency, the electric field 
amplitude dropped typically 15%. The receiver output 
signal-to-noise ratio for the electron resonance was thus 
~3. This latter figure was effectively improved to ~ 100 
by utilization of modulation and narrow band ampli- 
fication. 

The magnetic field at the sample site was modulated 
at 200 cps by 3-in. diameter coils fastened to the pole 
faces. The modulation amplitude was small compared to 
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Fic. 5. Block diagram of electrical apparatus. 
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the electron resonance line width so that the 200-cps 
component of the receiver output was nearly propor- 
tional to the derivative of the electron power absorption 
curve. The receiver output was fed to a low-noise audio 
amplifier of gain 250, and thence to the 200-cps Q- 
multiplier section of a phase sensitive detector. The 
output of the Q-multiplier section was applied to the 
vertical input of a cathode-ray oscillograph. The mag- 
netic field modulation was fed to the horizontal input 
of the oscillograph. Passage through resonance, which 
was accomplished by sweeping the magnetic field, pro- 
duced a characteristic elliptic pattern upon the oscillo- 
graph.”! The peak of the electron resonance manifested 
itself as a pattern of minimum vertical amplitude, the 
height of which, but for noise, would have been zero. It 
was found that this point could be reproducibly located 
to better than 1/100 of the electron linewidth. The 
derivative of the resonance curve could be traced by a 
Varian Associates model G-10 graphic recorder which 
was used in conjunction with the phase sensitive 
detector. 

The proton sample was located in the e-p head proton 
bore hole directly beneath the electrons. The oscillation 
coil for the protons was connected to a sensitive re- 
generative oscillator derived from an audiofrequency 
Q-multiplier device discussed by Harris.** The oscilla- 
tion, which was attenuated upon passage through reso- 
nance, was rectified and fed into the same modulation 
detection and display circuitry as was the electron 
signal. The magnetic field modulation was maintained 
the same for the detection of both the electron and the 
proton resonances. The center of the proton resonance 
could be reproducibly located to within one cycle per 
second. 

The electromagnet and current regulator were early 
prototypes of the models currently produced by Varian 
Associates. The 7-in. diameter pole faces were sepa- 
rated by a gap of 1 in. The magnetic field was homoge- 
nized over the region of the samples by tilting the pole 
faces relative to the yoke of the electromagnet. In order 
to increase the field stability a device similar to the 
Varian Associates V-K 3500 Super Stabilizer was em- 
ployed. In the course of running, the essentially linear 
drift of the magnetic field was generally less than 1 
ppm/min. 


9. MEASUREMENT PROCEDURE 


The procedure followed in the course of a typical run 
will now be outlined. The electron and proton samples 
were secured to the e-p head face plate. The correct 
positioning of the samples on the face plate was ac- 


21 This detection technique is almost identical to that described 
in reference 8. 

# H. E. Harris, Electronics (May 1951), p. 130. For our applica 
tion this circuit was modified for radio-frequency operation and it 
performed as a sensitive oscillator when the regenerative feedback 
was adjusted to a high value. 
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complished by use of the alignment jig. The face plate 
was then fastened to the e-p head. An harmonic of the 
transfer oscillator was selected and adjusted to the fre- 
quency to which the cavity was tuned. The tuning 
operation was accomplished by either one of two 
methods. One method was to optimize cavity input and 
output coupling conditions, while at the same time 
maximizing the output of the radar receiver by per- 
forming fine adjustments of the transfer oscillator fre- 
quency. The tuning was accomplished while the mag- 
netic field was so set that the electron cyclotron 
frequency was far removed from the cavity frequency. 
The other method relied upon the assumed symmetry of 
the electron resonance. The light was focused upon the 
electron sample, creating photoelectrons. The transfer 
oscillator was then adjusted so that the electron reso- 
nance, when observed by sweeping the magnetic field, 
displayed equal magnitudes for the derivatives at the 
inflection points on opposite sides of the power absorp- 
tion curve. This latter procedure relied upon the as- 
sumption that any apparent asymmetry of the electron 
resonance was indicative of mistuning of the cavity. The 
fact that the same values were obtained for w,/w, in the 
extrapolation to infinite magnetic field, by use of each 
of the above tuning procedures, gives strong support to 
the assumption that no significant asymmetry existed in 
the electron resonance. 

After completion of the electron cavity tuning, the 
magnetic field was adjusted to that value which yielded 
maximum electron cyclotron power absorption. The 
magnetic field stabilizer was then activated and the 
nuclear magnetic resonance oscillator was adjusted to 
the proton resonance frequency corresponding to the 
selected value of magnetic field. ‘To measure the electron- 
proton frequency ratio at the particular magnetic field 
setting, a final adjustment of the transfer oscillator was 
made to compensate for any small magnetic field or 
oscillator drifts and the transfer oscillator frequency 
was counted. The proton sample was then rapidly 
moved into the position just occupied by the electrons. 
Iinal adjustment of the proton oscillator was made, and 
its frequency was counted. This operation was repeated 
so that a sandwich of five electron readings with four 
interposed proton readings was obtained in a total 
elapsed time of about two minutes. The entire procedure 
was then repeated at several different values of magneti« 
field in order to provide the data for a complete run. 

The total of forty-two runs that were taken each 
contained from three to thirteen individual magnetic 
field dependent observations of w,’/w,. The order in 
which the values of magnetic field were chosen within 
any particular run was randomized in order to minimize 
the effects of possible systematic drifts. Frequently the 
first point was repeated at the end of the run in order to 
check for the occurrence of such drifts; no systematic 
drifts were detected. 





>. LZESES, FR. , 


10. CORRECTIONS AND UNCERTAINTIES 


A. Magnetic Contamination Correction 


A brass, an OFHC copper, and an aluminum electron- 
proton head were constructed for this experiment. Early 
in the course of the work, these pieces were tested for 
possible magnetic contamination. The procedure in- 
volved the placement into the electron bore hole of a 
Lucite form, a coil, and a mineral oil sample identical to 
those situated in the proton bore hole. By utilizing the 
sample interchange mechanism the nuclear magnetic 
resonance frequency within each bore hole could be 
measured at the same location in the magnetic field. The 
proton resonance frequencies at the sample sites in each 
hole were, for each of the electron-proton heads, in 
agreement to the order of 1 ppm. This was regarded as 
adequate evidence for magnetic purity, within the 
anticipated precision of the experiment. The brass 
cavity was easier to operate, owing to geometrical con- 
siderations and to the greater ease of tuning of the 
microwave components; this cavity was therefore used 
for most of the runs. 

After the experiment Was largely completed it was 
discovered, by means of an independent proton reso- 
nance probe, that the brass head had a more severe case 
of contamination than we had naively been lead to 
believe. Although the magnetic field, averaged over the 
sample volumes, was roughly the same in each bore hole, 
there was a large inhomogeneity of the field in each hole 
due to a bulk contamination of the brass. This contami- 
nation could readily have been corrected for if the 
electron resonance had taken place uniformly over the 
entire bulb, because in that case the electrons and 
protons would experience the same average field.” How- 
ever, the experimental evidence discussed in Sec. 8D 
indicates that the electron resonances were observed 
over only a portion, top or bottom, of the electron bulb. 
Therefore, whereas the proton resonance corresponded 
to an average of the magnetic field over the entire bulb 
volume, the electron resonance corresponded to an 
average of the field over a fraction of the bulb volume, 
and a correction to the w,/w, Measurements must be 
estimated. 

These corrections have been obtained in a tedious but 
straightforward way.” The field distribution was meas- 
ured over the sample sites by utilizing the two proton 
resonance assemblies; one oil sample was held fixed at 
the center of one bore hole and the other was moved to 
different locations in the other bore hole. The fields 
were compared at these different locations by means of 
the interchange mechanism. The fields were nominally 
the same for each bore hole and had a saddle like con- 
figuration roughly symmetric about a plane passing 
through the center position of the bore hole and parallel 

%8 The electron and proton resonance frequencies would be those 
corresponding to the average magnetic field for the case of natural 
line widths large compared with the inhomogeneity. 

* The data and detailed calculations for these corrections are to 
be found in the thesis of S. Liebes, Jr., reference 1. 
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TABLE I. Magnetic corrections for brass electron-proton head. 


Corrections to be applied to the 
Illumination we/wp intercepts of each run*® 
—0.0065+0.0020 
—0.0050+0.0020 
—0,.0057+-0.0025 


Top of bulb 
Bottom of bulb 
No illumination information 


* The uncertainties represent the estimated 50% probable error interval 
for these corrections. Note that 0.0006 ~1 ppm. 


to the magnet pole faces. The field gradients in the 
sample volumes were as large as 5 ppm per millimeter, 
some five times greater than the field inhomogeneities 
produced by the magnet. Three dimensional field plots 
were obtained at 750 and 1500 gauss and were repro- 
ducible. Since the measurements were made with finite 
sized proton samples it was necessary to fit a point 
function to the data. This was done by expanding 
through quadratic terms in rectangular coordinates 
about the bulb centers. 

From the experiments described in Sec. 8D, it was 
established that the electron resonances took place over 
either the top or bottom ~1 mm high regions of the 
electron bulb, depending upon the distribution of the 
illumination. For most of the data it was not known 
whether the top or the bottom sections were illumi- 
nated. The corrections were determined by computing 
the change produced in the slopes and positions of the 
‘straight lines” of all runs by the field inhomogeneity. 
These corrections, which are listed in Table I, amount to 
~10 ppm. Fortunately, the corrections required for top 
and bottom illuminations are nearly the same. Hence, 
for those runs where the illumination information was 
not recorded, we have taken an average of these 
corrections. 

Che 50% probable error interval for the majority of 
the corrections is taken to be +0.0025 (~3 ppm) corre- 
sponding to an unknown distribution of illumination. It 
should be emphasized that this probable error estimate 
is a matter of our judgment. We explored a number of 
variations in experimental conditions, on paper and in 
the laboratory, in order to determine how sensitive the 
corrections were to bulb illumination and positioning. It 
is from this sort of ‘‘manipulation” that we estimated 
the reliability of the corrections, which estimate is ex- 
pressed by the 50% probable error interval. 

The corrections listed in Table I are for the electron 
and proton apparatus situated in the P hole and E hole, 
respectively, where this notation refers to orientation 
stampings on the side of the head. A few runs were taken 
with the reverse configuration. For these runs no cor- 
rections are required because the field distributions are 
such as to provide an accidental cancellation in the 
correction calculations. 

The field corrections for the copper and aluminum 
heads turned out to be negligible; therefore, no correc- 
tions are applied to the data taken with these assemblies. 

The microwave fittings and supporting pieces near the 
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resonance sites were checked with a small proton reso- 
nance probe and were found to be uncontaminated. 


B. Photoelectron Relativistic Correction 

The kinetic energies of ~1 ev imparted to the elec- 
trons in the process of photoemission were responsible 
for relativistic shifts of the cyclotron frequency of ~2 
ppm. This shift is comparable to the precision of the 
experiment and a correction must therefore be estimated. 

The ionization potential for potassium atoms is 4.34 
ev, and the work function for solid potassium is 2.26 ev. 
The photoemission properties of very thin films,?>.6 
however, are sensitive to the thickness and backing of 
the films and are not necessarily characteristic of the 
bulk form.?’ Fortunately we shall only require an esti- 
mate of the average energy of the emitted electrons 
because the resonance linewidths are much larger than 
the relativistic frequency shifts.' 

The glass optical components prevented the entrance 
of hard ultraviolet photons (energy > 4.34 ev) into the 
sample bulb. Thus photoionization of the potassium 
vapor is precluded and all of the electrons may be con- 
sidered to come from the surface photoemission. 

For the case of illumination by the incandescent lamp 
we shall approximate the photon spectrum by that of a 
black body at the filament temperature of 3200°K. The 
number of photons emitted per cm? of filament surface 
per sec in the differential energy band dw in the neigh- 
borhood of the energy w is 

2rw 1 
n(w)dw= dw. 


hrc? ew a 1 


(10.1) 


The average kinetic energy (w)s of the electrons within 
the space charge cloud is taken to be 
Zz 


: f (w— y)w 


¢ 


in(w)dw 
+f w-2n(w)dw, (10.2) 


where the w~? term weights electron lifetimes, in the 
inverse proportion to the speed of the electron. The 
surface work function ¢ is not known but is expected to 
be greater than 1 ev in which event (¢/kT)>4. Thus, 
the error made by neglecting the —1 in the denominator 
of (10.1), when substituting into (10.2), will be less than 
2%. Accordingly, (10.2) becomes 


- x 
(odu=| f wie wire / f wie-v! kT dw | ¢ (10.3a) 
¥ ¢ 


(3, x )! — (3,x)! 
er( ae °), x=¢/kT.  (10.3b) 
(3, «x )!— (3,x)! 


25 A. L. Hughes and L. A. DuBridge, Photoelectric Phenomena 


(McGraw-Hill 
edition. 
26S. Dushman, Revs. Modern Phys. 2, 381 (1930). 
27 W. S. Souder, Phys. Rev. 8, 310 (1916). 


Book Company, Inc., New York, 1932), first 
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Values for the incomplete factorial functions appearing 
in (10.3b) are tabulated.?* For (¢/kT)>4, (w.)a is quite 
insensitive to ¢g and it very nearly approaches its 
limiting value: limy.,..(w.)4=kT=0.28 ev. This model 
represents a simplification of fact. We estimate, how- 
ever, that for the incandescent illumination there is 50% 
probability that the average energy of the emitted 
electrons lies within the range given by 


(10.4) 


a." 105 
(Ws) ay = 0.3 0.1 via, 


In order to estimate the correction that is necessary 
for the case of mercury lamp illumination, we refer to 
the photon spectrum given in Fig. 3. We believe that the 
potassium surface work function is in the neighborhood 
of 2 ev. We estimate, upon consideration of the ex- 
ponential background and the nature of the spikes in the 
mercury lamp photon spectrum, that the average 
energy of the electrons within the space charge cloud 
should lie, with about 50% likelihood, in the range given 
by 


(Ws a= 1.5+0.5 ev. (10.5) 


In view of the lack of detailed information regarding 
the photoemission properties of the thin potassium 
layer, a relatively large probable error has been as- 
sociated with the (w,)4 given in both (10.4) and (10.5). 

The fractional relativistic shift of the cyclotron fre- 
quency for a particle of kinetic energy T is, for 
(T/mc?)&1, 


Aw/w= —T/mce?. (10.6) 


Thus, from (10.4) and (10.5) we obtain for the relativistic 
corrections to the extrapolated intercept value of w,./w», 


( +0.0004_o, ove? 
(incandescent illumination), 
| +0.0019+0.0006 
| (Hg vapor illumination), 


relativistic (10.7) 


correction 


where 0.0061 ppm and the limits represent the esti- 
mated 50% probable error intervals. 


C. Miscellaneous Corrections 


The electron resonance was examined over the work- 
ing range of microwave power input, and it was con- 
firmed that there was no detectable power-dependent 
(relativistic) shift of the cyclotron frequency. 

As will be shown in Sec. 11, the assumed linear de- 
pendence of w/w, upon 1/H? has been verified to within 
0.5 ppm. Furthermore we have noted that systematic 
asymmetries in the resonances must be responsible for 
shifts of less than 2 ppm. We have found no detectable 
shifts in either the electron or the proton resonances as a 
function of the amplitude of field modulation. We 
summarize these observations by a miscellaneous cor- 


28 EF. Jahnke and F, Emde, Tables of Functions (Dover Publica 
tion, Inc., New York, 1945), p. 269. 
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TABLE II. Average values of w/w, obtained by four different 
methods of fitting a straight line to the data. 


Average uncorrected 
value of we/wp 


657.46411 
657.46396 
657.46402 
657.46408 


Method of fit 


1) Visual 

(2a) Least squares, weight 1 

2b) Least squares, weight (1///?)~4 
2c) Least squares, weight (1/H? 


<( 


rection to w,/w», 


Miscellaneous correction 


+0.0000+0,0015(~2.5 ppm), (10.8) 


where the uncertainty is assigned the significance of a 
50% probable error. 

Other possible sources of error appear to be negligible. 
The electric field associated with the time variation of 
the magnetic field modulation is too weak to give rise to 
any appreciable interaction with the electrons. Com- 
pletely insignificant shifts arise as a result of the 
coupling of the electron spin moment to the space 
charge. The spontaneous radiation by the accelerating 
electrons is also insignificant. The longitudinal com- 
ponent of the microwave electric field produces a shift 
in the resonance frequency of the order of one part 
in 10", 

11. RESULTS 


We have taken a total of forty-two runs. Each of the 
runs served the dual function of (1) contributing to the 
establishment of an extrapolated value of w,/w,, and (2) 
testing the validity of the straight line hypothesis. 
These runs individually contained from three to thirteen 
observations of w,’/w, at values of magnetic field 
ranging from 750 to 1700 gauss. 

The extrapolated intercept values of w,/w, at 1/H*=0 
have been determined by fitting a ‘‘best”’ straight line to 
the points of each run. For each run, these fits have been 
determined in four different fashions: (1) visually; and 
(2a) by the method of least squares, where the squares 
of the residuals have been weighted equally, (2b) 
weighted by (1/H*)-4, and (2c) weighted by (1/H?)~. 
The least-squares fits were obtained by the use of an 
IBM type-650 computer. Weights (2b) and (2c) were 
chosen to favor more heavily the data taken at the 
higher magnetic fields, since the reduced relative line 
width at these fields permitted relatively more precise 
measurements to be made. Of the four types of fit, 
method (2b) is considered to be the most appropriate. 
However, it can be seen from a comparison of the fits 
listed in Table IT that the final result is very insensitive 
to the method of fitting the data. 

A summary of the operating conditions and of the 
results that were obtained in each of the forty-two runs 
is compiled in Table III. The run numbers indicated in 
column (A) are assigned in the chronological order of the 
runs. The first letter given in column (B) identifies the 
electron-proton head used for the run, namely, A =alu- 
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minum, B=brass, C=copper. The last two letters in 
column (B) indicate, in accordance with stampings on 
the face of the head, the orientation of the symmetric 
head; E/P implies that the E stamp was above the P, 
and the inverse orientation is denoted by P/E. The 
electron assembly was always in the upper cavity. 
Column (C) identifies the electron bulb used, by de- 
noting the date on which the sample was prepared; the 
A, B,C, etc., identify different bulbs made on the same 
day. Column (D) indicates the nature of the light 
source, i.e., whether incandescent (inc.) or mercury 
(Hg); the letters 7, B, and U indicate whether the top, 
bottom, or unknown portion of the electron bulb was 
illuminated. Column (E) gives, for the electron reso- 
nance at ~1700 gauss, 10~* times the inverse relative 
line width measured at the inflection points of the power 
absorption curve. Column (F) indicates in arbitrary 
units the average relative power input to the electron 
cavity. Column (G) shows the average percent of input 
power that is absorbed by the electrons. Column (H) 
indicates the number of magnetic field dependent fre- 
quency ratio w,’/w, determinations that were contained 
in the run. Column (I) indicates the slope of the 
straight line that is fitted to the data points on a plot of 
we /wp vs (2rX10"/wy)*, where wy is measured in 
rad/sec. Column (J) gives the uncorrected extrapolated 
values of w,/w, that are obtained by fitting a straight 
line (method 2b) to the w,’/w, data plotted vs 1/H?. 
Column (K) gives the completely corrected individual 
determinations of w./wp=po/Kpwiy; the entries of 
column (K) are obtained by adding the previously dis- 
cussed corrections, which are summarized in Table IV, 
to the entries of column (J). 

The raw data intercepts of column (J) and the com- 
pletely corrected intercepts of column (K) are both 
plotted in chronological sequence in Fig. 6. Figures 7, 8, 
and 9 have been prepared to show the details of a poor, 
a typical, and a good run, respectively, as judged on the 
basis of conformity to the straight-line hypothesis. 
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Fic. 6. Raw data and completely corrected results of the forty- 


two individual determinations of yo/pp(0i1) plotted in chronological 
sequence. 
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TABLE III. A summary of the operating conditions and results obtained for each of the forty-two runs. 


(B) (C) 


e-p 
head 
and 
orient. 


Electron 
bulb 
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Figure 10 shows the straight lines obtained in each of 
the forty-two runs. The slopes of these lines are those 
actually observed in the runs, but the lines have been 
vertically displaced to give the fully corrected intercept 
values presented in column (K) of Table HI. The 
vertical dashed lines indicate the interval of magnetic 
field variation within which the data were taken. 

Figure 11 has been prepared to test the straight-line 
hypothesis. The line shown in this figure represents, in 


TABLE IV. Summary of corrections. 


Condition Correction 
0.0065 

— 0.0057 
~0,0050 
0.0000 


Brass; top illumination of e bulb; P/E 
Brass; unknown illumination of e bulb; P/F 
Brass; bottom illumination of e bulb; P/F 
Otherwise 


+-0.0004 
+-0.0019 


Incandescent lamp illumination 
Mercury lamp illumination 


power 
input 


toe: 


(G) (H) (I) }) (K) 


No. Slope 
percent points A(we'’/wp) 
power in 
absorp. run 


Corrected 
intercept 
(wWe/ wp) 

= '0/ Mploi 


Raw 
- intercept 

A(2x X107/w,)? (we/wp) 
-().0044 
0.0034 
—().0005 
—0.0052 
- 0.0044 
0.0041 
0.0043 
0.0039 
0.0028 
0.0025 
—().0068 
—0.0009 
—0,.0021 
—().0014 
0.0057 
+-0.0002 
0.0031 
0.0031 
—0.0013 
-0.0011 
-0.0019 
0.0042 
0.0017 
0.0042 
0.0014 
0.0006 
0.00306 
0.0069 
0.0045 
0.0042 
0.0054 
0.0020 
0.0056 
0.0030 
0.0052 
0.0026 
0.0027 
—0.0025 
—0.0034 
-0.0032 
—0.0046 
—0.0024 


657.4565 
657.4618 
657.4551 
657.4621 
657.4599 
657.4551 
657.4618 
657.4578 
657.4584 
657.4593 
657.4607 
657.4586 
657.4610 
657.4581 
657.4592 
657.4664 
657.4652 
657.4606 
657.4626 
657.4632 
657.4627 
657.4623 
657.4505 
657.4658 
657.4629 
657.4611 
657.4635 
057.4636 
657.4621 
657.4560 
057.4575 
657.4644 
657.4642 
657.4607 
657.4610 
657.4641 
657.4626 
057.4659 
657.4696 
657.4713 
657.4694 
657.4679 


657.4546 
657.4599 
657.4589 
657.4659 
657.4637 
657.4597 
657.4656 
657.4631 
657.4637 
657.4646 
657.4660 
657.4639 
657.4663 
657.4634 
657.4630 
657.4702 
657.4683 
657.4637 
657.4664 
657.4670 
657.4665 
657.4661 
657.4543 
657.4696 
657.4667 
657.4649 
657.4673 
657.4674 
657.4602 
657.4541 
657.4571 
657.4640 
657.4638 
657.4603 
657.4606 
057.4637 
657.4622 
057.4655 
057.4692 
657.4709 
657.4690 
657.4675 
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the following sense, an average over all runs. Adjacent 
data points on the individual plots of each of the forty- 
two runs were first connected to one another by 
straight-line segments. Six equally spaced vertical lines 
were then constructed on the graph of each run at the 
magnetic field values represented by the abscissas of the 
points shown in Fig. 11. The points in this figure repre- 
sent the averages of the intercepts obtained at the 
positions of each of the vertical lines on the individual 
graphs. The point at (1/H?)=0 is the result of extra- 
polation and therefore does not have the same signifi- 
cance as the remaining five points. The straight line 
drawn through the six points misses none of these points 
by more than 2 ppm, the average departure being less 
than 0.5 ppm. The forty-two runs contain a total of 279 
data points. The average departure of these points from 
the straight lines fitted to each run is 3.70 ppm. Thus, 
one would expect, on statistical grounds, that the aver- 
age departure of the points in Fig. 10 should be ~0.57 
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Fic. 7. Example of a poor run. 


ppm; this value is to be compared with the observed 
0.5 ppm. It is concluded that there is no significant 
systematic deviation from the predictions of the straight 


line hypothesis. 

The average deviation of the forty-two completely 
corrected individual determinations of po/Mpwit is 
a’ =0,00316 ppm) and the standard deviation 
of the completely corrected individual runs is s’ = 0.00422 
(~6 ppm). The ratio s’/a’= 1.34 may be compared with 
the value 1.25 that is to be expected for a large number 
of points in a normal distribution. It is evident however 
that a normal distribution is not to be expected in the 
present case, since none of the variable systematic 
errors can be precisely determined. The standard devia- 
tion of the average value is s=0.00065 (~1 ppm); this 
deviation is much smaller than the systematic uncer- 
tainties discussed in Secs. 10 A, B, and C. 


(~5 


Table V summarizes the independent estimated 50% 
probable errors that are associated with the individual 
corrections which are applied to the raw data. 

The average of the results of the completely corrected 
individual determinations of po/Mpwin (listed in column 
K of Table II]) is 657.4617. The estimated 50% probable 
this result is, from Table V, 


error associated with 








Fic. 8. Example of a typical run. 
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P=( P?)4=0.003. We obtain then for protons ob- 
served in a spherical sample of mineral oil (Squibb 
Heavy California Liquid Petrolatum) 


Ho/p(oil) = 657.462+0.003 (50% probable error). (11.1) 
12. MAGNETIC MOMENT OF THE ELECTRON 


We may obtain a value for the magnetic moment of 
the electron expressed in units of the Bohr magneton 
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Fic. 9. Example of a good run. An encircled point indicates two 
separate determinations each yielding the same result. 
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Fic. 10. Plots of the “straight lines” obtained for each of the 
forty-two runs. The slopes of the lines are those actually observed, 
but the lines have been vertically displaced to give the fully 
corrected intercept values that are presented for po/upioil) in 
column (K) of Table III. The vertical dashed lines indicate the 
interval of magnetic field variation within which the data were 
taken. The heavy horizontal arrow at 657.467 indicates the 
terminal value of w,’/w, that should have been obtained for zero- 
energy electrons in order to yield the current theoretical estimate 
for the magnetic moment of the free electron y-/uo= 1.0011596. 


ue/wo by combining our value for ppwoin/“o With the ex- 
perimentally determined value for pe/ppwir- 

Beringer and Heald® quote for the ratio of the mag- 
netic moment of the free electron?® to the magnetic 


* Observations are actually performed upon hydrogenic elec 
trons. Thus a relativistic correction must be applied in order to 
deduce the moment of the free electron. Because the fine structure 
constant a= e?/hc enters into the correction only quadratically, the 
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moment of the proton, the latter observed in a spherical 
sample of mineral oil, 


Ho/Mpwoit = 658.2298+ 0.0002. (12.1) 


We combine our value for wpwoin/mo, given in (11.1), 
with the result (12.1) to obtain for the magnetic mo- 
ment of the free electron expressed in units of the Bohr 
magneton 


Me/Mo= 1+ (a/2r)+ (1.20.9) (a?/2? 
= 1,001168-+ 0.000005 (25 ppm). 


(50% probable error) (12.2) 


This result is to be compared with the current theoretical 
estimate®’ for the magnetic moment of the free electron: 
Be/po= 14+ (a/2r) — 0.328 (a?/2) 


= 1.0011596. (12.3) 


We are not inclined to consider the discrepancy between 
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7H (KILOGAUSS ) 
Fic. 11. Test of the “straight-line hypothesis.” The points in 
this figure represent the averages of the results obtained, at the 
indicated values of magnetic field, for all runs. 


the experimental result (12.2) and the theoretical result 
(12.3) to be significant. 


13. MAGNETIC MOMENT OF THE FREE PROTON 


We may obtain a value for the magnetic moment of 
the free proton, expressed in units of the Bohr magneton, 
by applying the diamagnetic correction factor appro- 
priate for the mineral oil sample. Recalling that 


Kp(oil) ‘0 = W poi) ‘Wes we may write 
K p(free) teein (oe) 
Mo Mo W p(oil) 
w p( He) W p(free) : 
x : = : G, (13:1) 
w p(H20) & p (He) 
recent 14.0 ppm modification of a (see the last reference in 3) does 


not significantly affect the quoted experimental value for the free 
electron moment. 


MOMENT OF 
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TABLE V. Estimated 50% probable errors in corrections applied 
to the raw data. 


Estimated 50% 
probable error 
Source (Pi) 


+0.0025 


+0.0006 
+0,.0015 


(1) Variable magnetic corrections (see Sec. 10A) 
(2) Relativistic correction (see Sec. 10B) 
(3) Miscellaneous corrections (see Sec. 10C) 


where G is a bulk diamagnetic correction factor that 
involves the geometry of the sample. We have compared 
the proton signal from a 0.01-molal solution of FeCl, in 
distilled water with the signal from our sample of 
mineral oil (Squibb Heavy California Liquid Petro- 
latum) and found, for identically shaped (spherical) 
samples, 


w»p(H2O)/w poi) = 1+ (3.740.4) X 10-8 


(50% probable error). (13.2) 


Hardy® obtains identically this value when working 
with deoxygenated distilled H.O; his uncertainty is 
+0.1X10~*. Because of the spherical nature of our 
sample, the generally small doping correction is actually 
zero. Hardy® quotes 


w »(H»)/wp(H2O) = 1— (0.64+0.1)K10~®, (13.3) 


for gaseous molecular hydrogen in comparison with the 
above mentioned water sample (both samples spherical). 
Ramsey* has calculated the magnetic shielding constant 
for molecular hydrogen and so has Newell®; their 
results are 
26.8) X10~®, (Ramsey) 
26.6+0.3)X 10-6, 
(Newell). 


(13.4) 


W p(tree)/@p(H2) = 


(1+ 
1+ ( 


Because of the spherical form of all of the samples 
employed in the above measurements, the bulk diamag- 
netic correction factor G in (13.1) is equal to unity. 
We combine the relations (13.2) and (13.3) with the 
average of the values given in (13.4) to obtain from (13.1) 
(657.462+0.003) +X [1+ (3.7+0.4 
—().6+0.1+ 26.7+0.3) x 10~° 
(657.462+0.003)-'X [1+ (29.8+0.5X 10~° | 
(657.442+0.003)7; 
(1.521047+0.000007) x 10-% 
Bohr magneton. 


Lp free)/ KO 


Mp free) 
(13.5) 


The uncertainties indicated in the last two lines of 


(13.5) represent estimated 50% probable errors. 
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APPENDIX. QUANTUM MECHANICAL DERIVATION 
OF THE ELECTROSTATIC SHIFT 


We wish to give a quantum mechanical derivation of 
Eq. (6.8). In the absence of any electric field, the 
Hamiltonian for an electron in a magnetic field is given 
by 


(A1) 


Ho= (1/2m)[ p+ (eA/c) P, e>0. 


The energy eigenvalues W’, of the stationary states are 
equally spaced such that W,—W,1=hw,; and the 
wave functions can be written!® 


Vn=f(y,2)H n(x), (A2) 


where the H,,(x) are harmonic oscillator wave functions. 
If an electrostatic field specified by the potential ¢(x,y)* 
is introduced, the Hamiltonian for the system becomes 
modified by the addition to (A1) of a perturbation 


(A3) 


- , 
KH = —eg(x,y). 


The resulting modification of the energy levels will give 
rise to shift Aw in the frequency associated with the 
(n, n—1) transition; we find from first order perturba- 
tion theory that 


1 
Aw ( [vscvaas fv HRY, dr). (A4) 
h 


% The explicit z dependence of ¢ is ignored here since it does not 
produce a first order shift in the cyclotron frequency. 


AND P. 


FRANKEN 


The integrals appearing in (A4) may be evaluated by 
expanding 3¢’ in a Taylor series about the point (0,0): 


09g dg ey 
vhf) of) nl) 0 
Ox 0 oy 0 Ox 0 
ay ay 
+4( . ) v+/ ° ) xy: + (A5) 
oy" 0 Oxdy 0 


Those 5’ terms that contain an odd power of x will 
vanish upon integration of (A4). Furthermore, the 
unperturbed Hamiltonian X, is invariant under rotation 
about the ¢ axis so that for an arbitrary function f(&), 


[vetfonbaar = fverH aba (A6) 


Therefore, 


[verse dt 
; oe 0" a 
—€ gots es ob a, | fv. xvy,dr 
Ox? J 9 oy" 0 
| r /0°¢ 079 (2n+1)h 
fof) CI 
{ Ox? Jo = \dy? Zot) 2mw, 


(A7) 


where the expectation value for a? has been evaluated 
for the harmonic oscillator wave function.'7 We now 
obtain, by substituting (A7) into (A4) 


€ Oy 09 
- — mn =) +( =) 
2mwL\dx7J7 9 \dy?7¢ 
Then, in terms of the electric field, the observed 


cyclotron frequency w’ is 


w’ =w- 1+ (Aw/we) | 


mc? OE, dE, ; 
AG 
2eH? Ox Jo Oy 0 


where the field derivatives are evaluated at the orbit 
center. This expression is identical to Eq. (6.8). 


(A8) 
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Triplet Intervals of Helium 


GENTARO ARAKI, MASAO Ont, AND Korcut Mano* 
Department of Nuclear Engineering, Kyoto University, Yosida, Kyoto, Japan 
(Received June 12, 1959) 


The triplet intervals of the deepest P-state of helium are calculated by making use of the wave function 
recently determined by the present authors. The polarization of the s-orbital, the admixture of the singlet, 
and the quantum-electrodynamic fourth-order correction are all taken into account. The theoretical values 


of the intervals are ?P)—*P,=997.457 111073 cm™ and °P, —*P,=75.974 4510-3 cm™. 


1, INTRODUCTION 


HE quantitative study of the helium triplet is 

very important in order to examine whether the 
quantum mechanics of the many-electron system 
provides us with accurate conclusions not only in its 
nonrelativistic form but also in its semirelativistic part. 
The triplet intervals were theoretically calculated by 
several authors,! but their results were not satisfactory 
for this purpose. Recently the wave function was 
improved for the deepest P-state of helium by the 
present authors.” The purpose of the present paper is 
to examine to what extent the new function improves 
the theoretical values of the triplet intervals. The 
polarization of the s-orbital, the admixture of the 
singlet state, and the quantum-electrodynamic fourth- 
order correction are all taken into account. The result 
is greatly improved as compared with the calculation 
by Araki,’ although there is yet some discrepancy 
between theory and experiment. 


2. DIAGONAL ELEMENTS OF SPIN- 
DEPENDENT HAMILTONIAN 


We shall first consider the general structure of the 
interval formula in a simple way in order to see the 
origin of each term. The spin-dependent part of the 
Hamiltonian of a He-like atom consists of the spin- 
orbit coupling, the spin-spin coupling, and the quantum- 
electrodynamic fourth-order correction to them if we 
take into account terms up to the order of c~*. We denote 
them by Hyo, Hss, 6H so, and 6H, respectively. The 
spin-orbit coupling can be divided into the self and 
mutual parts which are denoted by H,.° and Ho”, 
respectively. If we make use of the conventional 
notation the explicit expression of these couplings and 
corrections are given by!:*~® 


Af = 22 (1; §8,- Litres 38,- Lp) 


— 2u*rie 3(S, *LiotS.-Le:), (2.1) 

* Permanent address: Air Force Cambridge Research Center, 
Bedford, Massachusetts. 

1H. A. Bethe and E. E. Salpeter, Encyclopedia of Physics, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 35, p. 269. 

2 Araki, Mano, and Ohta, Progr. Theoret. Phys. (Kyoto) 22, 
469 (1959). 

3G. Araki, Proc. Phys. Math. Soc. Japan 19, 128 (1937). 

4G. Araki, Phys. Rev. 101, 1410 (1956) ; 103, 1906(E) (1956). 

5H. Araki, Progr. Theoret. Phys. (Kyoto) 17, 619 (1957). 

6G. Araki and S. Huzinaga, Progr. Theoret. Phys. (Kyoto) 6, 
673 (1951). 


Ho” = — 4y?ry2-3(S1- Loi +82: Ly), 
Hog=4y?r eS) -So— 3198 (xX12°S1) (X12°Se) |, 
Hoo = H+ Hy, 

6H o=aT 7 (Hot + 3H 0”), 2.5) 
6H .=aT7 Hs. 


2.6) 


The spin-spin coupling and its correction both include 
another term, the interaction. They 
entirely omitted here because they have no influence on 
the triplet intervals. 

The J-dependence of the diagonal elements of these 
operators was discussed by Araki.’ It was shown that 
the diagonal elements of the spin-orbit and spin-spin 
couplings in the LSJM scheme are proportional to K 
and 3K(A+1)—4L(L+1)S(S+1), respectively, where 
K is given by 


contact are 


K=J(J+1)—L(L+1)—S(S+1). (2.7) 


Therefore the element vanishes for S=0. The propor- 
tion factor is independent of J and M and we can 
calculate it in the most convenient case, namely in the 
case of J=M=L-+1 and S=1. Thus we have 


(LSIM | Ho| LSTM)=Ké, (2.8) 


(LSJ M | H..| LSJM) 


(3K(K+1)—4L(L41)S(S+1)}n, (2.9) 


(2L) f fv: 1*(AietAou)Wiideidr, (2.10) 


Ve " 0° 1 
| | Wi - dv,dv2, (2.11) 
2L(2L—1). 05 ,02¢ at 


where ¥_» denotes the triplet orbital for M,=m, and 
Ay and A»; are defined by 


A. 28S: Aiw+2S2: Agi. (2.12) 


and 
(2.4), 


nuclear 
(22) 


the 
Ze); 


The parameter ¢ is divided into 
electronic parts as follows [see 
(2.10), and (2.12) ]: 


$=} (Zg"—3¢°), 


7G. Araki, Progr. ‘Theoret. Phys. (Kyoto) 3, 154 (1948). 
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re = wl f [uur 3.ietre 3] oe Wid dr, (2.14) 


(2.15) 


c= | vets *(Livet+ Loie)\Wridiidv». 


The same method can be applied to 6H,. and 6Hss. 
Their diagonal elements are given by (2.8) and (2.9), 
respectively, if we replace ¢ and » with 6¢ and én, 
respectively, where the last two parameters are given by 


(2.16) 


(2.17) 


bf = (a/e){3Z5"—F}, 
bn= (a/m)n. 
If we neglect the admixture of the singlet, the triplet 
intervals are given by 
E@L141:)—E(@L1) 
=2(L+1){ (§+65)+3(2L—1)(n+é6n)}, 
E(@L,)— E@L,.. 1) 
= 2L{ (¢+65)—3(2L+3)(n+én)}, 
E@GL1, y— EG@L,L 1) 
= 2(2L+1){ (¢+6¢) — 3(n+6n)}. 


(2.18) 


(2.19) 


(2.20) 


3. ADMIXTURE OF SINGLET 


The state of definite L and M involves three kinds 
of states. Their J values are given by J=L+1 and 
J=L. The first two states belong to the pure triplet. 
The latter includes the triplet and the singlet. If we 
denote the wave function in the LSJM scheme by 
Vrissu, we have 


Wrm =CXimt Cir wmatCuiXwe wy, 
Vio =X’, 


for J=L where Xo, Xi, X_1 are the spin functions of 
the triplet corresponding to M,=0, 1, —1, respectively, 
X, is the spin function of the singlet, ¥z, and Yrm’ are 
the orbitals of the triplet and singlet states, respectively, 
for M;=m, and the coefficients are given by 


Co= — M{L(L+1)}, 
Ci={(L—M+1)(L+-M)}{{2L(L4+1)}-4, 
C= —{(L—M)(L+M+1)}{2L(L41)}-1. 


(3.1) 


(3:2) 


(3.3) (a) 
(3.3) (b) 
(3.3) (c) 
From (2.12), (3.1), and (3.2) we have 
(Vroom, Heo risa) 
=Co(Wim’ | Aiee— Aoue |W) 
—2-°C\(Wim' | Aist— Aart |W ws) 
+2-°C_i(Wi’ | Aw — Aor | Wr args) 


for J=L, where we use the following notation for any 
vector A: 


(3.4) 


=A,— (3.5) 


At=A,+iA,, A 


The matrix elements of A 12,—Ao1z, 


iAy. 


Ajst— Agi, and 


OHTA, 


AND MANO 


A,s-— Ao; with respect to the orbital function are 
proportional to Co, Ci, and C_,, respectively.* The 
proportion factor is independent of M and we can 
calculate it for M=L. Thus we have 


(W room, HV tiga) = — 2{L(L+1)} ', 
o= ZN +36"8, 


(3.6) 


(3.7) 


yin =i f f (Wrz’)*( ry Lie tT 3D) WL 1dv,dV2, (3.8) 


=e ff eis) Lae Lau idle, (3.9) 


These parameters are all real as is easily seen. 

The nondiagonal matrix element of Hs, is represented 
by a similar expression to (3.4) in which A1t—Aay*, 
etc., are replaced with y?(VitVe.—Vi.Vst)ris', ete. 
This element vanishes because the equation Vy*+V2.r127! 
=V,,Vetris, etc., hold. Therefore we have the follow- 
ing secular equation for J=L: 


2{L(L+1)} 3’ 
E-F, 


E-E; 
2¢L(L+1)} i! 


=(0, (3.10) 


b 


where £; and F, are the diagonal elements of the 
Hamiltonian‘in the triplet and singlet states, respec- 
tively. The two roots of the secular equation are 
written in the following form: 

EW = E,+6E,, 


EO =F, —6Es, 


(3.11) 
(3.12) 


where 


bEn={(E.— E,)?2*+4L(L+1)(0')?}} 


—~1(F,-E,). (3.13) 


This quantity is positive and represents the displace- 
ment of the levels caused by mixing of the singlet and 
triplet. If |¢’| is very small as compared with F,—F,, 
the displacement is approximately given by 


64 =4L(L+1)(-’)?/ (E,— Ey). (3.14) 


In this case E and E@ represent the singlet and 
triplet levels, respectively. 


4. ORBITALS 


The orbital eigenfunctions of the deepest triplet and 
singlet P states of helium were determined variationally 
by the present authors.” They are given in the following 
form: 


y= % ar; (4.1) 


k=O 


where all functions are normalized: 


8E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1957), p. 61. 
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(k=0, 1, 2, 3). The basic functions are given by 


Yo= 2 
1 2 11 P)G(k,u1; 72,71) Zs p(wi,w2), 


(4.2) 
(4.3) 
(4.4) 
(4.5) 


(1 FP)F (ky; 11,%2)Zep(W1,w2), 


: 1(1-FP)F (x,uo; 11,%2)Zsp(Wi,we), 

p 1(1F P)G(k,us; 11,%2)Z pa(wi,w2), 

where P is the exchange operator, 1— P corresponds to 
the triplet and 1+P to the singlet. Z,, and Zpa are 
the normalized angular functions of the P state corre- 


sponding to the sp and pd configurations, respectively : 


(4.6) 


Zep (W1,W2) — V 00(w1) Vim(w2), 


Z pa(w1,W2) 
= (20)-3[{2(2—m) (24+ m)}!V 19(w1) Vem(we) 
—{(2—m) (3—m)}4Vi1(1) V2 m—1(W2) 


_ { (2+m) (3-++m)}tV 1. 1(w1) V2 m+1(@2) ], (4.7) 


TABLE I. Numerical values of the parameters for the orbitals 
and of the energy, in atomic units. 


sp ip 


1.991 185 792 2.003 024 271 
0.544 574 887 8 0.482 362 881 4 
1.335 750 000 0.807 500 000 
1.975 000 000 1.437 000 000 
0.921 250 000 1.119 000 000 
0.990 273 307 1.000 566 493 
0.023 487 573 6 —0.007 028 260 02 
a2 0.013 873 997 3 —0.,000 406 779 024 
a3 -0.016 443 103 5 —0.018 107 143 9 
Ew — 2.132 897 96 — 2.123 495 89 
Eeate —2.132 612 64 —2.123 198 66 


Ene ~2.132968 6 (+7) 2.123 6373 (+7) 


® The error in the last figure. 


where Vim(w) is the normalized spherical surface 
harmonic corresponding to the azimuthal quantum 
number / and the orbital magnetic quantum number m, 
and w stands for the spherical surface coordinates 0 
and ¢. The normalized radial functions are defined by 


F(k,m3 11,%2) = N r(k,u) roe (8 t#72) (4.8) 


G(k3 71,72) = NV a(k,p)reree” (er tHr2 (4.9) 


where rz denotes the smaller one of 7; and rz, and NV ¢(x,u) 
and .\Vq(k,u) are the normalization constants. We can 
consider ¥; as representing the polarization of the 
s orbital instead of the configuration mixing.’ The 
parameters are determined by the variation method?’ 
and their numerical values are shown in Table I. 
The expectation values of energy are compared with 
experiment in the same table, where E,, and Fate denote 


9G. Araki, Kgl. Norske Videnskab. Selskabs, Forh. 30, 158 
(1957); Festskrift Til Egil Hylleraas Pa Sekstiarsdagen, May 15, 
1958. 
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Numerical values of the parameters for the triplet 
intervals, in mK. 


TABLE II. 


— 143.70 
— 105.14 
— 196.27 


204.819 461 

202.528 576 

—98.973 403 
26.583 976 9 


TABLE III. Triplet intervals, in mK (*P, denotes the energy level). 
) g) 
1 mK=10% cm”. 
Quantum 
electro- 
dynamic 
Moore® correction 


988.0 +04" 996 1.84184 
78 —0,762 28 


{76.8 +0.2® 
1074 1.079 56 


Theoretical 
value 
(including 
corrections) 
997.457 11 

75.974 45 
1073.431 56 


Observed value 
Brochard ef al.* 
Wieder and Lamb» 


\76.449+0.012> 
1064.8 -+0.4" 


*® Brochard, Chabbal, Chantrel, and Jacquinot, J. Phys. radium 18, 596 
(1957). 

b I, Wieder and W. E. Lamb, Phys. Rev. 107, 125 (1957). 

¢ Atomic Energy Levels, edited by C. E. Moore, National Bureau of 
Standards Circular No. 467 (U.S. Government Printing Office, Washington, 
D. C., 1949), Vol. 1. 


the energy expectation value corresponding to the 
rest and moving nucleus, respectively.2 The number 
of figures in agreement may give an indication of the 
accuracy of the wave functions although it may have 
no precise significance. 


5. NUMERICAL VALUES OF TRIPLET INTERVALS 


The parameters ¢, ¢’, their nuclear and electronic 
parts, and n can be evaluated by the standard method.’ 
Their numerical values in mK (10~* cm~') are shown in 
Table II. In order to convert energy (in atomic units) 
into wave number we adopt 4y?= 11.687 1112 cm“. 
The theoretical values of the triplet intervals are 
compared with experiment in Table III. The contribu- 
tion from 6H,, and 6H,, (quantum-electrodynamic 
correction) is shown in the last column of the same 
table. The correction arising from the admixture of the 
singlet amounts to 0.149 16 mK. The intervals shown 
in Table III include all these corrections. 

The theoretical values are certainly improved as 
compared with the result of the previous calculation,* 
but yet there remains a distinct discrepancy between 
theory and experiment. If we estimate the accuracy of 
the wave function from the energy eigenvalue, the 
theoretical values are correct within 1 mK. However, 
this estimation may have no reliable basis because the 
accuracy of the wave function may be different for 
different physical quantities. We see that there is a 
discrepancy between the experimental values measured 
by different authors. In order to clarify the reason for 
the discrepancy, it is necessary to perform both the 
calculation the measurement with improved 
accuracy. 


and 





PHYSICA VOLUMI 


116, 


NUMBER 3 NOVEMBER 1, 1959 


Value of the Rydberg Constant 
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National Bureau of Standards, Washington, D. C. 


(Received June 8, 1959) 


The spectroscopic measurements of Houston and of Chu pertinent to the Rydberg constant have been 
adjusted to a new wavelength value (5015.6779+0.0003 A in air) for the helium line used as a standard by 


them 


rhis new wavelength, based primarily on recent measurements by the author and by Series and 


Field, replaces the value 5015.675 A accepted by Houston and Chu. The adjustment brings their data into 
good agreement with spectroscopic observations relative to the cadmium primary standard made by 
Drinkwater, Richardson, and Williams. Cohen’s conclusion in 1952 that the disagreement of Houston’s 
and Chu’s results with those of Drinkwater, Richardson, and Williams was due to a discrepancy in the two 


standards is thus verified. 


In addition, a re-appraisal of the data of Chu and of Drinkwater, Richardson, and Williams has resulted 
in a treatment of their observations substantially different from that given by Cohen. The value of the 
Rydberg constant resulting from a weighted averaging of all the data, R.=109737.312+0.008 cm—, is, 
however, in excellent agreement with the presently accepted value 109737.309+0.012 cm™ calculated by 
Cohen from the data of Drinkwater, Richardson, and Williams. 


INTRODUCTION 

HE presently accepted value of the Rydberg 

constant is based on calculations by Cohen! in 
1952. He re-evaluated the relevant experimental data, 
taking into account the effect of the Lamb shift on the 
theoretical fine structure patterns of Ha, HS, Da, and 
the Hem transition at 4686 A. In his least-squares 
analysis Cohen included experimental data from 
Houston, Chu,’ and from Drinkwater, Richardson, 
and Williams‘ (DRW). However, as had been pointed 
out by both DRW and by Birge,® the measurements of 
Houston (Ha, HS, He) and Chu (He) were based on 
Merrill’s® 1917 value of 5015.675 A for the He 1 line 
used as the reference wavelength. Since Cohen allowed 
for a possible correction to this wavelength in his 
equations, his calculated value for the Rydberg constant 
is based entirely on the measurements by DRW of Ha 
and Da against the cadmium primary standard vacuum 
wavelength 6440.2491 A. The solution to the equations 
then gave a least-squares “best” value of the helium 
wavelength, 5015.6778+0.0007 A (air), which is 0.0028 
A larger than Merrill’s value. This correction to the 
helium wavelength indicated by the DRW data is 
certainly outside the probable errors in the work of 
Houston and Chu. 


HELIUM LINE 5016A 


DuMond emphasized, in a memorandum privately 
circulated in 1958, that it was unsatisfactory to have 
the important Rydberg constant based entirely on the 
work of one group. He pointed out that the situation 
could be relieved by a simple measurement of the 
helium line 5016 A against a well-known reference 


1 E. R. Cohen, Phys. Rev. 88, 353 (1952). 
? W. V. Houston, Phys. Rev. 30, 608 (1927). 
3 D.-Y. Chu, Phys. Rev. 55, 175 (1939). 


4 Drinkwater, Richardson, and Williams, 
(London) 174, 164 (1940). 
®R. T. Birge, Phys. Rev. 60, 766 (1941). 
®P. W. Merrill, Sci. Papers Bur. Standards, No. 302, 
Astrophys. J. 46, 357 (1917). 


Proc. Roy. Soc. 


1917; 


wavelength. I have measured with an evacuated 
Fabry-Perot interferometer the wavelength of 5016 A, 
using the green line and the strong blue line from a 
Meggers Hg-198 electrodeless lamp as_ reference 
standard wavelengths. The experimental details of this 
work will be described elsewhere, the only result needed 
here being the wavelength of the line 5017.0772+0.0003 
A (vac.) relative to 5462.2707 A and 4359.5625 A for 
the Hg'’’ green and blue lines, respectively. These 
values for the mercury lines have been provisionally 
recommended by Commission 14 of the International 
Astronomical Union.’ It is possible that they may 
later be altered, but not enough to affect significantly 
any results obtained here for the Rydberg constant. 

Series and Field® at Oxford have also recently 
measured the helium green line in air with the Fabry- 
Perot etalon. They measured this line directly against 
the cadmium primary standard and obtained a value 
of 5015.6775+0.0004 A in air. The above-quoted 
vacuum wavelength obtained by the author reduces to 
5015.6782 A when the Edlén® vacuum-to-standard-air 
correction is applied. One other value which should be 
mentioned is 5015.679 A from the work of Pérard" in 
1928. (Pérard’s measurements were apparently un- 
known to Chu, Birge, and,Cohen.) The value adopted 
here to be applied to the measurements of Houston and 
Chu is 5015.6779+0.0003 A; in any case the remaining 
errors in their work are due largely to inaccuracies 
inherent in measuring the Doppler-broadened hydro- 
genic fine structures obtained by them. 


EVALUATION OF THE DATA 


The wavelength measurements of Houston and Chu 
as corrected by the new value for 5016 A are given in 


7 Trans. Intern. Astron. Union X (in press, 1959). 

8G. W. Series and J. C. Field, Proceedings of the Symposium 
on Interferometry, National Physical Laboratory, Teddington, 
England, 1959 (to be published). 

9B. Edlén, J. Opt. Soc. Am. 43, 339 (1953). 

10 A. Pérard, Rev. opt. 7, 1 (1928). 
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TABLE I, Observational data pertaining to the Rydberg constant. The errors are estimated probable errors. As explained in the text, 
air wavelengths from Houston and Chu have been converted to the value 5015.6779+-0.0003 A for the helium line used as a standard by 
them. Corresponding vacuum wave numbers were obtained from the Edlén dispersion formula. (DRW measured vacuum wave numbers 
directly.) The “Balmer line’’ position [W =R(no-?—n,-2) ] is obtained by subtracting from an observed component wave number the 


corresponding calculated separation from the Balmer transition, as given by Cohen.* 


Observer and 
component 


Houston, Ha; 
Houston, Hae 
Houston, Hp; 
Houston, Hf 
Houston, He; 
Houston, Hee 
Chu, He; 
Chu, He 
DRW, Ha; 
DRW, Haz 
DRW, Ha; 
DRW, Da; 
DRW, Daz 


Wavelength (air) 
angstroms 


6562.7148+0.0018 
6562.8511+0.0010 
4861.2828+-0.0013 
4861.3606+0.0022 
4685.7057+0.0012 
4685.8057+0.0026 
4685.7044+0.0008 
4685.8039+0.0011 


Wave number (vac) 
em 
15 233.3884+0.0042 
15 233.0721+0.0023 
20 564.9572+0.0055 
20 564.6282+-0.0092 
21 335.5313+0.0055 
21 335.0756+0.0118 
21 335.5371+0.0036 
21 335.0840+0.0050 
15 233.3868+0.0032 
15 233.0670+0.0014 
15 233.2551+0.0063 
15 237.5317+0.0028 
15 237.2112+0.0013 
15 237.4127+-0.0063 


Balmer line 
cm 


15 232.9961 +0.0042 
15 233.0027 +0.0023 
20 564.5397 +0.0055 
20 564.5521+0.0092 
21 334.8787+0.0055 
21 334.8788+0.0118 
21 334.8845 +0,0036 
21 334.8872+0.0050 
15 232.9945+0.0032 
15 232.9976+0.0014 
15 232.9921+0.0063 
15 237.1393+0.0028 
15 237.1418+0.0013 
15 237.1496+0.0063 


Rydberg 
em~ 


109 677.572+0.030 
109 677.619+0.017 
109 677.545+0.029 
109 677.611+0.049 
109 722.233+0.028 
109 722.234+0.061 
109 722.263+0.019 
109 722.277+40.026 
109 677.560+0.023 
109 677.583+0.010 
109 677.543+0.045 
109 707.403+0.020 
109 707.421+0.009 
109 707.477+0.045 


DRW, Da; 


* See reference 1. 


Table I, along with the measurements of DRW. The~=he used them all in his treatment of the DRW data. 


relative accuracy of all the data from Houston, Chu, 


and DRW has been carefully reconsidered. Cohen takes 
as the probable errors in Houston’s data the mean 
deviations, but gives as the probable error in Chu’s 
wavelengths what Chu describes as ‘‘the mean of the 
individual uncertainties.”’ Chu states that his probable 
error “would be perhaps about one-fourth of this.” 
This last estimate is probably over-optimistic, but 
Chu’s care in correcting for overlapping orders and the 
small mean-deviations of his measurements would seem 
to leave little doubt that Cohen underweighted Chu’s 
data relative to those of Houston. Therefore, the 
estimated probable errors given for Chu’s measurements 
in Table I are one-half his “mean of the individual 
uncertainties.” I have also deviated from Cohen’s 
procedure by leaving out of consideration the broad 
and uncertain third component of 4686 A measured by 
Chu on only two plates. Chu himself did not use it in 
his calculation of the Rydberg, and any realistic 
appraisal of its probable accuracy would give it neg- 
ligible weight relative to the two strong components. 
The estimated probable errors given in Table I for the 
measurements of Houston and Chu take into account 
a 0.0003 A uncertainty for the value of 5016 A. 

In their work with the reflection echelon DRW were 
able to resolve on some of their plates three components 
for both Ha and Da. However, only the components 
Haz. and Daz were measured against the cadmium 
primary standard; the other measurements given by 
DRW are the a;-a2 and a;-a3 wave number separations.” 
DRW calculated the Rydberg constant from the Haz 
and Daz components alone. Since Cohen’s calculations 
gave the theoretical position of all three components, 

1 W. V. Houston, in a private letters to the author, has agreed 
with this appraisal. 

12 Cohen’s notation! is used here in discussing hydrogenic fine 
structure patterns. It should be noted that each of these “com 
ponents” actually includes two or more unresolved components, 


But it must be emphasized that the a position was 
observed only relative to a», not relative to the cadmium 
standard; and that the measurement of a3 relative to 
a, is then twice removed from determination against 
the standard. Cohen’s assignment of relative errors in 
the absolute wave numbers of the components based 
simply on the root mean square deviations of the various 
measurements would then seem questionable. It is also 
true, as Cohen pointed out, that the agreement of the 
measured separations with the theoretical values is not 
as good as might be expected from the small deviations. 
For instance, the measured a;-a2 separations in both 
Ha and De are consistently about 0.003 cm™ below the 
theoretical value. 

Starting from the assumption that the rms deviations 
for Hay and Daz (0.0014 and 0.0013 cm™, respectively) 
represent the probable error in these components, | 
have then doubled the errors given by Cohen for the 
a; components and tripled those given for the a3 com- 
ponents. This somewhat arbitrary procedure should 
give a more realistic relative weighting for the DRW 
data. It is felt that Cohen especially overweighted the 
a3; components in his calculation. The inherent difficulty 
in measuring the center of this component combined 
with the remoteness of its determination against the 
cadmium standard combine to make its wavenumber 
much less well-known than that of the a. component. 
On the other hand, it would not seem wise to ignore the 
a, and a; components entirely, especially since including 
them in the calculation probably tends to compensate 
for the apparent systematic error noted above. This 
compensation should be obtained if the error was caused 
by failure to correct either fully for the narrow over-all 
“intensity envelope” effect of the echelon or for the 
narrowing of the observed separation of the a; and a; 
peaks due to overlapping. The fact that the seven 
measured Da,-Da; separations are all significantly less 
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TABLE IT. Values of the Rydberg constant calculated from the 


data of three independent observers. Errors are standard devi- 


ations obtained by multiplying the estimated probable errors by 


1.48 


weighted average 
cm * 


Rydberg, Rw 
cm" 


109 737.342+0.023 
109 737.296+0.038 
109 737.276+0.039 


109 737.31140.024 


109 737.312+0.014 
109 737.310+0.013 


109 737.312+0.008 


Rew, 


Observer and 
pattern 


Houston, Ha 
Hg 
He 
Chu, He 
DRW, Ha 
Da 
Weighted average 


109 737.319+0.018 
109 737.311+0.024 


109 737.311+0.010 


than the theoretical value of 0.129 cm (average 


measured value=0.119 cm~, standard deviation= 0.002 
cm~') might indicate an error of this last kind for the 
Da pattern. Houston’s measured Ha;—-Haz and Hf;-Hp, 
separations are also well below the theoretical values. 


RESULTS 


The values of R, as determined from the six inde- 
pendently observed and measured hydrogenic fine- 
structure patterns are given in Table II. Cohen and 
DuMond’s recent values of 9.108210~*8 g for the 
electron mass and 6.02502 10" for Avogadro’s con- 
stant give 5.48771X10~* for the atomic mass of the 
electron. This value was used to obtain the R,, values 
from the values of the Rydberg for the different atoms 
given in Table I. [R,,=R,(1+m/M;), where m is the 
electron mass and M,; is the nuclear mass; the nuclear 
masses were taken as given by Cohen.'] Since the value 
of the electron mass derived from purely spectroscopic 


8 E. R. Cohen and J. W. M. DuMond, Phys. Rev. Letters 1, 291 
(1958). 


re 


MARTIN 


data has an uncertainty almost an order of magnitude 
greater than the probable error for the above value, 
there seems to be little point in calculating ‘purely 
spectroscopic” values of m and R,, except as a check on 
the external consistency of the spectroscopic measure- 
ments. In his paper Cohen states that the difference 
between the “spectroscopic” and “microwave” deter- 
minations of m “is not statistically improbable” and 
adopts a value of R, calculated by neglecting the 
spectroscopic m value. 

The errors given in Table II are standard deviations 
and take into account a small error due to uncertainty 
in the electron mass. In all averaging, the weights were 
taken as proportional to the reciprocals of the squares 
of the standard deviations. 

It is seen that the agreement between the three 
observers is good. The weighted average of the data 
based on the helium 5016 A line, R,=109737.316 
+0.014 cm™, certainly shows no significant disagree- 
ment with the value 109737.311+0.010 cm™ derived 
from the data of DRW. The almost exact agreement of 
this last value with that calculated by Cohen, 109737.309 
+0.012 cm, 
treatment of the DRW data would give a result 
differing from this value by as much as the standard 


‘ 


is fortuitous.'* However, no reasonable 


deviation. 

It is concluded that Cohen’s 1952 calculation of the 
Rydberg constant is now supported by the measure- 
ments of Houston and of Chu. 


‘4 The final value for the Rydberg constant obtained by Cohen 
in 1952 (reference 1), 109737.3114+0.012 cm™, was altered to 
109737.309+0.012 cm™ by J. W. M. DuMond and E. R. Cohen 
in 1953 [Revs. Modern Phys. 25, 691 (1953) ]. Apparently, the 
earlier value was slightly in error because of a numerical error 
made in obtaining the electron mass. 
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Measurement of the L/K-Capture Ratio in Fe*®> Decay* 


J. Scosre, R. B. Morr, AND R. W. Finkt 
Department of Chemistry, University of Arkansas, Fayetteville, Arkansas 
(Received June 4, 1959) 


The LZ and K x-radiations of manganese resulting from orbital-electron capture in a gaseous source of 
Fe®> have been studied in a multiwire proportional counter. The L/K-capture ratio was found to be 0.108 


+0.006, in good agreement with the theoretical value. 


INTRODUCTION 


CCURATE measurements of the L/K-capture 

ratio for simple allowed transitions have been 
carried out for only two nuclei, A® and Ge”. In the 
former case! good agreement was obtained with the 
theoretical results of Brysk and Rose? after taking 
account of the electron correlation correction factor of 
Odiot and Daudel.* However, for Ge” the experimental 
L/K ratio* is 20% larger than the theoretical value,’ 
and it seemed desirable to carry out measurements on 
another nucleus to see whether this discrepancy could 
be confirmed. 

Fe® decay was chosen for two reasons: (1) it is a 
simple allowed electron capture transition with a 
half-life of 2.60 years; and (2) a volatile iron compound 
(ferrocene) is fairly easily prepared. The internal 
bremsstrahlung spectrum has been measured by several 
groups’-* and the transition energy of 223+7 kev thus 
obtained is in good agreement with the value obtained 
from nuclear reaction studies.’ No previous measure- 
ment of the L/K ratio had been made for this nucleus. 

Measurements of the L/K ratio for nuclei with Z<35 
generally have been made by introducing the radioactive 
material to a proportional counter as part of the gas 
filling and observing the resulting L and K peaks in the 
counter pulse distribution. Unfortunately, this straight- 
forward method has the disadvantage, which becomes 
increasingly important as the energy of the x-radiation 
increases, that because of the finite dimensions of the 
counter some of the A x-rays escape detection in the 
counter gas. This is particularly undesirable in measure- 
ments of L/K ratios because the escape of Ka x-rays 
(approx. 85% of the total K x-rays) not only diminishes 
the observed K x-radiation intensity, but also leads to 

* Supported in part by the National Science Foundation. 

+ Now at The Gustaf Werner Institute for Nuclear Chemistry, 
University of Uppsala, Uppsala, Sweden. 

1M. Langevin and P. Radvanyi, Compt. rend. 241, 33 (1955) ; 
Pontecorvo, Kirkwood, and Hanna, Phys. Rev. 74, 982 (1949) ; 
R. W. Kiser and W. H. Johnston, J. Am. Chem. Soc. 81, 1810 
(1959). 

2H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1820, 1955 (unpublished). 

3S. Odiot and R. Daudel, J. phys. radium 17, 60 (1956). 

4R. W. P. Drever and A. Moljk, Phil. Mag. 2, 427 (1957). 

5D. Maeder and P. Preiswerk, Phys. Rev. 84, 595 (1951). 

® Bolgiano, Madansky, and Rasetti, Phys. Rev. 89, 679 (1953). 

7 Emmerick, Singer, and Kurbatov, Phys. Rev. 94, 113 (1954). 

8 L. Madansky and F. Rasetti, Phys. Rev. 94, 407 (1954). 


9 J. J. G. McCue and W. M. Preston, Phys. Rev. 84, 1150 (1951). 
”C,C. Trail and C. H. Johnson, Phys. Rev. 91, 474 (1953). 


an increase in the observed L x-radiation intensity due 
to the detection of the L x-radiation emitted along with 
the K, x-ray. The observed L/K ratio can be corrected 
to take this effect into account but only an approximate 
value can be obtained for this correction, and this is in 
any case strongly dependent on the value assumed for 
the K-fluorescence yield, which is a quantity on which 
experimental limits are still quite high. 

For nuclei heavier than A*’ the escape correction 
becomes prohibitively large if counters of normal size 
and pressure are used, and, to circumvent the difficulties 
associated with the construction and operation of 
large, high-pressure counters, Drever, Moljk, and 
Curran’ developed an anticoincidence system for 
their measurements on Ge”. In this instrument the 
central counter is surrounded by a second proportional 
counter system in anticoincidence, all the counters 
being enclosed in one metal case. The counting volume 
of the central counter is defined by a ring of wires 
joined to the case, and further wires divide the layer 
of gas surrounding the central counter into several 
separate proportional counters. A’ x-rays escaping 
from the central counter are detected in the anti- 
coincidence ring counters, which are arranged to have 
a diameter, at a workable gas pressure, equal to several 
half-distances. The pulses from the ring counters are 
used to gate the pulses from the central counter. With 
conventional counter dimensions and gas pressure 
the escape correction in such a system can be reduced 
to a few percent for a case such as Fe®. 

The iron compound used as the gaseous source was 
ferrocene (bicyclopentadieny] iron), which has a vapor 
pressure of about 0.2 mm at room temperature and is 
chemically very stable. 


APPARATUS 


The total diameter of the counter is 6 inches and the 
sensitive length of the central counter is 32 inches. The 
cathode of the central counter consists of 12 stainless 
steel wires of 0.010-inch diameter arranged in a circle 
of 2-in diameter, and connected electrically to the case. 
The volume between this circle of wires and the case is 
divided into six separate proportional counters by 
another 6 wires, which, together with the inner circle 
of wires, form the anticoincidence 
counters; the anodes of these counters, as well as of the 


the cathodes of 


" Drever, Moljk, and Curran, Nuclear Instr. 1, 41 (1957), 
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Fic. 1. General construction view of the multiwire counter with inset showing arrangement of the wires. 


central counter, being stainless steel wires of 0.003-inch 
diameter. 

The wires are kept taut by individual springs and, 
with the exception of the anode of the central counter, 
are mounted between two brass rings, which are held 
apart by three brass rods. The whole ring system can 
thus be removed entirely from the counter, facilitating 
cleaning or insertion of new wires if necessary. All 
counting wires are shielded from insulation breakdown 
by a guard tube system maintained at the same potential 
as the wires. The six wires forming the anodes of the 
ring counters are connected together inside the guard 
system and an electrical connection taken out through 
a guard tube and a high-voltage ceramic-metal vacuum 
seal to a preamplifier. The central counter is provided 
with field-correcting tubes as well as guard tubes, and 
electrical connections and to the central 
anode are brought out through similar seals. In order 
to enable the gains of the central and ring counters to 
be adjusted independently, a separate high-voltage 
power supply is connected to the anodes of the ring 
counters. A diagram of the counter is given in Fig. 1. 

Pulses from the central counter are fed through a 
a nonoverloading linear amplifier with 
delay-line clipping and a 10-usec 
gate. Pulses from 


to these 


preamplifier, 
double 
to a linear anticoincidence 


3.6-usec 
delay-line, 
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Fic. 2. Block diagram of the electronics. 


the ring counters are amplified in a similar system and 
used to control the gate, the length of which was 60 usec 
during the experiment. Those pulses which pass through 
the gate are fed to an oscilloscope and single-channel 
analyzer. The analyzer channel-width was calibrated 
between runs using a precision pulse generator. A 
block diagram of the electronics is given in Fig 2. 

The operation of the counter was first tested by 
observing the K and L peaks of A*’, a trace of which 
was introduced to the counter. In spite of the unusual 
construction, the energy resolution in both the central 
and ring counters is as good as would be obtained with 
a conventional counter. Figure 3 shows the 6.5 kev 
K-peak given by the ring counters with an Fe*® gaseous 
source, and the small amplitude of the low-energy tail 
indicates that very few K x-rays stopped in the ring 
counters would give pulses too small to trigger the gate, 
which was biased at 3.5 kev throughout the experiment. 
The tail is mainly due to natural background, which 
is shown as a dotted line in the figure but has not been 
subtracted. 


EXPERIMENTAL PROCEDURE 


Fe®® was obtained from Oak Ridge National Labora- 
tory in the form of ferric chloride in hydrochloric acid 
solution. Ferrocene was prepared by the reaction 
between ferrous chloride and sodium cyclopentadiene 
in tetrahydrofuran as solvent. The solvent was evap- 
orated at reduced pressure and the ferrocene collected 
and purified by sublimation. 

Four separate samples of ferrocene were introduced 
into the counter, ranging in weight from a few mg to 
about 20 mg. It was found that the presence of the 
ferrocene at a partial pressure of about 0.1 mm had 
no effect on the operation of the counter, and back- 
ground measurements made after pumping out the 
counter indicated that none of the source remained on 
the counter walls permanently. 





L/K-CAPTURE 


Measurements were made at argon pressures of 3, 1, 
and 2 atmos, with methane being added to a pressure 
of 10 cm as a quenching gas. At each pressure the 
K and L intensities were measured both by plotting 
differential pulse-height spectra and by integral-bias 
counting. 

Some of the measurements at 2 atoms. pressure were 
performed with the counter heated to various tempera- 
tures up to about 70°C. No change was observed from 
the results obtained at room temperature, and, since 
the vapor pressure of ferrocene increases very rapidly 
with the temperature, this was an indication that none 
of the source had been condensed on the counter walls. 

Pulse-height spectra in the regions of the 6.5-kev 
K-peak and the 0.76-kev L-peak are shown in Figs. 4 
and 5. These are typical of about ten such spectra 
analyzed at 2 atmos pressure. The small peak at about 
11 volts in Fig. 4 is an argon escape peak. In these 
diagrams the background is shown as a dashed line 
but has not been subtracted. 


RESULTS 


The ratio of counts in the L-peak to counts in the 
K-peak at 3, 1, and 2 atmos pressure was found to be 
0.124, 0.112, and 0.111, respectively. At } atmos an 
appreciable fraction of K x-rays escape from the central 
counter and through the ring counters, giving rise to 
an apparent increase in the L/K ratio. At 1 atmos 
escape through the ring becomes very small and there 
is little variation in the observed L/K ratio with 
increase in pressure above the value. However, even at 
2 atmos several small corrections have to be made to 
take account of K x-ray escape. 

At 2 atmos the thickness of the ring counters is 
equivalent to about seven half-distances for the A 
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Fic. 3. Fe®> K-peak from the ring counters. The natural back- 
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Fic. 4. Fe5> K-peak from the central counter in anticoincidence 
with the ring counters. The natural background is shown by the 
dashed line but has not been subtracted. 


x-rays and approximate calculations” show that the 
fraction which escape through the ends of the counter 
is 6 10-*, and the fraction which hit the wires defining 
the sensitive volume of the central counter and are 
not detected is 4X10-*. Corrections for dead-time 
in the electronics are negligible. 

The true L/K-capture ratio R is then obtained from 
the observed value R’ by substitution in the formula 


R = R’(1 — Pwr) — Purk, 
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Fic. 5. Fe®> L-peak from the central counter in anticoincidence 
with the ring counters. The natural background is shown by the 
dashed line but has not been subtracted. 
2S. Glasstone, Principles of Nuclear Reactor Engineering 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1956), 
p. 629. 
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where 7 is the probability of a K x-ray escaping from 
the counter, wx is the K-fluorescence yield of man- 
ganese, and k is the fraction of A, x-rays in the man- 
ganese A series. The values of wx and & used in this 
work were 0.308" and 0.87, respectively, but due io 
the very small value of P the final result is very insensi- 
tive to variations in the values of these quantities. 

Using the mean value 0.111 obtained from several 
separate measurements of R’, the L/K-capture ratio 
of Fe® is obtained as 


R=0.108+0.006. 


‘8 Frey, Johnston, and Hopkins, Phys. Rev. 113, 1057 (1959). 

4A. H. Compton and S. K. Allison, X-rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1935). 
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Most of the uncertainty in the measurement arises in 
the determination of the number of counts in the 
L-peak. The statistical error is less than 1%. 

From the curves of Brysk and Rose’ the theoretical 
value of the L/K ratio for Fe®® is 0.097, which is 
slightly lower than the experimental value. Recently, 
however, Odiot and Daudel® have shown that in the 
theoretical calculations it is necessary to take into 
account the correlations between the positions of the 
atomic electrons, and this results in higher values of 
the theoretical L/K ratio. At present, correction factors 
have been calculated only for helium, beryllium, and 
argon, but the magnitude of the correction falls off 
rapidly with increasing atomic number and for Fe®*° 
is of the order of 5-10%. Hence, with this correction, 
there is excellent agreement between the theoretical 
and experimental values of the L/K ratio. 
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Collective Enhancement of E2 Matrix Elements in Light Nuclei* 


S. FALLrEROst AND R. A. FERRELL 
University of Maryland, College Park, Maryland 
(Received June 10, 1959) 


Several electric quadrupole transitions in nuclei in the neighbor 
hood of O'* are discussed. The well-known strong enhancement 
of the single-nucleon matrix elements is interpreted as resulting 
from the virtual excitation of a collective 2+ state in the O'* core 
It is found that an energy of 18 Mev for this state gives a satis 
factory account of all of the experimental data. The enhanced 
matrix elements are expressed in terms of an effective charge, 
which is calculated in detail within the framework of the nuclear 
shell model. The value of the effective charge depends on the 
particular independent-nucleon states involved in the transition 
and is found to be approximately 0.5, 0.7, and 0.9 for 2s—1d, 


I. INTRODUCTION 


HE deformation of the nuclear core due to inter- 

action with a few independent particles (or holes) 
outside a closed shell can be studied in analogy with the 
well-known process of the polarization of the vacuum 
in quantum electrodynamics. In analogy to the role 
played by the electron-positron pairs in the latter 
theory, the contribution of the core polarization to 
quadrupole moments and transition probabilities repre- 
sents the result of virtual creation and annihilation of 


nucleon-hole pairs in the nucleus. The detailed consider- 


ation of the contributing virtual pair states corresponds 
to the description of the enhanced electromagnetic 
moments in terms of configuration mixing.’~* These 


* Research supported in part by the U. S. Atomic Energy 
Commission under a contract with the University of Maryland. 
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A70, 532 (1957). 


ld—1d, and 1p—1p matrix elements, respectively. Of special 
interest is the result that the N'* quadrupole moment should 
possess the relatively large value of 3X 10~*° cm*, or about three 
times the simple shell-model value. This prediction has recently 
been confirmed by high-energy electron scattering measurements. 
The relation of the present work to previous theoretical treatments 
of enhancement by the methods of the hydrodynamic model and 
of configuration mixing is discussed. The Appendix on center-of 
mass effects contains an explicit demonstration of the cancelling 
of the classical recoil quadrupole moment of O'7 by a quantum 
mechanical exchange term. 


straightforward treatments of configuration mixing by 
means of perturbation theory with a not unreasonably 
small energy denominator encounter difficulty in 
supplying an enhancement sufficiently large to agree 
with the experimental £2 moments and transition rates. 
This difficulty, which is discussed in detail below, 
originates in the inherently collective nature of the 
core deformation, which is not adequately taken into 
account by the perturbation approach. 

Explicitly collective treatments of the nuclear 
polarization in terms of deformation of the surface of 
the core have been given by various authors.*~® It is 
the purpose of the present work’ to give a treatment of 


3R. D. Amado, Phys. Rev. 108, 1462 (1957). See also the more 
recent treatment by A. de-Shalit, Phys. Rev. 113, 547 (1959). 

4A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

5 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

® B. J. Raz, Phys. Rev. 107, 1201 (1957). 

7 A preliminary report of this work has been given by S. Fallieros 
and R. A. Ferrell, Bull Am. Phys. Soc. Ser. II, 2, 26 (1957); 3, 
49 (1958). 
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the /:2 transition rates and quadrupole moments for 
nuclei in the neighborhood of O!* in terms of a different 
collective description of the core polarization which has 
the advantages that it does not involve the introduction 
of additional collective coordinates and the accompany- 
ing subsidary conditions and that it is easily expressed 
in the shell model as a coherent superposition of single- 
nucleon excitations. The additional flexibility provided 
by the present treatment of collective spheroidal 
deformation of the O'* core is essential for quantitative 
calculations of the enhancement. Without this flexibility 
it is not possible to include the important corrections 
arising from nucleon exchange. Additional corrections 
caused by the finite thickness of the nuclear surface 
and by the finite range of the nuclear forces are also 
easily calculated in the present framework. The final 
result of the numerical calculations is an effective 
electric charge which is to be added to the nucleon or 
hole making the transition. It is to be emphasized, 
however, that the concept of the effective charge should 
not be used too loosely since the magnitude of the 
effective charge is different for different transitions. 

In the following sections we first discuss the relevant 
modes of nuclear polarization, calculate expressions for 
the effective charge and then apply these expressions 
in the calculation of E2 moments and transition rates 
of O'", IF’, and N!®. By a proper choice of the ratio of 
the strength of the effective nuclear potential to the 
average excitation energy of the intermediate state, 
results are obtained which compare reasonably with 
experiment. Similar treatment of the p-shell nuclei 
yields a surprisingly large enhancement, which has 
recently received confirmation from high-energy 
electron scattering experiments. For example, N is 
predicted to have a quadrupole moment of 3X10-** 
cm’, or three times the previously accepted value. 
Sections V and VI contain a critical comparison of the 


oe 4 


(d) (e) 


Fic. 1. ‘“Vacuum-polarization” corrections to the matrix 
element for the electromagnetic transition of a single nucleon. 
Graph (a) shows the transition of a nucleon from an initial to a 
final state (solid lines) through the action of an electromagnetic 
multipole operator (wavy line). In graph (b) the electromagnetic 
interaction is seen to act directly on the nucleons of the closed 
shell core, causing the virtual creation of a nucleon-hole pair. 
Through the nuclear two-body interaction (dashed line) this pair 
can then be annihilated while the external nucleon is scattered 
into its final state. The same type of process with the time order 
of the nuclear and electromagnetic interactions reversed is shown 
in graph (c). Graphs (d) and (e) are the exchange counterparts 
of graphs (b) and (c), respectively. They represent the possible 
exchange between the external nucleon and one of the nucleons 
in the core. 
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(b) 

Fic, 2. Diagrammatic representation of the virtual excitation of 
the collective 2+ state in O'*. Graph (a) shows the transfer of 
excitations from one excited core nucleon to another by means of 
the nuclear interaction (dashed line), resulting in a collective 
lowering of the 2+ state. A nucleon is initially excited from the 
core by direct interaction with the electromagnetic field (wavy 
line). In graph (b) the effect of correlation is shown: two nucleon 
hole pairs can originally exist in the ground state because of 
correlation. While one of these pairs is annihilated by interacting 
with the electromagnetic field the other transfers its excitation to 
another core nucleon and sets up the collective 2+ state. 


present work with earlier work, while a brief summary 
constitutes Sec. VII. In the Appendix is exhibited the 
cancellation in O" of the recoil quadrupole moment by a 
nucleon-exchange term. 


Il. CORE POLARIZATION 
A pure independent-particle quadrupole transition is 
represented by the Feynman diagram shown in Fig. 
1(a). The flow of time is upward and the cross attached 
to the wavy line represents the action of the electric 

quadrupole operator 
Zz ef A { 
e >a V . (Tp) 2 2" (1r;) + DD 

) 


p=! 2 l 


T;(1)QOo™(r,) |, (1) 


where 
QO.™(r) =r Vo"(0,¢). (2) 


The sum on the left side of Eq. (1) is over all protons 
in the nucleus, while on the right side of Eq. (1) 73(7) is 
the third component of the isotopic spin operator of the 
ith nucleon. 7, 8, and ¢ are spherical polar coordinates 
and VY." is a normalized spherical harmonic of order 
two, where the superscript m may take on any of the 
values — 2, —1, 0, +1, or +2. [The factor of (1672/5)! 
in the conventional definition of the quadrupole 
moment for the case of m=0 has been omitted here for 
convenience. | The possibility of a transition taking 
place with core polarization appearing as an inter- 
mediate state is then described by diagrams (b), (c), 
(d), (e) of Fig. 1. Wavy lines and dashed lines represent 
electromagnetic and nuclear interactions, respectively. 
[In graph (b) the quadrupole operator induces a single- 
nucleon excitation from the core. (A backward-going 
arrow indicates the hole which appears in the core 
when the nucleon is excited.) By means of the nuclear 
interaction the additional nucleon subsequently makes 
a transition while the core nucleon falls back into its 
original place. (Here we have in mind a mass-seventeen 
nucleus.) Graph (d) represents the possibility of the 
external nucleon falling into the empty core state 
while the excited core nucleon scatters into the final 
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single-nucleon state. Graphs (c) and (e) describe the 
analogous processes with inverted time sequences. The 
possibility of diagrams of the type (a) and (b) of 
Fig. 2, which are generalizations of (b) of Fig. 1 should 
also be considered. Figure 2(a) shows the possibility 
of the excitation being repeatedly transferred from 
pair to pair within the core before “scattering” the 
external nucleon. In Fig. 2(b) the contribution of pairs 
already present in the ground state due to correlation 
is exhibited. As long as the nuclear force is strong 
enough to induce polarization, it is expected that its 
correlation effects in the ground state will be of im- 
portance.* Similar corrections to the other diagrams of 
Fig. 1 are, of course, possible and will be discussed 
further in Sec. VI below. 

The operators representing the effective external 
potential acting on the additional nucleon and causing 
it to make the transition shown in Fig. 1 are of two 
distinct kinds according to whether they correspond to 
the closed loop graphs (b) and (c) (direct or vacuum- 
polarization type) or to the triangular vertex graphs 
(d) and (e) (exchange or self-energy type). The sum of 
the operators of the first type has the form of an 


“cc 


ordinary local operator: 
/m j 7 om 2 
O.'™(r) = f(r) V2"(0,¢), (3) 


where r is the coordinate of the external nucleon. The 
second is a more complicated exchange type corre- 
sponding to the fact that the nucleon ending up in the 
final state is not the same as that starting out in the 
initial state. Operators of this type cannot be written 
in the simple form of Eq. (3), but they do have a 
nonlocal integral representation. This representation 
can be characterized by the explicit values of the matrix 
elements for the various specific transitions of interest. 
If the initial and final external nucleon wave functions 
are y, and wy, respectively, then the sum of the matrix 
elements for the exchange processes (d) and (e) of 
Fig. 1 can be written as 


(Oo"™) = Ws(t7), 02" (ry,8)i(1,)), (4) 


where Q2’’™ is a function of two variables and will be 
determined below. The scalar product notation indi- 
cated by the parentheses denotes integration over both 
r; and ry. This expression can be compared to the 
simpler one for the sum of the matrix elements for the 
direct processes (b) and (c) of Fig. 1. 


(Oo!) = Wy(r), Oo" (ny i(r)). (5) 


/!m 


The separation of Q.’’" into radial and angular factors 
is somewhat more complicated than that shown for 
Q.™ and Q2'™ in Eqs. (2) and (3), and will be exhibited 
further below. 

The functions Q.’" and Q,"’" are independent of the 
transition of the external nucleon and can be calculated 


®R. A. Ferrell, Phys. Rev. 107, 1631 (1957). 
®R. A. Ferrell and J. J. Quinn, Phys. Rev. 108, 570 (1957). 
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as soon as the intermediate state of the core has been 
specified. We make the specific assumption that the 
dominant mode of intermediate excitation of the core 
between the times of the electric and nuclear inter- 
actions is the state ®2” resulting from the application 
of the T=0 (zero isotopic spin) part of the quadrupole 
operator [see Eq. (1) ] to the core ground state Pp, i.e., 


16 


Py” = } 7. Qo (r;)Po. (6) 
i=1 


This wave function can be expected to represent, at 
least approximately, a true excited stationary state 
of the O'* core.” It is selected because of its high spatial 
symmetry corresponding to the eigenvalue 7=0. This 
spatial symmetry ensures not only perfect overlap with 
the deformation arising from the 7=0 part of the 
quadrupole acting on the unperturbed core, but also 
a strong lowering of the excitation energy. This yields, 
in turn, a small energy denominator for the virtual 
process. The situation can be expected to be quite 
different for the corresponding 7=1 state, which 
differs from ®2” simply by the presence of an additional 
isotopic spin factor 73(7) following the summation 
sign in Eq. (6). Although there would again be perfect 
overlap (with the T=1 part of the virtual core de- 
formation), the energy denominator may be expected 
to be so much larger that the contribution of this state 
may be neglected. Although there is as yet no direct 
experimental data on the excitation energies for E2 
oscillations in O'*, the large difference which is general 
may be expected for the different isotopic spin states is 
illustrated by the data on the 1— states of O'® The 
T=1 giant electric dipole oscillation has an excitation 
energy of about 23 Mev, while the T7=0 states of the 
same angular momentum and parity start at as low 
an energy as 7 Mev in the O'* spectrum. Because of this 
effect which the isotopic spin may be expected to have 
on the excitation energies, we believe that the closure 
approximation used by Blin-Stoyle and Amado?* and 
also by Barton" is not justified. For the time being we 
shall neglect the 7=1 intermediate state altogether, 
but shall return to it in Sec. V below. For the most part 
our work will be based upon the 7=0 state alone—an 
approximation which is believed to be quite satis- 
factory. This procedure is, so far as the enhancement 
calculations are concerned, equivalent to the use of 
closure after first dropping the 7=1 part of the electric 
quadrupole operator. As explained, however, in Sec. VI, 
there is still an important difference between the present 
method and this modification of the method of closure 


0 This mode of collective excitation of O'* has been previously 
discussed by R. A. Ferrell and W. M. Visscher [Phys. Rev. 102, 
450 (1956), and Phys. Rev. 104, 475 (1956)]. The mixture of 
excited configurations contained in this state has been found by 
one of us [S. Fallieros, Bull. Am. Phys. Soc. Ser. IT, 4, 60 (1959) ] 
to be 17%, 13%, and 70% for the (1s) 1d, (1p)"'!2p, and (1p) “1f 
configurations, respectively. 

1G. Barton, Nuclear Phys. 6, 100 (1958). 
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in regard to the determination of the actual numerical 
value of the energy denominator. 
In terms of the intermediate 
?,” and its excitation energy AF, 


nucleon operator Q»’” is given by 


state wave function 
the effective single- 


1 16 
- [ (Bo, > 
AE 


V (11,1) Po") 


16 


™ > V(n,i)%) ] 
i=1 


+ (P, 


1 16 
(> Vi(n,i)Qo™(r; (7) 


i,j=1 


))05 
AE 


where Eq. (6) has been substituted. The nuclear 


interaction 


=—V_(w—mP, 2 PnTtHbP nl —hPait)U (ni) (8) 


V (11,1) = 


acts between the external nucleon » and the ith nucleon 
of the O'* core. P,,:°'7 are the spin- and isotopic spin- 
exchange operators while w, m, b, and / are the fractions 
of Wigner, Majorana, Bartlett, and Heiserberg forces, 
respectively. Vo is the overall strength of the inter- 
action, leaving U’(r,;) a dimensionless function of the 
nucleon separations. (In addition to this central force, 
tensor and two-nucleon spin-orbit forces may 
expected to be present, but they will not contribute to 
Q.'™ and Q./’™ because of the sum over core-nucleon 
spins which is carried out below.) Equation (7) applies 
strictly only to a transition. When a finite 
transition energy /¢; is involved the energy denominator 
should be by the quantity /?/AE. As 
discussed I; is of the order of 20 Mev, 


be 


static 


decreased 


in Sec. VI, 
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1G. 3. Core deformation potential and radial wave function 
products vs radius (measured in units of 74, the scale parameter 
for the oscillator wave functions). ‘The upper half of the figure 
shows the radial factor f(r) of the efiective quadrupole operator 
as a function by the radius, for zero range (a=0) and finite range 
(a=1). [a= where £8 specifies the range of the Gaussian 
nuclear tat ly proportional to exp(—6r*).] The lower half 
of the figure shows the square of the radius times the product of 
three different pairs of normalized oscillator radial wave functions, 
corresponding to the three different types of #2 transitions of 
interest. 
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while £, amounts to only a few Mev for the cases in 
which we shall be interested. Therefore this dynamical 
correction is completely negligible for the present 
purposes. 

In order to obtain an explicit expression for Q.’™ 
we assume that the nuclear force has the simple 
Gaussian radial dependence 


Br’) 


(The general case of arbitrary radial dependence will 
be treated later.) We further assume that the ground- 
state wave function ®) consists of a single Slater 
determinant” of harmonic oscillator wave functions 
with Gaussian factors exp(— yr’). Thus 6-4 and y~* 
are scale parameters for the ranges of the nuclear 
force and the nuclear density distribution, respectively. 
Substitution from Eqs. (2) (8), and (9) and straight- 
forward calculation reduce Eq. (7) to the form of Eq. 
(3), with the radial function given by the expression 


U(r) =exp(— (9) 


(2+a)*/? 
G'r’———(— 1+-5a+6a?+- 22") 


S(r) 
(1+a)"? 


% 
xexp| - 
1 


+a 


(10) 


Here we have introduced the abbreviations a= y/8 and 
(Vo/AE) (1+2/a)—!(4w— m+ 2b— 2h). (11) 


The factor containing @ simulates the dependence 
upon range of the effectiveness of the nuclear force. 
The reason for the particular function of a chosen here 
will become apparent later. Comparing Eqs. (10) and 
(3) with (2) we see that, aside from the modified radial 
dependence given by Eq. (10), Qo’™ exactly simulates 
the one-nucleon quadrupole operator Q2”. Because of 
the different radial dependences of these two operators 
the effectiveness of Q.’” in simulating Q»” will depend 
upon the transition being considered. Thus the effective 
induced change, which will be defined in terms of the 
ratio of the matrix elements of these two operators, 
is a term which must used with considerable 
qualification. 

The function f(r) is plotted in arbitrary units in the 
upper half of Fig. 3 for the two cases a=0 and a=1 
(‘zero range” and “finite range,” respectively). The 
a=( case has a peak at the radius of the nuclear 
surface, which may be defined approximately as the 
radius at which the nuclear density (included in Fig. 3 
for comparison) drops to one-half of its central value. 
The concentration of f(r) at the surface illustrates the 
surface nature of £2 modes of oscillation which is made 
use of explicitly in the treatments of references 4-6. 
On the other hand, Fig. 3 shows how this concentration 
at the surface is to a large extent smeared out by being 


be 


2 This simplified representation of the ground state excludes 
the possible presence of correlation diagrams of the type (b) in 
Fig. 2. We will return to this point in Sec. VI. 
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folded with a finite range nuclear force. Because of this 
strong dependence of Q.’" on the force range it is 
apparent that the zero-range approximation used by 
Horie and Arima (reference 1) cannot be expected 
to yield better than qualitative agreement with the 
experimental data, at least for a nuclear core as small 
as O'*, Similarly, a calculation such as that of Raz 
(reference 6) cannot be considered satisfactory because 
of the neglect of the transition-dependence of the 
overlap of f(r) with the radial wave functions. The 
lower half of Fig. 3 shows the square of the radius times 
the product of normalized radial wave functions for 
three different pairs of oscillator wave functions. The 
curve labeled d* is drawn for the case that both wave 
functions are 1d waves and corresponds to the enhance- 
ment of the O'” ground-state quadrupole moment. In 
the sd curve, on the other hand, the product is taken 
between the 1d and 2s waves. It will be noted that the 
overlap with f(r) (‘finite range” curve in the upper 
half of Fig. 3) is considerably less perfect for sd than 
for d*. The sd case corresponds to the enhancement of 
the first-excited-to-ground-state transitions in O"", F", 
and N"*, The third curve, labeled ‘‘p’,” applies to various 
cases of static and dynamic £2 enhancement in nuclei 
of mass less than sixteen, and corresponds to transitions 
of holes within the 1p shell. Because of the differences 
in overlap in the three cases shown in Fig. 3, the 
effective induced changes will be different in each case. 
This will be seen to be all the more true when the 
contributions of Q.’’" to the various transitions are 
evaluated. Because of the nonclassical exchange nature 
of this operator, however, the dependence of its matrix 
elements on the transitions has no simple and intuitive 
illustration in terms of varying spatial overlap of the 
core deformation with the external nucleon wave 
functions. 

We now conclude this section with a brief derivation 
of an explicit expression for the exchange operator. In 
terms of its matrix element between initial and final 
states y, and wy, the function Q.’""(r,,r;) is determined 
by the equation 


(Ws (ty),02"'"(ry,r¥i(t,)) 


1 16 
LW s(tn)Po, 0 PajPuj? Pas V (n, jf) P2"i(tn)) 
AE j=! 
16 
+ (Wy(r,)Po-", & Paj Pj Pai V(n,7)PHi(tn)) |, 


j= 


(12) 


where the first and second terms in brackets correspond 
to the processes (d) and (e) of Fig. 1, respectively. 
P,,;" is the space-exchange operator. The product of it 
with the spin- and isotopic spin-exchange operators 
produces the exchange of external nucleon » with the 
jth nucleon of the O'* core. As in the direct interaction, 
the sum over spin and isotopic spin states reduces to a 


trace operation. The remaining sum over space wave 


functions is somewhat more complicated than that 


AND R. 


leading to Eq. (10), and for oscillator wave functions is 
most easily expressed in terms of the relative and 
center-of-mass coordinates r=ry—r,; and R=}(r;+r,). 
Expressed in spherical polar coordinates, these variables 
will be designated by r, 6, g and R, ©, ®, respectively. 
In terms of these new variables it is possible to reduce 
the integral of Eq. (12) to the form 


Oo!" = f.(r,R)V2™(0,¢)+ fo(r,R) V¥2"(0,®), (13) 


where 


Gr (2+-a)B/m |} (3 —hyr+dyR?) 
Xexp[— (6+1y)r—yR?*], 


fo=G"R(2+a)B/4 }}(—1—4yr°+ 2yR?2) 
Xexp[— (8+1y)r?—yR?], 


and 


G” = (Vo/AFE) (1+2/a)—?(—w+4m—2b+2h). (16) 


In the limit of zero range (@—> ©), f, vanishes and 


fa— (G"/G’) f(R)6 (4), (17) 
so that the exchange interaction reduces to the same 
form as that of the direct interaction. This equivalence 
does not, however, hold for a finite-range force. 


III. EFFECTIVE CHARGE 


Because of the polarization of the O'* core the external 
nucleon can make the transition 7— / not only by 
direct interaction with the electric field [ Fig. 1(a) ] but 
also indirectly via the core polarization [Figs. 1(b) 
(e) |. The effective quadrupole operator which includes 
coherently all the contributions to the transition 
matrix element can be written as eQ.” times 


5(1+73)+qn=3(1+73) +97 +97", (18) 
the total effective charge for the transition, in units of 
the electron charge. The first term is the intrinsic 
electric charge of the nucleon, while the second and 
third terms of the right-hand member are the direct 
and exchange parts of the total effective induced 
charge g;;. They are defined in terms of matrix elements 
of the direct and exchange parts of the effective quadru- 
pole operator : 


, 


qr = Qe’) 4i/ (Q2”) sis qs. (Q» 


t 


/(Q2™) fi. (19) 
By virtue of this definition the effective charges are 
independent of the superscript m of the quadrupole 
operators and also of the magnetic quantum numbers 
of the initial and final wave functions y,; and y;. For 
this reason we will not have to deal explicitly with these 
wave functions and will be able to express all of our 
results quite simply in terms of the effective charges. 
In this section analytic expressions will be obtained for 
gyi’ and g;;"’. By fixing the various parameters involved, 
the effective charges will be evaluated in the following 
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TABLE I. Effective induced charge for various £2 transitions 
‘with oscillator wave functions and Gaussian nucleon-nucleon 
interaction. (For generalization to arbitrary shape function see 
text.) gyi’ and qy;’’ are the direct and exchange contributions via 
core polarization to the effective induced charge for the single- 
nucleon transition i > f. G’ and G” are the ratios of the direct and 
exchange strengths of the nuclear force to the excitation energy 
of a spheroidal oscillation of the O'* core. a is the square of the 
ratio of the nuclear force and wave function scales. 


Transition Effective induced charge 


(2 +a)4q7i"/G" 
19/4 +-(17/2)a+(15/8)a? + (11/8)a4 
7 +10a +3a? +a% 
10+17a+6a? 


fi (2 +a)4¢7i'/G’ 
sd 19/4+(13/2)a+6a? 
dd 7+11la+6a? 

pp 10+17a+6a? 





section and compared with numerical values deduced 
from experiment. 

It is a trivial matter to carry out the computation 
indicated by Eq. (19) for the direct part of the effective 
induced charge. Only the radial factors of the wave 
functions are involved since the integrations over angle 
are the same in the numerator and denominator of the 
expressions for g;,’. The results for the three different 
types of transitions of interest are shown in the second 
column of ‘Table I. [The common factor of G’/(2+<a)4 
has been omitted. ] The calculations for the exchange 
part are rather more tedious, although straightforward. 
The results for g,;,’’ are exhibited in the third column 
of Table I. [Again we have omitted a common factor 
G”’/(2+a)! from the entries. ] It is interesting that the 
exchange and direct contributions are of the same order 
of magnitude, and even equal for the pp transitions 
(except for the difference in coefficients G’, G”’). 

It may now be noted that it is possible to generalize 
the results of Table I to arbitrary nucleon-nucleon 
interaction shape functions U(r) by a simple procedure. 
We define a new parameter 7 by the equation 
a=2n/(1—n) and substitute into the expressions for 
gyi. and q;;", thereby obtaining polynomials in 7. We 
then replace ' by the ratios Ji/Jo of the Talmi 
integrals 


wn 


n= f exp(— yr’) 
0 


xu(nirar | f exp(—}yr)r24"dr, (20) 
0 


In addition, the factor (1+2/a)~? in G’ and G” is to be 
replaced by Jo. [This is the basis for the definitions of 
these coefficients in Eqs. (11) and (16).] Thus, for 
example, the exchange part of the effective induced 
charge for the d — s transition becomes in general 


Ged = (G"/64)[19— 8 (Jy, Jo) 4 60(J2/Jo) 


+112(J3/Jo)—63(S 4, Jo) j. (21) 


Similar expressions can readily be obtained for all the 
other qg;;’ and q;,"". The present work will, however be 
limited to the special case of Gaussian interaction. 
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IV. APPLICATIONS 


In order to obtain numerical values for the effective 
induced charge we must fix the various parameters 
occurring in Table I. The wave-function scale has been 
determined by Carlson and Talmi,” who equated the 
theoretical expression for the O'!’— N'> Coulomb energy 
difference to the difference observed experimentally 
and found y~!=1.68X10-" cm. The appropriate range 
for Gaussian interaction” is B-!= 1.73 10-" cm. This 
is sufficiently close to the value for y~! that, without 
appreciable error, we may set the ratio equal to unity: 
a= 1. The following values for the exchange parameters 
are also deduced in reference 10 from various low-energy 
experimental data: w=0.317, m=0.500, 6=0.000, 
h=0.183. Substitution into Eqs. (11) and (16) gives 
G’ =0.402 G and G” = 2.049 G, where the common factor 
has been denoted by 


G= (Vo/AE) (1+2/a)“}. (22) 


Further substitution into Table I gives for the total 
effective charge gr:=qyi'+qyi’ the following results: 

Usd = (0.504 G, (23a) 
(23b) 


(23c) 


Qdd => 0.650 G, 
JIpp= 9.998 G. 


Since the excitation energy of the spheroidal mode of 
oscillation of O'8 has not as yet been measured, it is 
not possible to use Eq. (22) to assign an a@ priori value 
to G. [There is, in any case, a theoretical correlation 
correction to Eq. (22) which is discussed in Sec. VI. ] 
Therefore we shall determine G by deducing values of 
the effective induced charge from the experimental 
data on O'. It will then be possible to make 
“predictions” (actually, there are recent measurements 
covering all the cases of interest) for other nuclei. In 
addition, in Sec. VI we will deduce the magnitude of 
AEF from the value of G. 

Let us first consider the radiative decay of the J=}, 
0.872-Mev excited state of O" to the J= 3 ground state. 
Both states have even parity and are assigned to the 
2s and 1s shell-model orbitals, respectively. The mean 
life r is given by the formula" 


4re*k® 1 


= LD LX [KL O(n) p)sil?, (24) 
75h 2I;+1 si m2 p 


rl = 


where the sum is over all orientations of the initial 
and final states, J; is the spin of the initial state, and 
hck is the transition energy. It is useful, as a basis of 
comparison, to evaluate the right-hand member of Eq. 
(24) for the ideal case of a single proton outside a rigid 


3B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954). 

4 This standard expression for £2 transitions may be found in 
many texts. See, for example, J. M. Blatt and V. F. Weisskopf, 
Theoretical Nuclear Physics (John Wiley & Sons, Inc., New York, 
1952), p. 595. 
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O"* core. The sum over squares of the matrix elements, 
including the statistical factor of 2/:+1, reduces to 
15/(2my*). Inserting this into Eq. (24) yields r=0.86 
X10-" sec. This value can be used as a convenient 
unit for comparison in considering the experimental 
value found for O'” by Thirion and Telegdi!® of 
(2.541.0)K10-" sec. Thus the actual transition is 
slower than the fictitious single-proton transition by 
the factor (q,a*”)?=0.34+0.14, which gives for the 
effective charge g,a%?=0.59+0.12. Equating this to 
the theoretical value found above [Eq. (23a) ] deter- 
mines G= 1.17+0.23. 

On the other hand, the collective polarization of the 
O"* core is also manifested in O" by its ground-state 
static electric quadrupole moment. Contrary to the 
classical picture of the motion of the core about the 
center of mass, in the absence of core polarization the 
quadrupole moment of O” would vanish identically 
(for the case of oscillator wave functions). This result, 
which has been noted by the present authors’ and by 
numerous other investigators,'* results from the cancel- 
lation of the ordinary classical recoil moment by a 
nonclassical exchange term arising from the exchange 
of the external neutron with a neutron of the same 
spin alignment in the O'* core. The cancellation, which 
holds also for the radiative decay of the first excited 
state, is exhibited explicitly in the Appendix. This 
Appendix is included for the sake of completeness and 
for the purpose of making it clear that the O" £2 
matrix elements originate entirely in core polarization. 
The cancellation is to some extent of academic interest, 
however, since in any case center-of-mass recoil effects 
are of the order of A~! and much too small to explain 
the relatively large effective induced charges which are 
observed. Therefore, in the body of the present paper 
we neglect all center-of-mass corrections—an approxi- 
mation which may be expected to contribute only a 
negligible error to the results. In this approximation we 
find for the ideal case of an external proton with a 
rigid O"* core the quadrupole moment 


—2y*=—5.64X 10-** cm’, (25) 
as compared with the value experimentally observed 
for O" by Stevenson and Townes!” of — (2.6+0.9) 
X 10-** cm?. The ratio gives the effective induced charge 
gaa” =0.46+0.16. Equating this to the corresponding 
theoretical value yields G=0.71+-0.25. The region of 
uncertainty of this value overlaps with that deduced 
in the preceding paragraph. A value of G which is 
consistent with both experiments is 


G=0.95. (26) 


16 J, Thirion and V. L. Telegdi, Phys. Rev. 92, 1253 (1953). 

16 See, for example, J. P. Elliott and T. H. R. Skyrme, Nuovo 
cimento 4, 164 (1956), and S. Gartenhaus and C. Schwartz, Phys. 
Rev. 108, 482 (1957). 

17M. J. Stevenson and C. H. Townes, Phys. Rev. 107, 635 
(1957). 
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Substitution of this value into Eqs. (23a-c) now yields 
numerical values for all three effective induced charges. 
These are tabulated in the second column of Table II 
and compared in the third column with corresponding 
values deduced from experiment. 

The experimental entries denoted by O'* and O” 
have already been explained. Those denoted by F!* 
and N!* are deduced in a way similar to that for O'*. 
The first excited state of F'’ has an energy of 0.490 
+0.003 Mev'* and Eq. (24) gives for its mean life, 
assuming a rigid O"* core, 1.54 10~* sec. But Lehmann 
el al.®. found (3.6+1.0)10~- sec, which is smaller 
by the factor (1+ ,a)*=4.3+1.2 and yields the value 
g.d*” = 1.07+0.29 shown in Table I. Comparison with 
the theoretical value of 0.48 is not good, but should 
perhaps be regarded as satisfactory because of the 
uncertainty in the F'* wave function caused by the 
very weak binding. 

The N'® nucleus has a 2— ground state and a 0— first 
excited state at 0.118 Mev.” According to Elliott and 
Flowers” the wave functions for these states may be 
taken to a fair approximation to be ds and s; neutron 
waves coupled to a #; proton hole in the O"* core. Since 
the p; hole is inert and cannot participate in the £2 
transition, we have essentially the same sd transition as 
in O'™* and F'*, Replacing the excited neutron by a 


TABLE II. Effective induced charge for various £2 transitions. 
The theoretical values of the second column are proportional to an 
a priori unknown coefficient which is fixed by a compromise fit 
to the O"” and O!™* experimental data. The values of the effective 
induced charge in the third column are deduced from experimental 
quadrupole moments and transition rates, as explained in detail 
in the text. 

Effective induced charge qs: 


Transition 
Experimental 


fi Theoretical 
sd 0.48 0.59+0.12(O!7*) 
1.07+0.29(F'7*) 
0.44+0.02(N!**) 
0.46+0.16(0'") 

1.0 +0.5(N"*) 
0.28+0.10(N'"*) 
0.19+0,.06(C?*L-S) 
0.664£0.21(C#* 7-7) 


0.62 
0.95 


18 Marion, Brugger, and Bonner, Phys. Rev. 100, 46 (1955). 

'® Lehmann, Lévéque, Grjebine, Picou, and Barloutaud, Compt. 
rend. 245, 2259 (1957). These authors introduce a correction to 
the mean life following the assumption of the existence of a 
doublet of excited states. But both the shell model and the recent 
work of F. S. Mozer and F. B. Hagedorn [Phys. Rev. 105, 1270 
(1957) ] on the O'*(d,)O"7 reaction seem to exclude the possibility 
of a doublet near 0.87 Mev in O!”. Furthermore, a re-examination 
of the results of the neutron threshold experiment in the 
O'*(d,n)F"" reaction (reference 18) appears to rule out a doublet 
near 0.5 Mev in F" [J. B. Marion (private communication) ]. 
Consequently, it seems unwarranted to correct the F'™* lifetime 
for the possibility of a second level. 

2 The recent result of (3.5+-1.5) X 10~" sec obtained by Holland, 
Lynch, and Hanna [Phys. Rev. 112, 903 (1958) ] is consistent 
with the earlier measurement of reference 19. 

21 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1956). 

ot P. Elliott and B. H. Flowers, Prec. Roy. Soc. (London) 
A242, 57 (1957). 
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proton, keeping the core rigid, and taking into account 
the Clebsch-Gordan coefficients and the statistical 
factors, we obtain from Eq. (24) the mean life 1.90 
<10-* sec. On the other hand, Hanna and Freeman” 
have measured the mean life as (9.7+0.7)X10~® sec. 

Compared to the ideal case, the experimental 
transition is reduced by the factor (q,a°*?)?=0.20+0.01. 
This yields g,a°%*?=0.44+0.02, which compares as 
favorably with the theoretical value of 0.48 as should 
be expected. Higher configuration in the N'® wave 
functions contribute to the transition matrix element 
and introduce uncertainty into the effective induced 
charge deduced from the experimental mean life. 

In the application of the present theory to nuclei 
of mass less than sixteen it is necessary to consider the 
transitions of holes in the O'* core. The mathematical 
technique for dealing with holes has been presented in a 
paper on the mass fourteen system.” There it is shown 
that the matrix element of a single-nucleon operator 
between hole states is essentially the negative of the 
matrix element between the corresponding particle 
states. This well-known equivalence applies to all of 
the quadrupole operators Q2”, Q2’", Q.’’". Conse- 
quently the effective induced charge for holes, being a 
ratio, is positive and identically equal to the corre- 
sponding quantity gp, calculated using particle wave 
functions. For the 7=0 to T=O transitions in which 
we shall be interested the charge per nucleon for direct 
electric interaction with the quadrupole field is the 
average of that of the proton and neutron or 3, as 
compared with the effective induced charge pp. 
Therefore the matrix elements are increased by the 
factor 1+2q pp and the transition rates by (1+2qpp)’. 
This is a very strong enhancement which will be now 
compared with the available experimental data. Let us 
consider first the ground-state quadrupole moment of 
N. According to reference 23 (Sec. V) the shell model 
yields 1.06X10-** cm*. On the other hand, a recent 
re-examination” of the electronic wave functions in the 
Ne molecule yielded the even smaller value of 0.71 
10-6 cm’, corresponding to a negative effective 
induced charge gpp*?=—0.16. A different result has, 
however, been obtained by the recent analysis**’ of the 
elastic scattering of high-energy electrons from N*. 
The value?’ gpp)°?= 1.0+0.5 was found to be consistent 
with the experimental data and is in good agreement 
with the effective induced charge predicted by the 
present work. Since the electron scattering results are 
free of the uncertainties (associated with the determi- 


R. C. Hanna and J. M. Freeman, Nuclear Phys. 4, 599 
(1957). An independent measurement by W. Zimmermann 
[Ph.D. thesis, California Institute of Technology, 1958 (and 
Phys. Rev. 114, 867 (1959) ] yields the somewhat smaller value 
(7.8+0.3)X10-® sec. We are grateful to Dr. Zimmermann for 
providing us with a copy of his thesis prior to publication. 

2% W. M. Visscher and R. A. Ferrell, Phys. Rev. 107, 781 (1957). 

25 A. Bassompiere, Ann. phys. 2, No. 9-10 (1957). 

26 Meyer-Berkhout, Ford, and Green, Ann. phys. 8, 119 (1959). 

27M. K. Pal [Bull. Am. Phys. Soc. Ser. IT, 4, 59 (1959), (and 
a paper to be published) }. 
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nation of the electronic wave functions) in the analysis 
of the molecular type of experiment, the value gpp™” 
=1.0+0.5 is considered to be more reliable and has 
accordingly been entered into Table IT. 

A second piece of experimental data on the enhance- 
ment of hole transitions is provided by the second 
excited state of N™“ at 3.95 Mev. The ground-state 
transition is a combination of M1 and £2. These 
separate rates are calculated from the shell model in 
reference 24 (page 790), and compared with the total 
ground state transition rate deduced from the branching 
ratio measurement of Bromley et al.2* The ground state 
rate minus the estimated M1 rate was found to exceed 
the unenhanced £2 rate by the factor (1+ ,,%°)? 
=2.4+0.6. This gives gp)°*?=0.28+0.10, which is 
included in the third column of Table II. Although 
the enhancement effect is now of the right sign, it is 
still much too small to compare satisfactorily with the 
theoretical value of 0.95. A third determination of qp> 
is provided by the radiative decay of the first excited 
state of C”. Insertion of Morpurgo’s matrix element” 
(see also reference 10) into Eq. (24) gives for the mean 
life in the two extremes of L-S and j-j coupling the 
values 12.5X10- sec and 35.0X10-" sec. Metzger 
et al.” by means of the resonance fluorescence technique 
found this mean life to be (6.5+1.2)10-" sec, which 
is shorter by the factors 1.9+0.4 and 5.4+1.0 in the 
two cases. Equating these factors to (1+2¢,,°*”)? gives 
Ypp*” =0.19+0.06 and gpp%°=0.66+0.21 in the two 
coupling limits. As is seen in Table II, although still 
too small, the last number comes closer to agreeing 
with the theoretical effective induced charge. We may 
also note that an intermediate coupling calculation with 
(a/K)5 and a mean square radius consistent with the 
results of high energy electron scattering, gives a mean 
life equal to 19.2 10~ sec and the value gp,°°=0.35 
+().1 for the effective induced charge. 


V. THE T=1 EXCITATION 


The results obtained so far rest on the assumption 
that the only state of intermediate excitation of the 
core is the 7=O state resulting from the application 
of the 7=0 part of the electric quadrupole operator 
to the ground state wave function &o. We now consider 
the possible effects of the 7=1 state of excitation which 
would result from the application of the T=1 part of 
the quadrupole operator to %. Let the energy of 
excitation of this state be denoted by AE’. It is easy to 
show that its effect is accounted for in the direct 


28 Bromley, Almqvist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 

*% G. Morpurgo, Nuovo cimento 3, 430 (1956). The collective 
nature of the 4.43-Mev £2 transition in C” has also been discussed 
by D. Kurath [Phys. Rev. 106, 975 (1957) ]. 

*® Metzger, Rasmussen, and Swann, Phys. Rev. 110, 154 (1958). 

51 A different approach to the enhancement of the first excited 
to ground state transition in C? has been recently discussed by 
D. Kurath (to be published). We are grateful to Dr. Kurath for 
providing us with a preprint of his work, 
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interactions by adding the operator 
— (AE/AE’)(m+2h)r;, 


within the parentheses containing the nuclear force 
exchange coefficients in Eq. (11). Similarly, the effect 
on the exchange interactions is described by adding the 
term 


~ (AE/AE') (w+2b)r3 


inside the corresponding parentheses of Eq. (16). The 
closure approximation is equivalent to assuming 
AE’= AE. In the case of O" the operator 7; is —1 and 
the above expressions, in combination with Eqs. (11), 
(16), and (25) and Table I yield results identical to those 
already obtained by Amado (reference 3, Sec. III A). 
But as emphasized in Sec. II above, a reasonable 
estimate for AE’ is more likely about twice AZ. Further- 
more, because of correlation, the ratio of the energy 
denominators should actually appear in the above 
expressions squared rather than linearly. For the 
purpose of estimating roughly the effect of the T=1 
excitation it is useful to take advantage of the fact that 
the direct and exchange contributions to the effective 
induced charge are roughly equal (see Table I). There- 
fore we may add the exchange coefficients of G’ and 
G”. Including the contributions of the 7=1 inter- 
mediate state gives the effective induced charges 
proportional to the matrix element of the operator 


3(w+m)— (AE/AE’)? (w+ m+ 2b+ 2h); 
= 3(w+m)[1—}(AE/AE’)*r; | 
= 3(w+m)(1—}r3). 


Thus the coefficient of 7; is approximately one-eighth 
of the isotopic spin independent part of the operator, 
so the 7=1 excitation contributes only of the order of 
ten percent to the effective induced charge. For this 
reason, it has been neglected in the applications of 
Sec. IV. It is:interesting to note that to the extent to 
which the 7=1 state does contribute it makes the 
agreement between experiment any theory worse. 
Since 7;=+1 for F'’, the 7=1 contribution would 
decrease the theoretical effective induced charge, which 
is already somewhat too small to properly account for 
the rather short mean life found experimentally. This 
would seem to be a serious difficulty for the closure 
method and it is hard to understand how Barton" has 
been able to obtain the good results he has reported 
using this method. 


VI. CORRELATION AND THE ENERGY 
DENOMINATOR 


An important parameter in the work of the preceding 
sections is the excitation energy AE of the collective 
2+ excited state of the O'* core. This parameter 
appears in the ratio Vo/AE, which according to Eq. (22) 
of Sec. IV, gives the effective coupling constant G. The 
value of this constant has been found in Eq. (26) to be 
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G=0.95 which according to Eq. (22) would yield 
V,/AE=4.9. Now from reference 10 we have the rough 
estimate for the nuclear force strength of Vo=52 Mev, 
from which it would seem to follow that AE must be 
approximately equal to 10.5 Mev. This conclusion, 
which is equivalent to Amado’s’ estimate of 12 Mey, is, 
however, based upon neglecting the effects of nucleon- 
nucleon correlation, which, because of the strong 
nuclear interaction, is definitely not justified. 

The error resulting from the use of the simple shell 
model without correcting for correlation can be evalu- 
ated explicitly by means of the rigorous Gell-Mann- 
Telegdi*® sum rule. This sum rule, which is valid 
independently of the existence of correlations can be 
put into the convenient general form® 


Rois fno=A, 


(27) 
where 


-———-|B 
h*(| gradg|*) 


B=): gi. 
The excitation energy E,9 and the matrix element 
B,0° are taken between the T=O0 ground and nth 
excited states of a self-conjugate nucleus of mass A. 
The single-nucleon operator g; is a function only of the 
coordinates of the ith nucleon, and the expectation 
value of the square of its gradient is evaluated for the 
ground state. For the £2 case we have g=22?—2?—y?, 
where the normalization factors in the quadrupole 
operator can be omitted for the present purpose. 
[They would cancel from Eq. (28). ] Explicit calculation 
gives 


fno= 


and 


(29) 


(30) 


Denoting the collective state by the subscript 1, we 
proceed to obtain the matrix element By’ from the 
collective wave function exhibited in Eq. (6) of Sec. IT, 
along previously sketched lines.!? Making the substi- 
tutions « + x expa, y— y expa, 2 — z exp(— 2a) in the 
simple shell model ground-state Slater determinant #9 
and differentiating the resulting wave function, ®o(q), 
with respect to a@ yields 


dP o(a)| 


(| gradg|?)=8(r?). 


=,'=7B). (31) 


da - 

The collectively excited wave function is taken to be 
Vi =Ch’, (32) 

where C is a constant to be determined by normalizing 
WV; to unity. [From Eqs. (31), (32), and (6) it is evident 
that YW, and %,° are identical except for a numerical 
factor. | Clearly all matrix elements of B® must vanish 


8M. Gell-Mann and V. L. Telegdi, Phys. Rev. 91, 169 (1953). 
See also R. G. Sachs and N. Austern, Phys. Rev. 81, 705 (1951). 
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except By’, so that the sum rule reduces to 

fw=A. (33) 
Substitution of this result and that of Eq. (30) in Eq. 
(28) yields 


By=[4A22(7?)/MAE}}. (34) 


On the other hand, this matrix element can be com- 


puted directly from the relation 


By = (W1,B%y) = CH, (35) 


so that it remains only to determine the normalization 
constant. This is accomplished by considering the 
derivative of the function of a defined by 


9 


(®o(a), B*Po(a)) = 24 (en e-*), 


“ 


(36) 


(This result is obtained by carrying out the inverse 
of the coordinate transformation defined above.) 
Explicit differentiation gives 


ta) 
—(Po(a), BP o (a) )|a—o= 2y~"(Po' Po’) (37) 


ce 
. . i 2y71C™, 
from which we obtain 


C= (2Ay(r’))-3, (38) 
and 


B,°= (2A (r*)/¥)}. (39) 


Equations (34) and (39) do not generally agree. 
Since Eq. (39) is based on the simple shell model 
without allowing for correlation, it follows that it is 
the one which must be in error. The simple shell model 
treatment is illustrated by the Feynman graph of 
Fig. 2(a) while the effects of correlation are represented 
by Fig. 2(b). The omission of these effects accounts for 
the error in Eq. (39). Thus we conclude, by comparing 
Eqs. (39) and (34), that the correlation correction for 
a matrix element between the ground and collectively 
excited state is given by the factor 


F= (2h’y/MAE)! 


ol See (40) 
= (2hw/AE)', 

where ww is the shell spacing in the oscillator model. 
It is clear that F can be appreciably greater than unity, 
since the effect of the nuclear interaction is to lower AE 
considerably below 2/w. This effect has been demon- 
strated explicitly for the 0+ breathing mode” and has 
% It should, of course, be realized that Eq. (33) has also been 
established on the basis of the simple uncorrected shell model and 
cannot be expected to be strictly valid for the general case of 
correlation. More detailed investigation (see reference 34) has 
shown, however, that the qualitative feature expressed by this 
equation, namely that the collective state essentially exhausts 
the sum rule, remains true to a good approximation in the general 
case. 

4S. Fallieros, Ph.D. thesis, University of Maryland, 1959 
(unpublished). 
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also been established for the 2+ spheroidal mode* of 
oscillation of O'*, It is illustrated by the chain of 
intermediate nucleon-hole pairs in Fig. 2(a). A similar 
but smaller lowering also results from Fig. 2(b). On the 
basis of a detailed theory of the correlation correction to 
the shell model** it is possible to prove that the above 
correction factor should be included in the matrix 
element of any operator connecting the ground and £2 
collective states. Since the effective coupling constant 
in the “vacuum polarization” enhancement process is 
proportional to the product of two such matrix elements, 
follows that it is correctly given, not by Eq. (22) above, 
it but by 


Vo 2\7? 2hwVo 2\73 
G=P—(1+-) Ss (1+) . (41) 
AE a (AE)? a 
Inserting as before, the approximate values a=1, 
Vo=52 Mev, 24w= 29.4 Mev, G=0.95, gives 


AE= 17.6 Mev. (42) 


This is a more reasonable result than the much lower 
value found above without including correlation. It 
compares satisfactorily with the estimate of Griffin*® 
for the 2+ excitation and with the more recent detailed 
calculations of Fallieros.** Both of these treatments 
yield predicted excitation energies of the order of 20 
Mev, with the exact value depending upon the 
particular assumptions made concerning the nuclear 
forces. 


VII. SUMMARY 


The above work has been directed at improving the 
shell model for the case of such nuclei as O'’, where the 
simple picture of a single-nucleon transition does not 
account for the experimentally observed phenomena. 
In such cases it is necessary to include in the many- 
body wave function for the nucleus the effects of 
deformation of the O"* core in order to involve sufficient 
electric charge in the transition to account for the 
observed strength of coupling with electromagnetic 
operators. It has been customary in the past sometimes 
to use a hydrodynamic model for describing the core 
deformation in terms of ellipsoidal surface waves 
traveling about on the O'* core. The O'* in such a 
theory is generally regarded to have a sharp surface 
and the additional single nucleon is considered to 
interact with the surface wave only at the surface. 
But such hydrodynamic models, although being 
suggestive of the physics involved, are too crude for 
actual quantitative calculations when applied to a 
nucleus as light as O'*. The physical phenomena depend 
in a definite way on the effects of surface diffuseness, 
on the finite range of the nuclear interaction, on the 
overlap of the single-nucleon wave functions, and also 


35 R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 4, 59 (1959), 
% J. J. Griffin, Phys. Rev. 108, 328 (1957). 
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on the exchange of the “‘valence”’ nucleon with nucleons 
inside the O'* core. 

An alternative method which has often been applied 
in previous work to the problem of describing the 
deformation of the O'* core has been to make an actual 
quantum-mechanical calculation by introducing higher 
configurations into the simple shell model wave function. 
This has been carried out in practice by always making 
the closure approximation, which corresponds to 
assuming that all of the configurations excited by the 
electric quadrupole operator at the same excitation 
energy. But this is actually also much too crude an 
approach for quantitative calculations, because there 
is very good reason to believe that a considerable 
difference exists in the energies of the 2+ isotopic spin 
zero and one configurations. Because of the higher 
nucleon symmetry the T=0 excited state can be 
expected to lie at a much lower energy, and conse- 
quently to contribute much more strongly to the 
enhancement phenomena. The present work takes 
account of this fact and lays great emphasis on the T=0 
excitation, in which neutrons and protons participate 
equally. For reasons explained in Sec. V, we believe 
that neglecting the 7=1 excitation is a good approxi- 
mation. Thus, in our work we find the same induced 
effective charge in O" and F"’, This is not the case in the 
method of closure which predicts considerably less 
effective charge in F'’, and consequently poorer 
agreement with experiment. Even in our case the F"’ 
lifetime is predicted to be somewhat too long but it is 
possible that this could be improved in a relatively 
trivial fashion by a more precise calculation using better 
id and 2s radial wave functions for the valence proton. 
More realistic wave functions containing longer tails 
than the oscillator wave functions actually employed 
might very well produce a somewhat larger matrix 
element for the single-proton transition, and thereby 
yield the observed shorter lifetime. 

A further improvement over previous work is the 
collective effect of interaction of the higher configura- 
tions, which results in a reduced excitation energy. In 
addition, taking into account nucleon-nucleon corre- 
lation yields a larger matrix element for the £2 core 
excitation thereby making this excitation more effec- 
tive. Thus we have the dual advantages of understand- 
ing how it is possible to have a lower excitation energy 
than would be predicted by the simple oscillator shell 
model and in addition we can sufficiently enhance the 
effect of the collective excitation so that an excessively 
low value of the excitation energy is not required in 
order to give agreement with experiment. An excitation 
energy of about 18 Mev has been found to give a 
satisfactory account of the experimentally observed 
£2 enhancement for the various transitions studied. 
Since our work depends in a very basic way on the 
physical existence of such an excited state of the O!* 
core, it would be highly desirable to have independent 
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experimental evidence of such a state. One method 
which immediately suggests itself is detection by 
inelastic electron scattering. Another possibility might 
be to analyze the angular distribution of elastically 
scattered gamma rays by O'* in the energy region of 
interest and to look for evidence of interference between 
the quadrupole state and the more evident giant 
dipole state. It should be emphasized that the value 
deduced for the excitation energy is relatively in- 
sensitive to the exchange forces which we have assumed 
for the basic nuclear interaction, so that it is quite 
essential for the validity of our theory that an excited 
E2 state of O'* should exist in this approximate energy 
range. 

The result of the present work has been a satisfactory 
unified quantitative account of a fairly large number 
of different experimental phenomena. These correspond 
to the ground-state quadrupole moments of O” and 
N", the lifetimes of the first excited states of O’, F'’, 
N'®, and C” and the £2 transition matrix element for 
the second excited state of N. The overestimate of the 
effective induced charge in the case of the C” first 
excited state decay can easily be attributed to the fact 
that the theory which we have developed for nuclei 
with masses close to that of O'* cannot be expected to 
be very accurate so far away from its range of validity. 
The surprisingly large quadrupole moment predicted 
by the present work for N“ has been substantiated by 
recent elastic electron scattering experiments done at 
high energy on this nucleus. The discrepancy in the £2 
decay rate of the second excited state of N“ need not 
cause us too great concern, because of its indirect 
nature. The experimental quantity entered into Table 
II as the effective induced electric charge is actually a 
derived quantity and depends upon considerable use of 
shell-model theory for the various two-hole excited 
states of N“. The use of this theory is necessitated by 
the lack of an actual direct measurement of the N™ 
second excited state lifetime. Such a measurement would 
be very desirable and would permit a more direct con- 
frontation of the present theory with experiment. 

Since our calculation is based on perturbation theory, 
the question naturally arises as to its validity. This can 
be estimated by evaluating the admixture of higher 
configurations which have been brought into the simple 
shell model ground state. An approximate estimate can 
be obtained without a detailed calculation as follows: 
From the above work we note the rough qualitative 
result that the contribution of the admixed collective 
core excitation to the electromagnetic 2 matrix 
elements is of the same order of magnitude as a single- 
nucleon transition contribution. The collective contri- 
bution is the product of the probability amplitude for 
the excitation admixture times the matrix element for 
excitation of the pure collective state. The ratio of the 
latter to a single-nucleon matrix element is roughly 
equal to the collective enhancement factor A}, the 
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square root of the number of nucleons [see Eq. (39), 
above ]. Thus we can infer that the probability ampli- 
tude itself is only of the order of A~! and that the 
actual probability of finding the collective state mixed 
into the shell model is approximately A~', or about 6%. 
It may be noted that this is of the same order of magni- 
tude as the standard error to be expected from the 
neglect of center-of-mass effects. An estimate of the 
error involved in using lowest order perturbation 
theory is given by the norm of the perturbed wave 
function or also A~!. We can suppose that the over-all 
error in the present calculations is somewhat larger and 
of the order of, perhaps, 10%. The same estimate would 
apply to the change produced in the magnetic moment 
of O and other nuclei as a result of the admixture of 
the collective state. This follows from the fact that 
the magnetic operator has no matrix element connecting 
the unexcited and excited core states. Thus the expec- 
tation value of the operator depends only quadratically 
on the probability amplitude for core deformation. The 
fact that O" falls squarely on the Schmidt line must 
be considered as an accident. Evidently the configura- 
tion mixing shifts are precisely cancelled by corrections 
from meson exchange currents.*” 

Our calculation of the collective enhancement of 
electric quadrupole matrix elements has been based on 
the analogy with the phenomenon of vacuum polari- 
zation in quantum electrodynamics. Thus, intermediate 
nucleon-hole pairs play a role analogous to electron- 
positron pairs in electrodynamics. This analogy can 
be carried further and applied to minor “vacuum- 
polarization” corrections in the nuclear interaction 
between individual nucleons. Instead of being direct, 
the interaction can also take place by means of inter- 
mediate nucleon-hole pairs. Part of the effect of this 
vacuum polarization correction in the nucleon-nucleon 
interaction has been shown** to be equivalent to a 
tensor force of the same form as found by Skyrme,™ 
but of considerably weaker strength. 


ACKNOWLEDGMENTS 


One of us (S. F.) wishes to thank Dr. R. Amado for 
a discussion on the importance of nucleon exchange in 
such calculations as have been carried out in the above 
work. In addition, we wish to acknowledge stimulating 
collaboration on the part of Dr. W. Visscher during the 
initial stages of this investigation. 


APPENDIX I. RECOIL QUADRUPOLE MOMENT 
AND CENTER-OF-MASS EFFECTS IN 0” 


The purpose of this Appendix is to demonstrate 
that the classical recoil moment is not simply just too 
small in magnitude to account for the experimentally 

37 For a recent discussion of the O'7 magnetic moment see R. D. 
Amado, Phys. Rev. 111, 548 (1958). 

38 Fallieros, Pal, and Ferrell, Bull. Am. Phys. Soc. Ser. II, 4, 254 
(1959). 

® T. H. R. Skyrme, Nuclear Phys. 9, 641 (1959). 
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observed electric quadrupole moment of O", but that 
instead it is actually qualitatively absent’ (at least in 
the approximation of oscillator wave functions). The 
fact that this contribution completely vanishes makes 
it absolutely clear that it is necessary to have core 
deformation in order to explain the existence of a 
quadrupole moment for O'’. The proof that we offer 
here differs from those already published'® in that it 
exhibits an explicit cancellation of the familiar classical 
recoil moment by an often overlooked quantum 
mechanical exchange term. 

Since the quadrupole moment must be measured 
relative to the center of mass of the O' nucleus, it is 
necessary to introduce the center-of-mass coordinate 

m=A"> «43, (43) 
and the relative coordinates of the nucleus 
r,/= 5c Fe. (44) 


In addition, it is convenient to introduce the center-of- 
mass coordinate of the protons alone, 


r,=Z") fp, 
and for the neutrons alone, 
r=N-"}> 48, 


Using the above notation the quadrupole moment (in 
units of the electron charge) is 


Q=), (32,"—r,”), 


which by substitution from the above equations 
becomes 


(45) 


(46) 


(47) 


Q=) , (32,’—1,") — 2(Z?/A) (32,2—14?) 


—2(ZN/A) (3242 Ea ‘r_)4+Z(32?—17). (48) 


In addition to using an operator which is invariant 
with respect to spatial translation of the center of mass 
of the nucleus, it is also necessary to have a wave 
function which represents the center of mass at rest. 
The usual shell-model Slater determinant does not have 
this property, but it has been noted by Elliott and 
Skyrme that in the case of oscillator single-nucleon 
wave functions the Slater determinant factors into a 
center-of-mass part and a part containing only relative 
coordinates : 


®(r,) = gsm (fo)Pre1(8,’). (49) 


The center-of-mass factor, with a subscript SM signi- 
fying ‘“‘shell model,” is the simple Gaussian factor 


gsm (fo) = (yA/r)' exp(— Ar’). (50) 


Thus the center of mass can be considered to be in a 1s 
state. This is, of course, an artificial concept, and a 
correct dependence of the wave function on the center- 
of-mass coordinate would be given by a plane wave. 
Thus, for example, for the center of mass at rest in a 
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volume of quantization 2 the true center-of-mass factor 
should be 


Ptrue(Ko) =2-4. (51) 


It is very natural to modify the many-nucleon wave 
function of Eq. (49) so as to cause it to exhibit the 
correct dependence upon the center-of-mass coordinate. 
This is readily accomplished by taking the same 
dependence upon the relative coordinates as is given 
by the factor #,.; in Eq. (49), but by combining with it 
the “true” center-of-mass factor. In this way we obtain 
a “true” many-body function 


Pi rue(8i) = Vtrue(To)Prei(t’). (52) 


From Eqs. (49-52) it is apparent that the relationship 
of the so-called “true” wave function to the center-of- 
mass wave function is given by the following equation: 


Pirue=C exp(37A ro") (53) 


where the constant multiplying factor is simply C 

Q~\(x/yA)*. For any rigorous discussion of center-of- 
mass effects in the shell model it is necessary that some 
such correction be possible in the wave function in 
from it the “true” wave function 


order to obtain 


exhibiting the proper dependence on the center-of-mass 
variable. It is, however, only in the case of the oscillator 
shell model that such a simple connection as expressed 
by Eq. (53) can be established. As a matter of fact, 


it is only in this case that the specific correlations 
between the nucleon pairs as expressed by the factor 
exp($yArc?) can be introduced explicitly so as to 
correct the shell model and produce a many-body wave 
function for which the center of mass remains at rest. 

Having established that there does exist a “true” 
wave function with the required translational in- 
variance, we now note that for the purpose of com- 
puting the expectation value of a_ translationally 
invariant operator, such as Q, it is not actually necessary 
to have the true wave function as expressed in Eq. (53). 
It is sufficient to have the dependence upon the center- 
of-mass coordinate factored out, leaving the relative 
coordinates by themselves. The actual form of the 
center-of-mass factor is irrelevant, since the operator 
is independent of the center-of-mass coordinate. 
Therefore, it is possible to use the more convenient but 
“incorrect” shell-model function ®, rather than the 
correct wave function ®truc. This is a great convenience 
since the uncorrected shell-model wave function is a 
Slater determinant of single-nucleon wave functions 
and the techniques for operating with Slater determi- 
nants are well known. For example, in evaluating the 
expectation value of the first term in the right-hand 
side of Eq. (48) we see that it reduces to the sum of the 
single-particle expectation value summed over all the 
protons in O'’, Since the protons occupy filled shells, 
the sum of these expectation values vanishes. The last 
term in Eq. (48) can be evaluated differently. We note 
from Eq. (49) that the only dependence on the center- 
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of-mass coordinate is that of spherical symmetry 
[Eq. (50) ]. Thus the expectation value of this contri- 
bution to the quadrupole moment must also vanish. 
The same statements can readily be made for the 
other two terms in the quadrupole moment since a 
separation of the shell-model wave function analogous 
to that of Eq. (49) also exists for the separate centers of 
mass of the protons and neutrons. These are found to 
separate off into uncorrelated 1s waves for the variables 
r, and r.. Thus the expectation values of the second 
and third terms of Q with respect to such spherically 
symmetric wave functions vanish, yielding the value 
zero for the quadrupole moment. 

It is interesting to compare this result (which is by 
now quite well known) with the more conventional 
point of view. It is often claimed that when the valence 
neutron in O executes its motion in the unfilled 1d 
shell then the O"* core must also carry out a similar but 
smaller motion about the center of mass. But since the 
core is charged there must result a quadrupole moment 
which is of the same sign but smaller than that which 
would be present if the neutron were instead a proton. 
It is instructive to exhibit this classical effect by closer 
examination of Eq. (48), and then to see how it is that 
this effect disappears from the final result. Now the 
recoil quadrupole moment depends quadratically upon 
the coordinates of the valence neutron. The only terms 
in Q which are quadratic in the neutron coordinates 
arise from the last term in the right-hand member of 
Eq. (48). Thus if we write this out in terms of the 
individual nucleon coordinates, we obtain 


Z 
Z (320?—107) aie [ - s (327—r7) 
A? i 
+> (32,2;—1,-1,) J. 


i*] 


(54) 


We immediately note that this is composed of two 
parts. The single-nucleon contribution, which is now 
summed over all nucleons including both neutrons and 
protons, gives 

(3227—r*)g= —2y1. (55) 


This is precisely the classical recoil moment and 
amounts to 0.2X10~*§ cm*, or about twenty times 
smaller than the quadrupole moment actually experi- 
mentally measured in reference 17. The second term in 
the right-hand member of Eq. (54) is, however, a two- 
nucleon operator and consequently gives rise to both 
direct and exchange contributions to the ground state 
expectation value. It is clear by selection rules that 
the direct part vanishes identically. But the non- 
classical, strictly quantum mechanical exchange part 
is nonvanishing because of the possibility of exchange 
of the valence neutron with a neutron in the under- 
lying filled 1p shell. In order to compute this effect, 
it is convenient to put the operator in the form 


tr, 8 j;=2:2j;+}3(xi—1y,) (ajt+iy,)+c.c. (56) 
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Thus we see that if we consider that the ith particle is 
the valence neutron in the 1d shell and that it exchanges 
with the jth nucleon, which is a neutron with the same 
spin in the 1p shell, then we arrive at an exchange 
contribution to the quadrupole moment of the following 
magnitude: 


(*, DU —rith)= (0), (x:—ty,)Walt)) 
ix) 
XK (als), (xj +19) ¥r()) 


= ((2?+-y")) p(metiy=2y. (57) 


The second step has been accomplished by using 
closure, since the operation of the operator x+7y on the 
1p orbital of interest procedures identically the valence 
1d orbital. We note that the magnitude of this exchange 
effect as represented by Eq. (57) is precisely equal and 
opposite to that of the classical recoil contribution of 
Eq. (55). Thus it follows that the classical recoil 
moment is completely cancelled by the nonclassical 
exchange, resulting in a net O' quadrupole moment 
which vanishes identically. 

It is straightforward to extend the above discussion 
in parallel fashion to the radiative decay of the 2s 
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excited state of O!’. As in the ground-state quadrupole 
moment, the contribution of the classical recoil motion 
to the transition matrix element is identically cancelled 
by a quantum mechanical exchange term. Thus, as 
with the quadrupole moment, the classical recoil 
effect is not only quantitatively but also qualitatively 
unsuited for accounting for the relatively short lifetime 
of this excited state. Of course, our entire discussion 
has been predicated on the assumption of oscillator wave 
functions. Since these are generally regarded as repre- 
senting satisfactorily the actual single-nucleon wave 
functions, we may expect that the above conclusions 
are valid to a good approximation. It is clear that the 
complete cancellation of the classical recoil moment 
cannot be a general result, since the exchange contri- 
bution is sensitive to the amount of overlap in the 
wave function. On the other hand, it is difficult to see 
what significance can be ascribed to detailed calcu- 
lations of exchange for other types of single-nucleon 
wave functions, such as reported in reference 2, since 
there is then no underlying “true” many-nucleon wave 
function possessing the required translational invariance 
discussed above. 
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Proton Alpha-Particle Scattering at 20.1 Mev* 


J. W. Burxic 
Department of Physics, University of California, Los Angeles, California 
(Received May 8, 1959) 


The differential scattering cross section for 20.1-Mev (laboratory energy) protons incident on helium 
gas has been measured. The following figures give the center-of-mass scattering angle in degrees and minutes, 
and the corresponding cross section (c.m.) in millibarns per steradian : 8° 42’: 604; 9° 57’: 335; 11° 11’: 262; 
12° 25’: 230; 13° 40’: 209; 14° 55’: 204; 16° 8’: 198; 18° 37’: 193; 22° 11’: 198; 24° 51’: 195; 31° 6’: 179; 
37° 19’: 167; 43° 31’: 143; 49° 45’: 122; 54° 57’: 104; 87° 6’: 42. At c.m. angles of 111° 48’ and 161° 30’ no 
scattered particles were detected. The counting statistics varied from about plus or minus one percent at 
the smallest angles to plus or minus two percent at 54° 57’ (lab angle 45° 0’). The estimated over-all accuracy 
of the above cross section is +4%, with the exception of the 87° 6’ figure, which is accurate to about +10%. 





HE differential elastic scattering cross section for 

20.1-Mev protons incident on helium gas has 
been measured at a number of angles. The counting 
statistics varied from about +1% at the smallest 
angles to +2% at 45° in the laboratory system of 
coordinates. 

The experiment employed a 30-in. aluminum scatter- 
ing chamber, which is described in more detail else- 
where.' Helium gas was admitted, past a liquid nitrogen 
trap, to a pressure of approximately one atmosphere. 
Counting was done with a scintillation counter using 
a sodium iodide crystal and a photomultiplier; the 
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* Work supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

+ Now at Hughes Aircraft Company, Culver City, California. 

1 Burkig, Richardson, and Schrank, Phys. Rev. 113, 290 (1959). 
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photomultiplier pulses were fed into Bell-Jordan 
amplifiers and hence to a differential discriminator. 
Beam integration was accomplished using a Faraday 
cup for collection and a carefully calibrated electronic 
integration circuit to measure the charge; at laboratory 
angles below 10° a monitor counter calibrated against 
the integrator was used to measure the integrated beam 
because the counter interfered with collection by the 
Faraday cup (see Table I). Measurements were taken 
only on one side of the chamber, since proton-proton 
measurements taken immediately before this research 
indicated that the symmetry of the system was such 
as to make measurement on both sides unnecessary. 
Further details of experimental procedures are given 
in reference 1. 

The angular resolution was approximately 2° as 
shown by the accompanying data on the analyzer. 
Because of this, geometrical corrections are necessary. 
These are made in accordance with an expression due 
to Critchfield,? and involved terms dependent upon the 
first and second derivatives of the cross section. These 
derivatives were obtained by constructing tangents to 
a graph of the experimental points, except for the 
lowest angle, where a 1/# angular dependence was 
assumed. Because of the uncertainty in these deriva- 
uncorrected values are 


“corrected” and 


given in the table of results (Table IT) 


tives both 


TaBLE I, Geometry and other experimental parameters.*> 


Width of front slit 

Width of rear slit 

Height of rear slit 

Center to rear slit 

Distance between slits 
Diameter of beam at center 
Initial pressure 

Initial temperature 


0.1018 in. 

0.1030 in. 

0.598 in. 

8.96 in. 

4.51 in. 

0.266 in. (divergence 12 mils/in.) 

1001.5 mb 

22.48°C 


* 1 charge unit corresponds to 5.867 X10" incident protons. 
b Purity of gas according to Consolidated Engineering mass spectroscopic 
analysis: helium; 100.00%. 


2C. L. Critchfield (private communication). 
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TABLE II. Differential cross sections for proton-alpha 
scattering at 20.1 Mev. 








(8) with 
geom., corr. 
(mb/sterad) 


(8) no 
geom. corr. 


Charge (6) 
(mb/sterad) 


61a» Counts units (mb) 


8741 . 917 
7592 , 533 
6113 ‘ 413 
4726 ; 358 
5766 324 
5164 316 
5402 306 
5213 298 
5571 304 
4927 297 
5422 15 269 
2792 246 
2660 = 1: 207 
2577 172 
2520 143 

70° 138 = S 47 

90° 0 

130° 0 


Do.m. 


8° 42’ 587 604 
9? 87" 341 335 
La* 11° 265 262 
12°. 25’ 230 229 
13° 40’ 209 
14° 55’ 204 
16° 8’ 198 
18° 37’ 193 
oe 11’ 198 
24° 51’ 195 
31° 6’ 179 
37° 19’ 167 
43° 31 143 
49° 45’ 122 
54° 57’ 104* 
87° 6’ 42 
111° 48’ tee 
161° 30’ 





® Cork in reference 3 reports 59.1 mb/sterad at this angle and 19.5 Mev 


Because of the apparent presence of a small (3%) 
low-energy component in the beam, making clear resolu- 
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tion of the elastic peak difficult, and introducing un- 
certainties into the value of the integrated beam, it is 
estimated that the values at low angles are uncertain 
to an additional +2% over counting statistics, and to 
an additional + 1% at higher angles. Table I summarizes 
results of measurements of geometry and other param- 
eters of the experiment. Figure 1 is a graph of the 
results with geometrical corrections included. 

It is interesting to note that the Rutherford scattering 
cross section at 8° 42’ in the center-of-mass system of 
coordinates, as calculated without relativistic correc- 
tions, is 605 mb/sterad. This would seem to indicate 
that at 7° in the laboratory system of coordinates the 
scattering is principally Coulomb scattering. 

The results reported here fit well with data taken at 
31.6 Mev’ and 17.5 Mev.‘ However, a figure quoted by 
Cork for a nearby energy is in total disagreement. 
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Theoretical Calculation of the Binding Energy of O'*{ 


PauL GOLDHAMMER 
Physics Department, University of Nebraska, Lincoln, Nebraska 


(Received June 15, 1959) 


The second-order perturbation procedure of Bolsterli and Feenberg is applied to the ground state of O"*. 
The two-body interaction operator employed has a Serber exchange character with repulsive core and tensor 
component, determined to give a reasonable fit to the properties of H?, H*, He’, and He‘ to the accuracy of 
the perturbation procedure. The resulting eigenstate for O"* is found to have energy eigenvalue — 129.2 Mev 
and rms radius 2.33 10~—" cm. Coulomb forces are neglected. Components in the wave function different 


from the zero-order shell-model state are found to have a statistical weight of about 187%. 


1. INTRODUCTION 


ANY attempts have been made to correlate the 
properties of light nuclei with two-body nuclear 
interactions.'~* Bolsterli and Feenberg*® have devised a 
second-order perturbation procedure for such calcu- 
lations which reduces mathematical labor, and is fairly 
accurate if the zero-order wave function is a good 
approximation to the actual eigenstate. We shall 
briefly review this procedure here, in order to define 
our notation. 
The zero-order Hamiltonian is taken to be a sum of 
single-particle harmonic oscillator Hamiltonians with 
a uniform displacement in energy: 


A 
Ho= hw . (p2+q2)+U 


i=] 


A 
= LD Howe (i)+U. 
t=] 


The perturbation operator is 


W= ¥ Vij—}eo(D g2—-AQ)-U, 


i<j 


(1-2) 


where V,; is the nuclear interaction operator between 
particles i and j, and Q=(1/A)>. q;. The depth of U 
is adjusted so that Woo=0. The approximate eigenvalue 
E is implicitly given by 


| Voo|? 


E—Eo= -f eM) (Ve 40V) odd — 
0 E-Ep 


1 
---— rr [ (M?)oo— (Mo)? 
E— Eo—2hw 


—2(MV)o+2Mo0Voo], (1-3) 


t Supported in part by grants from the National Science 
Foundation and The Research Council of the University of 
Nebraska. 

1W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941); and 
59, 556 (1941). 

2 E. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 (1942). 

3 J. Schwinger and H. Feshbach, Phys. Rev. 84, 194 (1951). 

‘R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 

5 J. Irving, Phys. Rev. 87, 519 (1952). 

6M. Bolsterli and E. Feenberg, Phys. Rev. 101, 1349 (1956). 


where 
Eo= Vo0— M vot (Hose) 00, (1-4) 


and 


M =} h(E g2—AQ?) = (w/2A) ¥ qi? (1-5) 


i<7 
The operator e~#o is transformed into manageable 
form by 


expl—n(p?+4") ]f(q) 


x exp — (3g) (q?-+0°— 2kq-v) jdv, 


where g=tanh2y, k=sech2yp, and u=Fhwd. hw is deter- 
mined to minimize the energy of the physical system 
(E—3hw). Mixing of configurations higher than the 
zero-order is given by 


(1-6) 


|W nol? 


M1. ——__., 
n#0 (E—E,)* 


(1-7) 


where N normalizes the perturbed wave function 


1 Won 
v= loot a : | 


nH~0 E—E,, 


(1-8) 


This procedure, which has the elegant advantage of 
involving only matrix elements with zero-order har- 
monic oscillator wave functions, was originally applied 
to H?, H®, and He‘. This method has been extended, 
with refinements,’® to third order in H’. In this case 
at least the higher orders to not appear to make a 
significant difference in the energy.’ 

In this paper we shall prescribe formulas for extending 
the method to heavier nuclei whose zero-order wave 
function may be taken as a closed (doubly magic) 
oscillator shell, and apply them to O"*, 


2. GENERAL RELATIONS FOR DOUBLY 
MAGIC SHELLS 
When we have a closed oscillator shell our wave 
function may be written as a single determinant of 
~ 1 P. Goldhammer and E. Feenberg, Phys. Rev. 101, 1233 (1956). 


8 E. Feenberg and P. Goldhammer, Phys. Rev. 105, 750 (1957). 
*P. Goldhammer, Bull. Am. Phys. Soc. 2, 228 (1957). 
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particle orbitals: 


Wo= (A!)~4| ume: + -t44| 


=(A!)-# 2 (—1)"Prta(1)me(2)---ma(A), (2-1) 


where P, is simply a permutation operator, and we sum 


over all permutations of A particles in A distinct 
orbitals. Introducing the density matrix 


(2-2) 


(a|p|b)= » ui*(a)u(b), 


where the sum goes over all orbitals, and likewise 


(a,b| p?| c,d) at» ,* (a) ux* (b)uy(c)ux(d) 


ae _=(alel(bleld), 


(2-3) 
4A (A—1)(Vi2e V1) 00 


Ose 


one can obtain Vo9 in a manageable form: 


Voo= 3A (A—1) f wes | Wo" V i odridra: * «dra 


2d fev far@ure V sof a4 (1) 242(2) 
—u,(2)u,(1) |dridr, 


| | [(1,2| *Vi2| 1,2) 


— (1,2|p?Vi2| 2,1) Jdridre. (2-4) 


Likewise one may express 
(Ve#oV) 9 = $A (A—1) (Vive #°V 12) 00 
+A (A—1)(A—2)(Vi2e V3) 00 
+44 (A—1)(A—2)(A—3)(Vi2e™"'V 54) 00 (2-5) 


in terms of density matrices: 


an jer " fra, 2| o?Vi2 explL—AHose(1) —AHoee(2) ]V12 expLAH ove(1)-+AHoee(2) ]| 1, 2) 


— (1, 2|p?V 12 expl—NHove(1) —\Hose(2)]V 12 exp[AH ose(1)-+-AHose(2)]| 2, 1)}dridre, 


A(A—1)(A—2)(Vi2e"V 13) 00 


(2-5a) 


=einf . f > (—1)’P,(abc)(1, 2, 3| p* explAHose(1) +A Hose(2) ]Vi2 expl—AHose(1) JVs 
v=1,2,3 


1 4(A—1)(A—2)(A—3) (Vize “VV 34) 00 


Xexpl—AHose(2) ]| a, 6, c)dridredr;, (2-5b) 


=m f. F f z& (~- 1)’P,(abed)(1, 2, 3, 4| p* expLAH ose(1) +A Hose(2) ]Vi2V 34 
v=1,2,3,4 


where Hoo= Ew, and P,(abc) simply permutes a, 8, c 
over 1, 2, 3. Equation (1-6) is employed to handle 
en Hose, 


If Vip is merely a function of m2=r—r2 we have 
(1,2|p?Vi2| 1,2) =Vie(1,2|p?| 1,2), but in general we 
shall consider an interaction operator with exchange 
character so that it will involve the projection operators 


P,(1,2) = (1/16) (1—1-o2)(3+ "1° 2) 


(singlet-even), (2-6a) 


P,(1,2)= (1/16) (3+ 1-02) (1— 1: t2) 


(triplet-even), (2-6b) 


P,(1,2)= (1/16) (1 a 01°02) (1 — 1° %2) 
(singlet-odd), 
P3(1,2)= (1/16) (3+01-¢2)(3+ 1° %2) 
(triplet-odd), 
as well as the tensor operator 


. 1 
Si2= 01° Ny22-Ni2— 391° G2, 


X expl —AHose(1) —AHose(2) ]| a, 6, c, d)dry- + «dts, 


(2-5c) 


and so we must perform a sum on spin and isobaric spin 
functions before taking Vj» outside the density matrix. 
For a closed shell we may perform our sum over the 
spin, isobaric spin, and space quantum numbers 
independently. The results of this evaluation are dis- 
played in Table I, II, and III. Table III has been 
abbreviated due to the equivalence of the sets of 
permutations 
1324—1432—3214—4231, 
3412—4321, 
1342—1423—3241—4213, 
2314— 2431—3124— 4132, 
2413—3142—4123— 2341, 
3421—4312, 


under the needed operations. Furthermore 2134 is 
readily obtained from 1243; and 2314 from 1342. 
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TABLE I, Evaluation of (1,2|p*|a,b) in @ and ¢ space 
for needed projection operators. 


ab 


Nm 





CCK WOWOK Wwe 


¢ 
Po(12)Po( 12) 
P, P, 
P, P; 
Fs Fs 
Ps Pigs 


Tensor terms are of the form 
(1,2 | pS 12S 19 | a,b) a= ( ‘abl COS? (I12,% 12") = +], ( 2-8a ) 


(1,2,3 | p®S12513| a,b,c) = —Care[ cos? (12,213) — 3], (2-8b) 
( 1 ,2,3,4 | p'S 12534 | a,b,c,d) 


=Capcal COS*(M12,M34)— 4 ], (2-8c) 


and tensor components in the potential will be multi- 
plied by a projection operator to select tensor-even 
[4(1—*1-*2)] or tensor-odd [}(3+ 1-2) ] states. 
Nonvanishing elements needed in the calculations are 
displayed in Table IV. 

The space part of the density matrices is easily 
evaluated for closed oscillation shells. 


(1| po|2)=2~! expl—3(q:°+ 2") J, 15-shell (2-9a) 
2a 'qi-qe expl— 3 (gr'+q:") J, 


1 p-shell 


(1|p1|2) 
(2-9b) 


and so on. 

The matrix elements of M needed in Eq. (1-3) are 
also easily obtained. Let exp(—gq’) — exp(—vyq?’) in the 
oscillator orbitals; then 


f-- | |Wo|*dry- + -dra —y¥ (3 2)A. 


1s-shell 


1 p-shell 


d P 
(>> gu*)o0- -( | s+ fv ‘) 
dy + y= 


(3/2)A, 1s-shell 


1 p-shell 
[( AQ”)? loo = 1 5/4, 


= (5/2)A—4, 
(AQ*)oo= ;. 
and we finally have 


1s-shell 


1p-shell. 


Moo= 3 (A —_ 1 ho, 
=1(5A—11)hw, 
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Likewise 


(CE a)" ho= (= foofimr) 


3A(3A+1), 1s-shell 
= ($A —4)($A—3), 1p-shell (2-14) 
and 


(M*)o9= 3 (hw/4)?(3A —1)(A—1), 
= (hw/4)?(5A—11)(5A—9), 


1s-shell 


1p-shell (2-15) 


(MV )oo is simply obtained from Vo: 


d 
(MV)o=— (e/2)(— vw) 
dy y=1 


— (3/4) hw(V 00) y—1. (2-16) 


3. APPLICATION TO O% 


We shall consider an interaction operator that is 
composed of three distinct parts: 


Vi2e= Ver(1,2)+Ve(1,2)+V s(1,2) S12. (3-1) 


Vr represents a repulsive core: 
Vr(1,2)=JS pe exp(—rin?/R?), (3-1a) 
with a short half-width; Ve is the central exchange 


potential (r)>>R): 


Vc (1,2 )= (JoPotJ Pitt ePet+J3P3) 
Xexp(—1r12"/re?), (3-1b) 


PaBe If. Evaluation of (1,2,3|p°D| a,b,c) in @ and % space 
for needed projection operators. 


abc 
i 123 


jw 
we 


4 


Py(12)Po(13) 9/4 
P,P, 9/4 
P,P» 1 
ae 81, 
Py iP, 9, 
P, ; 3 
Po _ 27/ 
P, ; 3/: 
P, 7 

P. 


a ' 
Com CO 
a ey Mee Sa 


4 
4 
4 
4 
4 


~ i “LG 
Hee eee eee 


i) nm ! 
“IW s~I Ww 


1 
Ps 
Ps 
P; 
P 
P; 


a be a 


Po(12) 
P,(12) 
P2(12 
P3( 12) 
Po(13 
P,(13) 
P2(13) 
P;(13) 


oe ae 


— Ww 
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TABLE IIT. Evaluation of (1234|p*O| abcd) in o@ and ¢ space for needed projection operators. Absent permutations 
may be obtained from those given by simple symmetry considerations. 


abcd 


ry 1234 


1 256 
Po (12) Po(34) 
Po(12)P; (34) 
Po(12)P2(34) 
Po(12)P3(34) 
P,(12)P (34) 
P, (12) P2(34) 
P,(12)P3(34) 
P3(12)P2(34) 
P2(12)P3(34) 
P3(12) P3(34) 


while Vs multiplies the tensor components: faB_e LV. Density matrices for the tensor operator described 
: by Eq. (2-8). All absent elements vanish. 
V 5(1,2)=[4(1— 1-2) st 33+ 21-224] —< = —————= 
, I. \¢ - 1. \en Density 
x (119, ro)" exp[ — (T12 ro)? |. (3-1c) Operator matrix element 


The specific radial forms chosen make the integrals 
reduce to a simple closed form, and furthermore quali- 
tatively resembles the Gartenhaus potential.!° Making 
the substitutions 


aa 
noe 


aaa 
we 
aa 
1 OOO 
Sr a ae eee ee 


a ae | 


91? =r12"/re and B?qis? = r12?/ R?, (3-2) 
we may express Vo9 and (MV )oo for O'* in terms of the 
integrals 3+ ta) Cas21 
3° T4)Casiz 


Vi(y,a) = [ v / (1|p|1)(2|p| 2) 
Xexp(—a’quo*)dridrs Then 
yy? Qa?y |-7[ 16y2+40ya?+31a*], (3-3a) Voo= oJ r{1601(1,8) —402(1,8)} 
+3 (3Jo+3S1){Vi(1,a)+02(1,a)} 
Ue(y,a) = [- . ff (1|p| 2) |? exp(—a?qu.”)dridre +3(J2+9J3){Vi(1,a)—Ve(1,a)}, (3-3) 


and (MV )oo is easily obtained from Eq. (2-16). 
yD? + ay -7( 4774+ 16ya?+31a*]. (3-3b) The matrix elements (VeV)oo involve the integrals 


T,;(a,b) = | ves | (1, 2| p? expl—a?qis?] expl—AHose(1) —AHose(2) | exp[ — b?qr2” ] 


X expLA HH ose(1)+AHose(2) || 7, 7)dqudqe, 


1 ix (a,b) = | vee | (1, 2, 3] p* expLA Hose(1) +A H ose(2) ] exp — agro” | explL—AHore(1) ] 


X exp —b’qi3" | expl—AHose(2) }| i, 7, k)dqudqedq;, 


T sx1(a,b) = | ats | Ci, 2. 3: 4| p' expLAH osc ( 1) +-) Hose (2) | expl —a"qix— baa? | 


e « 


X expl —AHose(1) —AHose(2) ]| i, 7, &, dqu: - -dqu, 


T ij(a)= $(b/2re)* | -_ | (1, 2|p? expl—a?(qi2?+ 012") JL (que: Vi2)?— 3qis7012" | expLAH ose(1’) 


+H ose(2") || 2’, 7’) expL— (4g) (q2-+022— 2kqu- vit+-g2?-+02?— 2kqe- V2) \dqidqedvidv2, (3-4d) 


1S, Gartenhaus, Phys. Rev. 100, 900 (1955). 
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T x(a) = (t/2ng)' - . ‘fa, 2, 3|p® expLAHoso(1)+AHove(2)_] exp[—a*qi2*—a*(vi—qa)* } 


{gia (Vis) P—$qi2*(vi—qs)*} expl —AHovo(2) ]| 4, J, 4) expL— (3g) (gr?+01?— 2kqu- vi) | 
Xdqidqedq;dv;, (3-4e) 
T ijzs(a) = if- fa, 2, 3, 4| p* expLAHose(1) +A Hove(2) ] expl—a?(giz?+-gae*) JL (qu2-Qs4)?— $912°¢s0" ] 
XK expl—AHose(1) —AHose(2) ]|i, 7, &, dai: -dqy. (3-4f) 
The contributions to (VeV)oo may now be written down quite generally for any closed oscillator shell, employing 
the @ and ¢ space evaluations given in Tables I-IV: 
(Vce™V ¢) oo +e***| (Vic) o0|? 
= eof (1/2)[3(JP+J 2) +-J2+9F 2 JL i2(a,a) — 21i32(a,0) + Las21 (aa) J+ (1/2) [3 JP +) —J2—9F 3] 
[J 21(a,@) — 20 312(a,) + J 4312(a,) }+ (1/4) (03 (Jot+J1) + S24 9I 5 PL 123 (a,@) — Tisea (a,x) J 
+ (1/4)[3(Jo+J1) —J2—9F 3 PLT 231 (a2) — F413 (a) J+ (1/2)[3(So+J1) +-J2+ 953] 
(V eV p)oorte-™#°1 (Vn)oo” X[3(Jot+J1) —J2—9JS 3 ]LT213(a,a) —T423(a,a)]}, (3-5a) 
= e-#0J g{ 64[T123(8,8) — I1324(8,8) ]—32[7213(8,8) — 1423(8,8) ]+-8[112(8,8) — 21132(8,8) — F431 (8,8) ] 
(Vce-™™V n)oo (Vic)oo(V n)o0e-™#* +4[T251(8,8) — I2a13(8,8) ]— 2[T21(8,8) — 27 s12(8,8) — T4s12(8,8) ]}, (3-5b) 
=J peo (1/2)[3(JSo+Ji) +-J2+ 9S 3 JL i2(@,8) — 21 132(a@,8) + 14321 (a8) J+ (1/2)[3(So+J1) —J2—9F 5] 
X [Te1(a,8) — 20 s12(a,8) +1 4312(a,8) ]+-403 (Jot+Ji1) +J2+9S 3 Lli23(@,8) — Lis24(a,8) J 
—[3(Jot+J1)—J2—9F s | 281 (a8) — Tars(a,8) ]+-4[3(Sot+Ji) —J2—9F 3 L213 (@,8) — L2s14(a,8) J 
—[3(Jot+J1)+J2+9F s LU s21(a,8) — Ir423(a,8) ]}, (3-5) 
(> Vs(t,7) Siero! - V s(t, 7)Sis)oo 


= 4g * Bog A{ (J °+3J 4°)[T12(a)— T 132(a)+ T 4321(a) |+ (J 3°—3J 4?) [Ta(a) Pr. T312(a)+ T 4312(q@) }}. (3-5d) 


Explicit evaluation of the space integrals appears to be rather arduous, but labor is minimized by noting that 
one needs only the integral 


4 or® 
ses P exp) — >) cyrer fir - -drg=————_, (3-6) 
j J mm [det |ci;| J! 


and various combinations of its derivatives with respect to the ¢;;. For O'* the integrals are (we let =e~**): 
I12(a,b) =C3{44+-3C 2[4+076? (1/2+8+2) J+ 15C[at+b'—4a04b'— 40°76? (a?+-?— ab’) }}, 
1132(a,b) =C4{44+3C2[ 4+ 076? (1/244) J+ 15C.4[at+-b'+- ab? (a?+ 8?) J+ 105C2%a'b* (14-0?) (1+-07)7}, 
I4321(a,b) =C3{44+-3C7[4+- 00 (P+-1/) J+ 15C34[a'+-b'+- 076? (2a?+- 287+ 3070") J}, 
T2(a,b) =C4{4+-3C 20h (1/F4+8+7) ]+15C[a'+b'— 4a4b'— 40°bF (a?+-0?— a b*#*) }}, 
T312(a,b) =C2*{44-3C27[7b? (1/P+-4) J+ 15C2‘[at+-b'+-a°b? (a? +b) J4- 105C2%a'b* (14-0?) (1+5°)7}, 
I 4a12(a,b) = CH{44+3C3[ 02d? (2 +-1/) ]4+-15C3‘[at+-b'+- a? (2a?+- 26?+-307") J}, 
1123(a,b) =C.?{644+-3C,?[ — 22 (a?+-5*) — (6107b?) + 160767? ]+-15C,‘[ ab? (— 11—S[a?+-b? ]— 30°b?— SP 
—3f[a?+0? |— (407b?) — 2 (a+b?) ]4-105C,,°a*b! (1+?) (1+8*)F}, (3-7) 
I1324(a,b) =C3{644+3C2[ —22(a?+0?) — 610°? ]+-15C;*[07b? (— 11—5a?— 5b?— 3076?) — 2(a?+-8*) }}, 


To31(a,b) =C*{4+3C7[ 2076? (2— 32) ]4-15Cs‘[07b?(30?+-3b?+-907b?-+- 2? — 8a7b?") + a'+5' | 
+105C2%a‘b*(1+-a*)(1+2?)P}, 
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Toa1s(a,b) =C3{4+3C3°[ 4020? ]+ 15C3{[ 020? (30?-+36?-+ 902) +a'-+5"]}, 
I213(a,b) = s21(b,a) =C2®{ 16+3C:2[ — 8a2— 700? ]+15C'[a2b?(— 1-+02-+70?-+ 5028?) +a-+-46! 


I 9314(@,b) = 11423 (b,a) =C3°{ 16+3C,°[ —8a?— 


— 0°? (6b?-+5a°b*) ]+105C%a'b(1-+.a2) (1+02)2}, 
7a°b")+15Cs'[a20?(—1-+-0?+78?+-5a°b) +a!+40)}, 


T12(a) = (5/2)Cy"[1/P+18+ 72 ]+ (35/2)C[ — 8a —6a!+ 6f— 160°?— 12a‘? + 18a4¢*] 


+ (315/2)C" (8a4#)[ (1-+02)?— 22 (1++02)a?-+Ha" J, 


T 12 (a) = (5/2)C2"[2/2-+28+6f]+ (35/2)C2°[ — 120°—7a!-++2(—5—8a?— 13a!) ] 
+ (315/2)Co{[ (1+a2)?+a"]x [(1-+a2)?+-4a4]+e[ (1+a2)4— 208} + (3465/2)C2"*Ha8(1+a2)?, 
T 321 (a) = (5/2)C¥'[P+1/2+10]+ (35/2)C[—402— 2a"), 
Tn (a) = (5/2)Cy"[1/P-+2—5P]+ (35/2)C [ — 8a2— 6a*+4 008+ 2tHa*}+ (315/2)C4[8at?] 


X[(1+e?)?— 2fe?(1+-a?)+a't*], 


T s12(a) = (5/2)C2"[2/P+2+40]+ (35/2)C2[ — 120? 7a+8a! ]+ (315/2)C2" (2Pat)[2+-02—a*] 


T a312(a) = (5/2)C37(1/2+2) + (35/2)C9(—4e2— 2a"), 
where 
C,=[(1+2a?) (1+ 28?) -—400F 4, 


(In T terms a=b=a.) 


4. THE POTENTIAL 
The interaction operator of Eq. (3-1) is simplified by 


assuming a Serber mixture: 


J2=J;=0, Jo=Ji=Je, Fa=O. (4-1) 


We then determine the five parameters Jc, Jr, Js, To, 

and R to give a reasonable representation of nuclei in 

the first s-shell. The values 
Jco=—58.65 Mev, 
J r= +189.75 Mev, 


ro= 1.54 107 cm=1.54 fermis, 


J s=—107.29 Mev, 


and 
R — ro/V/ ‘g 


yield binding energies (by our second-order perturba- 
tion method®) 
B.E.(H?)= 2.16 Mev, 


B.E.(H3)= 8.48 Mev, 
B.E. (He*) = 28.42 Mev, 


(4-3a) 
(4-3b) 
(4-3c) 


9 


and an electric quadrupole moment of 2.72 10~*7 cm? 
in H®. The resulting wave function for the three-body 
system yields a Coulomb energy difference in H*-He* 
of 0.74 Mev, compared with an experimental value of 
0.76 Mev. The D-state admixture in H? is computed 
to be 7%. 

The charge distribution in the s-shell closely resembles 
a Gaussian shape since the zero-order wave function is 
Gaussian, however configuration mixing introduces 
deviations from a pure Gaussian distribution. The 
computed rms radii are: 1.92 fermis for H?, 1.60 f for 
H?, and 1.46 f for He‘; in reasonable agreement with 


C2=[(1+2a*) (14 28)—@F}4, 


+ (3465/2)C2"a8(1+-07)*4, 


C3=((14+2a?)(14+267) 4. (3-9) 


experiments" performed on H? and He‘. One must keep 
in mind, with regard to these latter results, that it is 
actually the size of the system that one varies to mini- 
mize the energy. The curve is very flat in the neighbor- 
hood of the eigenvalue, and consequently a small 
correction to the energy from higher orders in the 
perturbation expansion could result in much larger 
corrections to the sizes computed here. 

The use of the second-order perturbation theory 
places some restrictions on our potential. For a suffi- 
ciently strong repulsive core the Jc* terms in second 
order would be dominant, and attractive. One must 
take care that the attractive terms from the core 
appearing in second order are much smaller than the 
zero-order repulsive effect.2 Ways to cope with a 
stronger core in a calculation such as this have been 
discussed by Clark and Feenberg,” and by Dabrowski." 

A two-body spin-orbit term in the potential would 
make zero contribution to the nuclei considered here 
(as long:as one goes only to second-order terms), and 
consequently we have not considered such a term. 


5. RESULTS FOR O"* 


Employing the interaction operator of Sec. 4, and 
the matrix elements of Sec. 3, we have solved Eq. (1-4) 
for O'®, We obtain a binding energy of 129.2 Mev com- 
pared to an experimental value of 127.16 Mev. Agree- 
ment is not quite so good as it appears at first glance 


since we have neglected Coulomb forces which in O'* 
contribute nearly —14 Mev to the binding energy. 


R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7, p. 231. 

2 J. W. Clark and E. Feenberg, Phys. Rev. 113, 388 (1959). 

18 J. Dabrowski, Proc. Phys. Soc. (London) A71, 658 (1958). 
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Consequently in this calculation one should shoot for 
a number near 141 Mev, and we are about 8% short. 

The zero-order contribution to the binding energy is 
87.8 Mev (that is Eo—3hw=—87.8 Mev, where 
hw=17.25 Mev). The tensor force provides an addi- 
tional contribution of 36.4 Mev in the second order, 
and the remaining 5.0 Mev comes from the remaining 
central terms in second order. It is interesting that the 
second-order effects of the central terms are so slight. 
This appears to be at least partly due to the fact that 
these terms are “smothered” by the larger contribution 
of the tensor force. 

The rms radius is calculated to be 2.33 fermis; a bit 
too small for the experimental value of 2.64 fermis."-™ 
Here again the charge distribution is in zero order 
simply the oscillator function for the first p shell. 

We find that V?—1=0.22, so that mixing of con- 
figurations higher than the zero order is 


(N2—1)/N?=0.18, (5-1) 


or about 18%. This means that the simple oscillator 
shell-model!®.'* wave function comprises about 82% of 


our eigenstate. The small configuration mixing is 


4H. F. Ehrenberg et al. Phys. Rev. 113, 666 (1959). 

16M. G. Mayer, Phys. Rev. 75, 1969 (1949). 

16 Haxel, Jensen, and Suess, Ergeb. exakt. Naturw. 26, 244 
(1952). 
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especially interesting in light of the fact that our 
potential yields a 7% D-state admixture in H?, and 
hence appears to overrate configuration mixing. 

The overshoot in radius can possibly be traced back to 
the fact that we are forced to use a repulsive core in this 
calculation which is weak by modern standards.!°-7-18 

The procedure described in this paper is currently 
being applied to Ca® and O". 
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Monte Carlo Calculations of Nuclear Evaporation Processes. 
III. Applications to Low-Energy Reactions*} 
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Monte Carlo calculations of nuclear reactions in the low-energy (£<50 Mev) region are described. The 
calculations are based on the nuclear evaporation model of Weisskopf. Continuum theory was used for the 
calculation of inverse reaction cross sections. In the calculation of the level densities of excited nuclei, 
pairing and shell energy corrections were used in terms of characteristic level displacements. The accurate 
equation rather than the approximate Maxwell distribution was used for the selection of the kinetic energy 
of the evaporated particle. Experimentally determined Q-values for the various reactions were used. The 
calculations are compared with experimental measurements for about 60 excitation functions of nuclear 
reactions in the mass range Cr°-Se™4. Cameron’s values for pairing energies were used at the outset; but 
a new set of pairing and shell energy correction values, which leads to substantially improved agreement 
with the experimental curves, is presented. The procedure which was used to arrive at this set is described 
and several features of the set are discussed. The need for a further downward correction of the level density 
of symmetrical (A = 2Z) nuclei is indicated. Computed excitation functions are shown for all the reactions 
studied as well as for several reactions for which experimental data are not yet available. Further experiments 
on reaction cross sections are suggested which would allow a unique determination of the pairing and shell 
energy corrections of level densities for any value of Z and N in the region under discussion. The existence 
of a unique set of these correction terms would provide strong evidence for the validity of evaporation 
theory for the reactions considered. 





I. INTRODUCTION reactions was available. The range 45<A<75 was 
chosen because excitation functions of a large number 
of reaction types with a variety of target nuclides have 
been studied in this region, and because Coulomb 
barrier effects in this region of low atomic numbers are 
sufficiently small to permit substantial competition 
between charged-particle and neutron emission. 

The experimental data with which the calculations 
are to be compared in the present paper are confined to 
reaction cross sections although the computations yield 
the relative numbers and energy spectra of emitted 
particles also, and these could be compared with 
corresponding measured quantities. No deuteron- 
induced reactions were used for comparison because of 
the known large contribution of stripping mechanisms 
to these reactions; on the other hand it was deemed 
important to determine to what extent the excitation 
functions of reactions induced by helium ions, protons, 
and neutrons could be accounted for by evaporation 
theory. The reactions in the mass range of interest, for 
which suitable experimental excitation function data?~” 
were available to the authors, are listed in Table I. 


HERE has been a great deal of discussion and 
controversy about the mechanism of nuclear 
reactions at moderate energies (<50 Mev), and in 
particular about the range of validity of the statistical 
theory on the one hand, and the importance of various 
direct-interaction mechanisms on the other. In view of 
the availability of a computer program for Monte Carlo 
calculations of nuclear evaporation! it seemed worth- 
while to apply such calculations to nuclei excited to 
moderate energies; the aim was to establish to what 
extent and in how much detail the competition between 
various nuclear reactions and their energy dependence 
could be fitted by the statistical theory. As it turned 
out and as will be discussed in Sec. II, the existing 
Monte Carlo program! was rather extensively modified 
before it was thought to be appropriate for this investi- 
gation. 
To facilitate a critical test of evaporation theory and 
a determination of some of the parameters entering the 
calculations, it was decided to carry out computations 


in a relatively narrow range of mass numbers in which 
a large body of experimental data on low-energy nuclear 


* Part I of this series (see reference 1) was entitled “Systematics 
of Nuclear Evaporation.” Part II, entitled “A Monte Carlo 
Calculation of Fission-Spallation Competition,” by Dostrovsky, 
Fraenkel, and Rabinowitz, appeared in the Proceedings of the 
Second International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Paper 1615. 

ft Research performed in part under the auspices of the U. S. 
Atomic Energy Commission. 

! Dostrovsky, Rabinowitz, and Bivins, Phys. Rev. 111, 1659 
(1958). 


2D. O. Raleigh, thesis, Columbia University, 1958 (unpub- 
lished) ; D. O. Raleigh and J. M. Miller (private communication). 

3 R, Chasman and G. Friedlander (unpublished data). 

‘Miller, Friedlander, and Markowitz, Phys. Rev. 98, 1197 
(1955); and Friedlander, Lee, and Miller (unpublished data). 

5 J. Terrell and D. M. Helm, Phys. Rev. 109, 2031 (1958). 

6 F, S. Houck, Atomic Energy Commission Report NYO-7332, 
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las Le I. Experimental excitation function data II. THE CALCULATION 
referred to in this paper. . ; , 
a ————— The evaporation calculations of Dostrovsky, Rabino- 


Range of | Range of witz, and Bivins! were designed for application to high 
2 tat oe ° . e . . 
iene Cnneainned energies» energies.  iitial excitation (>50 Mev) and for determination of 
Se ee ee Product __ (Mev) __ (Mew) the relative abundances of the various types of evapo- 
aTiee — oCr® (a.m) Cc 10-27 18-33 rated particles as well as the abundance distribution of 
(a,p) ve 10-27 18-33 ‘ = 
ae = 39-47 mass numbers of residual nuclei. They were not 
a,pn -42 —4/ > . . ° ° 
(a,3m) + (a,p2n) ve 30-40 36-45 intended to give detailed information on the final 
(a,3p) Sc? 29-42 35-47 ° ° 
(avapn) Set 36-42 42-47 product nuclei nor to be taken very seriously when 
Mn (a,2n) Mn®+Mn%™= — 16-26 24-33 initial excitations of less than 50 Mev were involved. 
? - g- 27 = a a . . . . . . 
29) ” alan +735 The expressions for relative particle emission widths 
“Fe (a,2n) Fe® 19-40 26-45 . ‘ - are > 2 sve. 
‘ re settetemn tone == [Eqs. (2) and (3) of reference 1] were therefore derived 
with the approximation that the kinetic energy of an 
ae ian es evaporated particle is always small compared to the 
Ni (a,n) Ni? 6.5-40 ° ° ° ° “fe 
. (a.p) Cot? 6.5-40 2- excitation energy, and with other simplifying assump- 
a,2 Ni*é 17-40 . . 
(npn) Cot 11-40 3 tions. Thus it was not expected that the computer 
yap2e) oe o> 4°43 program of reference 1 (known as Mark II) would be 


(a,2pn) Fe 27-40 : ‘ é 
be cdi §=sas directly applicable to the present problem. Neverthe- 
Ni? 


(.5n), Nie. 22-31 3 less, it was used as a starting point, and some of the 
(p.p3n) ol 30-51 reaction cross sections listed in Table I were calculated 
(p.apn) Mn# 30-51 with this program. The agreement with experimental 
neZn® head Nis? 17-40 data was found to be generally rather poor (see Table 
~— oes ae a IV for some typical examples, in comparison with later 
(a,apn) Co 31-40 3. results) and a number of modifications were therefore 


wZn% (a,m) Zn 9-39 ‘ introduced. 
mee cue 0-39 It was felt that the poor results obtained with the 
Zn (p.m) Zn® 8-40 Mark II program were probably attributable to several 
ag ae ee ‘<-47 causes, of which the approximations in the equations 
(.p2n) all — sain already mentioned were perhaps not even the most 


wZn™ (p.%) Zn® significant. In particular, the effects of nucleon pairing 


5-1 
(p,2n) Zn® 14-3 ee 
(p.pn) Cu® 14-3 and of shells on level densities have already been shown 


(p,pn) Cut 10-50 to be important®**!®—8 and should be taken into 
(p,3n) Zn® 30-50 i B 

(p.4n) Zn® 30-50 : account. 

( ~y 62 — rye . ore . 
noe - — _ Weisskopf’s expression” for the probability per unit 
(a,n) Ga* 15-30 -32 , > sec} scle 4 wi meti 

ata) nae ot Scan time for the emission of particle 7 with kinetic energy 
(a,pn) Zn 15-40 2 ¢ 

a.m) = = between ¢ and e+de, 

(a,n) Ga* 15-40 P ;(e)de= oe W (f)/W (i) lde, (1) 
(a,2n) Ga 15-40 - 


(a,2p) Cu"? 21-40 . - 
(a,3n) Gat 32-40 was used as a starting point for development of a new 





Fe? (n,p) Mn*¢ 4.4-17. 


(a,a Cu 24-40 7 . . . 
» computer program suitable for Monte Carlo calculations 


(a, 2a) Co# 26-40 
oZntk one Get 13-40 in the low-energy region of interest. Here y;=gjm,/7h', 
(adn) Gen 22-40 3- with g; and m; the number of spin states and the mass 
ta.gn) = = * of particle j, Tespectively ; gis the cross section for the 
tapan) Gass 27-39 28 rien a sory u? a the — 
(a,an) 21-41 ensities of the final and initial nuclei at their respective 
sero 85 excitation energies. 
woZn7 | (aon) ances 26-4! In order to obtain the total emission probability for 
(<.29) ; seals particle 7 by integration of Eq. (1), the three factors 
Gem! (a.20) Sem 21-41 24-4: which require particular attention are o, W(f), and the 
-_ limits of integration. The points in which the present 


« Th otation for th ally ot ved reactions is i ded to 
indicate don teal peodent Sue, Sak nSUEGEa aad, War einenele, a eenction 18 Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 
wy ty Da ne ee, ee ae. 4 E, Belmont and J. M. Miller, Phys. Rev. 95, 1554 (1954). 
oF ; “di si 16 C, Block, Phys. Rev. 93, 1094 (1954). 
From ref 3. iF f 9. , Phy ’ 
4 From reference 4. 1 From reference 10. i T. D. Newton, Can. J. Phys. 34, 804 (1956). 
+ From reference 5. ; From reference 11. 117A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 
hey meme scent 18 Rosenzweig, Bollinger, Lee, and Schiffer, Second International 
—__—_—— Conference on the Peaceful Uses of Atomic Energy, Geneva, 1958 
“N,. T. Porile, Phys. Rev. 315, 939 (1959). (United Nations, Geneva, 1958), Paper 693. 
2S. Amiel, Phys. Rev. 116, 415 (1959). 9 V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 
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Fic. 1. Neutron capture - 


4: ae 


cross sections as a function 
of neutron kinetic energy. 
The ordinate is the ratio of 
capture cross section to 
geometric cross section. The 
solid curves are the con- 
tinuum-theory cross sec- 
tions taken from reference 
24. The dashed curves are 
calculated according to Eq. 
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(2). 


development of Eq. (1) differs from previous treat- 
ments!:°-*8 will now be discussed in detail. 


(a) Cross Sections for Inverse Reactions 


In the calculations of reference 1 and in most previous 
treatments, the inverse reaction cross section for 
neutrons was taken as the geometric cross section of 
the product nucleus. While this is a good approximation 
for relatively high neutron energies (of the order of 
tens of Mev), neutron capture cross sections are known 
to rise with decreasing energy at lower energies. For 
the present calculations an attempt was made to 
approximate the energy and mass number dependence 
of neutron capture cross sections as given by continuum 
theory.** The empirical equation adopted for this 
purpose is 

o,/¢,=a(1+B/e), (2) 


where a=0.76+2.2A~! and B= (2.12A—!—0.050)/ (0.76 
+2.2A-4) Mev, and o, and a, are the capture and 
geometric cross sections, respectively. In computing 
o,=7R’, the nuclear radius was taken as R=1.5 
X 10-4? cm. 

In Fig. 1 neutron cross sections computed by Eq. 
(2) are compared with those calculated from continuum 
theory. It is seen that the fit for intermediate nuclei is 
quite good down to e~0.05 Mev. For still lower 
energies, ¢, according to Eq. (2) tends towards infinity ; 
but since only the product o,e enters in Eq. (1), this 
causes no difficulty. It should be noted, that the inverse 
cross section needed in Eq. (1) is that between a neutron 
of kinetic energy ¢ and a nucleus in an excited state. 
Since little is known about such cross sections, the 
ground-state cross sections are used as an approxi- 
mation. 

For charged particles, Coulomb barrier effects have 
to be taken into account in the calculation of the inverse 


* K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). 

21Y. Fujimoto and Y. Yamaguchi, Progr. Theoret. Phys. 
(Kyoto) 4, 468 (1949) ; 5, 787 (1950). 

2 J. W. Meadows, Phys. Rev. 98, 744 (1955). 

3G. Rudstam, thesis, University of Uppsala, Uppsala, Sweden, 
1956 (unpublished). 

“J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
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cross sections. The proper quantum mechanical expres- 
sions for barrier penetration are far too complex to be 
used in Eq. (1) if one wishes to retain the equation in 
an integrable form. In most previous evaporation 
calculations the barrier effect has been approximately 
taken into account by multiplying the geometric cross 
section by the factor (1—k;V;/e), where V; is the 
Coulomb barrier for particle 7 calculated from electro- 
statics and k; is a coefficient designed to reproduce 
barrier penetration approximately. For a given nucleus, 
values of k; can be found which lead to a good repre- 
sentation of the barrier effect with this formulation; 
however, for different values of Z, different values of k; 
are needed for a good fit. Most workers have ignored 
this fact and have used for all values of Z the values 
of k; derived by Le Couteur®® for nuclear-emulsion 
nuclei (Z~40) from a general formulation of effective 
barrier heights by Konopinski and Bethe.”® 

In the present work, the variation of charged- 
particle capture cross sections with Z and ¢ was approxi- 
mated by an empirical formula of the following form: 


o-/o,= (1+c;)(1—k,V;/e). (3) 


For protons, deuterons, and alpha particles, the con- 
stants c; and k; were chosen to give a good fit to the 
continuum-theory cross sections calculated by Shapiro*® 
and Blatt and Weisskopf.”* The values of c,, kp, Ca, and 
k, are listed in Table II for several values of Z. It 
turned out that, at all values of Z, cag can be taken as 
cp/2 and kq as k,+0.06. By analogy, it was assumed 
that cy»=c,/3 and kws=k,+0.12, and that cue*=$¢a 
and kyet=k.—0.06. In the energy range of interest 
here, the emission of H* and He? is very rare (see 


TaBLe IT. Parameters in Eq. (3) for charged-particle 
cross sections. 


kp Cp : Ca 
0.42 0.50 0.10 
0.58 0.28 0.10 
0.68 0.20 0.10 
0.77 0.15 0.08 
0.80 0.10 0.06 


26 E. J. Konopinski and H. A. Bethe, Phys. Rev. 54, 130 (1938). 
°6 M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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Fic. 2. Proton capture cross sections for three values of Z. 
The ratio of proton capture cross section to geometric cross section 
of the capturing nucleus is plotted against the ratio of proton 
kinetic energy to barrier height. The solid curves represent the 
continuum-theory cross sections from references 24 and 26. The 
dashed curves are calculated according to Eq. (3), with the con- 
stants of Table II, the dotted curves represent the expression 
o,/rR*=1—0.7V,/e, used in previous evaporation calculations. 


Table IX), and the actual choice of k and c¢ values for 
these particles is therefore not very important. In Fig. 
2 cross sections for protons as calculated by Eq. (3) 
are compared with Shapiro’s continuum-theory cross 
sections and also with the approximation used in 
reference 1 and by other workers.”°** Between the Z 
values listed in Table IT, linear interpolation was used 
for both &; and c;. 

The classical barrier V; was calculated with the 
formula 


2Ze* 
a, (4) 
roAt+p; 
where z and Z are the atomic numbers of the outgoing 
particle and residual nucleus, and e is the electron 
charge ; ro was taken as 1.5X10-" cm. Following Blatt 
and Weisskopf,* p; was taken as 1.2X10~" cm for 
deuterons and alpha particles, and zero for protons. 
For H* and He’, p; was assumed to be 1.2 10-" cm also. 

It is clear that, at very high energies (€/k;V;>>1), 
the cross section for particle 7 calculated with Eq. (3) 
tends to an asymptotic value (1+c,)o,, which cannot 
be correct. This effect is quite unimportant because 
particles of such high energies are emitted extremely 
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infrequently. As is seen in Fig. 2, the fit to continuum 
theory is excellent for protons up to €,/Vp»~5; it is 
equally good for deuterons and alpha particles. 

The particular form of the energy dependence in 
Eqs. (2) and (3) was chosen, in preference to others 
which would give equally good or better fits, in order 
to preserve Eq. (1) in integrable form. 


(b) Level Density 


Many different expressions have been pro- 


posed!®.!7.19.27,28 for the variation of the nuclear level 
density W(E) with excitation energy -. Those based 
on the Fermi gas model have in common an exponential 
term with an exponent proportional to £}. The simplest 
and most widely used formulation is that given by 
Weisskopf" for a completely degenerate Fermi gas: 


W(E)=C exp[2(aE)4]. (5) 


In more refined treatments!®:!7:27.28 C js a function of E, 
and some authors have also used more complicated 
terms in the exponential. The use of these more complex 
expressions in Eq. (1) makes integration in closed form 
impossible. Approximate integrations after series ex- 
pansion are possible, and this is the approach used, for 
example, by Le Couteur”; but for residual excitation 
energies below approximately 1 Mev such expansions 
are not useful because the series obtained then diverge. 
Since, at energies above 1 Mev, the energy dependence 
of C in Eq. (5) introduces only very small effects in the 
relative emission probabilities of various particles 
(because of the dominant effect of the exponential 
term), it was decided to use the simple form of Eq. (5) 
in the present calculations (with some modifications to 
be discussed presently). The value of the constant C 
does not need to be specified, since only ratios of level 
densities enter Eq. (1) and, over the narrow range of A 
involved in a single evaporation step, the variation of 
C with A can be neglected. 

As in reference 1, the level.density parameter @ has 
again been taken as almost proportional to A,” with 
various values of the proportionality constant. Most 
calculations were performed with a@=A/20, which 
appeared to give the best fit to the experimental data 


27H. A. Bethe, Revs. Modern Phys. 9, 69 (1937). 

28 J. M. B. Lang and K. J. Le Couteur, Proc. Phys. Soc. (Lon- 
don) A67, 586 (1954). 

* As in reference 1, Le Couteur’s formulation” of the slight 
dependence of the level density parameter a on the neutron 
excess of the nucleus has been used, viz.: 


a,=a(1—1.30/A)?, a= a(1—1/A —1.30/A)?, 
a@p=a(1+1.30/A)*, apee=a(1—1/A +1.30/A)?*, 
ag=a(1—1/2A)?, @,=a(1—3/2A)?, 


where 0=(N—Z)/A, and A, Z, N refer to the initial nucleus in 
an evaporation step; @n, dp, etc., are the level density parameters 
of the product nuclei resulting from evaporation of a neutron, 
proton, etc., and a is taken proportional to A—1. In the range 
of interest, actual tests showed this isotopic number dependence, 
which arises from the difference in the Fermi energies for neutrons 
and protons, to have negligible effects on the evaporation calcu- 
lations. 
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(see Sec. IIIa below). Since the present work deals with 
a rather narrow range of target mass numbers, the 
proportionality of a and A cannot be considered to be 
proven by the present calculations. 

Nuclear energy level densities depend not only on 
the total number of nucleons in a nucleus but also on 
whether the neutron and proton numbers are odd or 
even.?:!6.17,8.81 As will be shown below, agreement of 
the results of evaporation calculations with experi- 
mental reaction yields could not be obtained if this 
effect was neglected. Weisskopf and Ewing™ suggested 
that the odd-even effect be taken into account in 
the pre-exponential constant C by setting Coaa—oaa 

even—even and Coven- odd = Codd—even 2C even—even 
Hurwitz and Bethe* pointed out that it is more nearly 
correct to consider the odd-even effects on level densities 
as arising from the displacements of ground-state 
energies caused by nucleon pairing. On this basis they 
suggest that, for all but odd-odd nuclei, the excitation 
energy appearing in the level density formula be 
counted from a corrected ground state or characteristic 
level, displaced upward from the true ground state. 
This approach was adopted in the present work and 
Eq. (5) then becomes 


W (E)=C exp{2[a(E—5) }}}, (6) 


where 6=0 for odd-odd nuclei and 620 for all other 
types. The values of 6 may be expected to be the 
pairing energies for neutrons and protons. Cameron” 
has recently tabulated pairing energies for all even 
values of Z and N as derived from a comparison of his 
semiempirical mass equation with measured atomic 
masses. In even-even nuclei the pairing energies of 
neutrons and protons were considered to be additive. 
At and near closed shells, additional level density 
irregularities are expected.'®:!§ Newton!® has suggested 
taking shell effects into account in a manner which 
essentially leads to a characteristic value of a for each 
neutron and proton number. This formulation was 
actually incorporated in the computer program at one 
time; but it was found that, with the parameters given 
by Newton, the results obtained did not give very good 
agreement with experimental cross sections; with the 
large number of parameters available in this formulation 
it was not thought profitable to attempt to achieve 
agreement by parameter fitting. The even more elabo- 
rate treatment of shell effects by Cameron" was also 
rejected for the present purpose, because it would have 
required an exorbitant amount of computer time. The 
scheme finally adopted was to include shell effects in 
the same manner as the pairing effect, i.e., by an 
additional 6 term in Eq. (6) for closed-shell nuclei. A 
disadvantage of this procedure is that, as used in the 
present computer program, it does not permit inclusion 


® V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 

3t H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951). 

#® See, e.g., M. El-Nadi and M. Wafik, Nuclear Phys. 9, 22 
(1958). 
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of negative 6 values which might be appropriate just 
after closed shells. Positive 6’s for shell effects at odd 
nucleon numbers near closed shells could be included, 
but were omitted in order to minimize the number of 
adjustable parameters. 


(c) Computation of Particle Emission 
Probabilities 


With the inverse cross section as given by Eqs. (2) 
and (3) and the level density as given by Eq. (6) 
included in Eq. (1), the following equation is obtained 
for neutron emission: 


mrreA at B 
——— exp{- 2Lau( EB) eal 1 +) 
h’ € 


Tv 


P,(e)de= gn 


Xexp{2[an(E—Qn—bn—€) }}de, (7) 


where the subscripts 0 and n refer to the original and 
residual nucleus, respectively, and Q, is the neutron 
separation energy. It is seen from Eq. (7) that, with 
the introduction of the pairing and shell correction 6, 
it is implicitly assumed that the maximum energy 
available for the evaporation process (i.e., the maximum 
kinetic energy of the outgoing neutron) is given by 


(€n) max = E—OQn—5n. (8) 


This is, of course, not strictly true. However, the 
number of energy levels below an excitation energy 
E,,=5, of the residual nucleus is presumably small, and 
hence the probability that the evaporation process will 
lead to levels in this interval is expected to be small. 
The error introduced with the approximation (8) will 
therefore in general be small. There exists however one 
important exception: If neutron emission is the only 
process energetically possible for de-excitation (except 
for y radiation) and the excitation energy of the residual] 
nucleus is in the interval 0< E,<6,, Eq. (8) clearly 
does not hold, since there is at least one energy level 
available for the evaporation process—the ground state 
of the residual nucleus. It will later be shown that this 
fact indeed introduces an upward shift of the threshold 
and consequent distortion of the calculated excitation 
curve. The amount of this distortion will depend, of 
course, on the density of levels below the characteristic 
level of the product nucleus in question. 

With the approximation (8) the integral of Eq. (7) 
which gives the total neutron emission width takes the 
following form: 


mrreA »$ 
= 


E—Qn-5n 
exp{- 2 alk i) Me f (e+) 


wh? ( 


Xexp{ 2[an(E—-Qn—bn ~e€) |4}de. (9) 





688 DOSTROVSKY, 


This yields, on integration 


mrt PA ah 
Paste el ale) 


Tv 


x —{a,R,[2 exp(2(anRn)!)+ 1 ] 


dn 
—(3—2a,8)(a,R,)' expl2(a,R,)!* | 


~—}(3—2a,8)[1—exp(2(a,R,)*) ]}, (10) 
with 


R,=E-Qa—dn. (11) 


Since the kinetic energy of a charged particle 7 
cannot be smaller than the effective Coulomb barrier 
energy k;V;, the equation for the charged-particle 
emission width has the following form: 


mr°A ;' 
Vd | gers 
ah? 


exp{ — 2[a0(E—5o) }§} 
E—Q;—8; 


xX (1+¢,;) (e—k;V;) 


kjVj 
Xexp{2[a;(E—-0;—5;—6) }de, (12) 
which yields 
mrr7A 3 ( 
l ;=g; — exp{ — 2[ao(E—5o) }#}— 
2rh?* a; 
x {a;R,[2 exp(2(a;R;) +1] 
—3(a;R;)' exp[2(a;R;)*] 


“= 31 —exp(2(a;R;)') }}, 


1+<c;) 


(13) 
where 


R;=E-0,—k,V ;—38;. (14) 


Since R, and R;, the maximum possible values of the 
kinetic energies of the emitted neutron or charged 
particle, respectively, will hardly ever be smaller than 
1 Mev, it is seen that almost always exp[2(a,R,)!]>1 
and exp[2(a;R;)#]>>1. Equations (10) and (13) can 
thus be simplified, without introducing an appreciable 
error, to have the following forms: 


MpTo 
7 a 


Tv 


Ln 
exp{ — 2[a0(E—5o) }!} A ,4— exp[2(a,R,)*] 
2 


9 4 


an 


X {2a,R,—(}—a,8)[2(anR»)'—1]}, (15) 


and for charged particles 
Mo g;(1+c;) 
lr <~—— exp{ —2[a0(E —6o) }*} A 
2rh? a; 
Xexp[2(a,;R;)4]{ 2a;R;—3[2(2;R;)'—1]}. (16) 


Finally the two sides of Eqs. (15) and (16) were multi- 
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plied by exp{ —2[(a;R;) max ]'}, where (a;R;) max is the 
largest value of aR among all possible reactions (includ- 
ing neutrons and charged particles). This procedure 
eliminates positive exponentials (which cannot be 
computed directly by the computer) and, on the other 
hand, avoids the use of excessive scaling factors which 
would impair the accuracy of the calculation. 


(d) Kinetic Energy Selection 


The kinetic energy distribution of outgoing neutrons 
is given by Eq. (7) and that of charged particles by 
the analogous equation with the subscript 7 instead of 
n, with a replaced by (1-++c;), and —8 replaced by k;V;. 
In the Mark II program! the kinetic energies of the 
outgoing neutrons were assumed to have a Maxwellian 
distribution. A particular value of the kinetic energy 
was chosen from a table of the cumulative Maxwell 
distribution by means of a random number. For a 
charged particle the effective Coulomb barrier energy 
k;V; was added to the value so chosen to give the total 
kinetic energy of the charged particle. This approxi- 
mation is valid if the excitation energy of the residual 
nucleus is large compared to the kinetic energy of the 
outgoing particle. For the calculations discussed in this 
paper this approximation is in general not valid. Hence 
it was decided to use the more accurate Eq. (7) for the 
kinetic energy distribution. To simplify the notation, 
the substitution X¥=e—V was made, where V=,V; 
for charged particles and V=—f for neutrons. By 
differentiation the value Xmax for which P(X) is a 
maximum may be found to be 


X max=0j7[ (a;Rj+1/4)!— 1/2], 


and now P(X) may be normalized to P(X max)=1; it 
then becomes 


x 
P(X) =—— exp{ajXmax—[a;(Rj—X)}}. (17) 


«~\t max 


The actual choice of a particular value of X involves 
the consecutive drawing of two random numbers be- 
tween 0 and 1. The first random number, £1, is used to 
choose a value of X between 0 and R;—the maximum 
possible kinetic energy for the given particle 7: 


i= £1R,. 


The second random number £2 determines whether this 
value of X is to be accepted [if P(X)> &] or rejected 
[if P(X) < & ]. 

If the particle to be emitted is a neutron, X—8 is 
checked before & is chosen and if it is found negative, 
the particular value of X is rejected and a new random 
number £, chosen. This procedure is necessary since 
X—£8<0 would correspond to a neutron of negative 
kinetic energy. As an illustration, the spectrum of 
neutrons emitted by Ge® at 20-Mev excitation as 
calculated according to Eq. (17) is shown in Fig. 3. 
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The “negative barrier” (_V=—) in this case is 0.059 
Mev. 

It is seen from the shape of the spectrum in Fig. 3 
that, for X>Xmax, P(X) rapidly decreases and hence 
the probability of “success” in the kinetic energy 
selection [P(X)>£] decreases rapidly. In order to 
save computer time, the field of search was limited in 
the following way. The range of possible kinetic energies 
of the outgoing particle was divided into three regions, 
and a different procedure was used for each. (a) For 
the region X < 2X max the normalized P(X) was com- 
puted from Eq. (17) and the value compared with &. 
If the computed value was smaller than é, it was 
rejected and a new random number &; chosen. If the 
computed value of P(X) was greater than &, the 
kinetic energy chosen by the first random number §&, 
was accepted and its value computed: e=X+V.* (b) 
In the second region, 2Xmax<X<11Xmax, use was 
made of the fact that, for any positive value of Y, the 
probability given by a Maxwell distribution: 


X 
Py(X)=— exp[1 at (X/X max) ], 


(18) 


<4 max 


is greater than (or, for X=Xyax, equal to) that given 
by Eq. (17). A short table of values of P(X) was 
stored in the memory of the computer and £ checked 
against the value of Ps,;(X) interpolated from this table 
for the given value of X. If the random number was 
smaller than P(X) the probability P(X) was com- 
puted and the procedure described in (a) followed. In 
Fig. 3, Pw(X) is shown for comparison with the 
spectrum obtained from Eq. (17). The spectra given 
by Eq. (18) are essentially those used in the Mark II 
program (except for a normalization factor). (c) A 
value of X in the third region, X 2 11.X max, was rejected 
without further calculation as fewer than 10~* of the 
particles are emitted in this energy range. 
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x mon 
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Fic. 3. Energy spectrum of neutrons emitted from Ge® at 
20-Mev excitation, according to Eq. (17). The auxiliary Max- 
wellian spectrum [Eq. (18) ] is also shown. The ordinate scale is 
normalized to P(Xmax)=1. Abscissa scales are given both in 
terms of the neutron energy in Mev, and of the ratio X/X max. 


33 The residual excitation energy E; remaining after particle j 
is evaporated with kinetic energy e; was taken as E;=E—Q; 
—€;—V=Rj—€;+4;. 
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(e) Q Values 


Wherever possible, Q values based on experimental 
data were used in Eqs. (11) and (14). They were 
computed from the atomic mass data compiled by 
Wapstra,* supplemented by more recent data on Cr‘, 
Fe® 3 Nid6 35 Zn®! 36 Zn", 8 Zn? 35 Ge® 37 Ge 35 As® 35 
As™,3> Se”,> and Se”.’8 For nuclei for which experi- 
mental mass values were not available, the masses 
computed by Cameron® from his semiempirical mass 
formula were used. The mass data were stored in the 
computer memory in the form of a table listing the 
mass excess (M— A). 


(f) Computation Procedure 


The input data for each computation included A, Z, 
and excitation energy of the starting nucleus, the 
number of cascades to be followed, and various pa- 
rameters such as the value of A/a. Tables of 6 values 
were also stored in the memory. 

For each initial condition, the relative emission 
probabilities for neutrons, protons, deuterons, tritons, 
He®, and He‘ particles were computed according to 
Eqs. (15) and (16). From the cumulative sum of these 
probabilities normalized to 1, the emitted particle was 
selected by means of a random number between 0 and 
1. The kinetic energy of this particle was then selected 
according to the procedure outlined in Sec. IId. A, Z, 
and excitation energy of the residual nucleus were 
computed and the procedure was repeated with this as 
a starting point. The evaporation cascade was termi- 
nated when none of the R values [see Eqs. (11) and 
(14) ] was greater than 0, whereupon a new cascade 
was started with the original A, Z, E values. The 
procedure used involves the assumption that gamma 
de-excitation takes place whenever particle emission is 
energetically prohibited, but does not compete with 
particle emission above this limit. 

After the specified number of cascades—usually 500 
—had been calculated, the computer summarized the 
results. The output data included the following infor- 
mation: the total number of each type of particle 
emitted; either the energy spectra of the evaporated 
particles or the spectra of residual excitation energies 
at various stages of the cascade ; the number of cascades 
resulting in each final product nuclide; the details of 
the evaporation path in the form of the number of each 
intermediate and final product arising through the 
emission of each type of particle. To gain some insight 
into the magnitude of the statistical fluctuations in the 
calculated yields of the various reaction products, the 

4 A.M. Wapstra, Physica 21, 385 (1955). 

35 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585 (1958). 

36 J. B. Cumming, Phys. Rev. 114, 1600 (1959). 

37 N. T. Porile, Phys. Rev. 112, 1954 (1958). 

38 J. B. Cumming and N. R. Johnson, Phys. Rev. 110, 1104 
(1958). 

9 A. G. W. Cameron, Atomic Energy of Canada Limited 
Report CRP-690, 1957 (unpublished). 
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TaBLE III. Fluctuation of the calculated yields of various products from Ni** and Fe compound nuclei at 25-Mev initial excitation. 








Emitted 
particles 


Compound 
nucleus 


Number of reactions of specified type recorded in each group of 500 cascades 


Standard 
deviation 





Fe® n 50 76 65 61 64 
425 
6 


2n 442 428 419 
p 4 7 5 
a 4 10 4 e 2 


312 326 326 335 305 
119 100 114 106 123 
49 54 48 49 55 
9 9 7 6 8 
11 11 5 4 9 


410 
4 


424 


oe 
oo 


65 79 73 75 69 
411 416 416 418 
3 6 7 
7 3 6 


mNeo 
Cow 


115 
54 
2 

4 


NN WoO 


REE HE IF 
mb 








computation for the two compound nuclei Ni®* and 
Fe** at 25 Mev excitation was repeated 10 times (with 
500 cascades each), with all parameters unchanged but 
with a different initial random number each time. The 
results are shown in Table III. It is seen that for the 
minor products the fluctuation is, to a good approxi- 
mation, Poissonian. For the higher-yield products the 
fluctuation is much smaller than +4/n. As an illustra- 
tion, the statistical errors have been indicated in the 
plots of the calculated excitation functions of the 
reactions of the Ga’ compound nucleus (Fig. 19). 


III. COMPARISON WITH EXPERIMENTAL DATA 


(a) Effects of Various Assumptions 
and Parameters 


To examine, as a first step, the influence of the 
various refinements introduced into the computations 
(Sec. II above) a few cross-section ratios were computed 
with both the old (Mark II) and new (Mark IIc) 
programs. The nuclei chosen are listed in Table IV 
together with the excitation energies at which the 
comparisons were made; the latter were taken near the 


Comparison of cross-section ratios computed 
with various sets of assumptions. 


TABLE IV. 








Computed values 
Mark Mark 
Mark Mark II IIc 
Experi- II IIc Cam- Cam- 
mental No No eron” eron 
value 's a's és és 


0.29 0.25 1.22 1.0 


1.43 
0.84 
0.73 
0.07 


Exci- 
tation 
pound energy 
nucleus (Mev) ratio 


Se™ 35 pn/2n ly 
20 p/n 
35 pn/2n 


40 2pn/p2n 
40 apn/a2n 


pn/2n J 8: 34 
p/n 0.79 
pn/2n 0.73 0.51 
2pn/p2n , 28 0.61 


0.69 


Com- 
Emission 





1.07 
0.76 
0.61 
0.06 


~ 


95 
8 
35 
1 


oo 


BAN NY POC 
wrno 5S Suwa 


pn/2n 
pn/2n 7.8 


- = = 
i 


p/n 
pn/2n 








peaks of the excitation functions of the respective 
products. To separate the effect of introducing pairing 
and shell corrections in the level density expression 
from that of the other changes made, both programs 
were used with and without Cameron’s 6 values!’ and 
a 1-Mev shell correction. The computed cross-section 
ratios are presented in Table IV. 500 evaporation 
cascades were computed for each nuclide. Inspection of 
columns 5 and 6 shows that the neutron emission 
probability tends to be higher relative to charged- 
particle emission with the new program than with the 
old. This is presumably caused by the fact that the 
inverse reaction cross section for neutrons has been 
increased more than that for charged particles. The 
change from the Mark II to the Mark IIc program 
alone made altogether surprisingly little difference in 
the ratios listed, perhaps as a result of compensating 
effects. 

The most striking effect seen in Table IV is that, in 
general, the agreement with experiment is greatly 
improved with the introduction of the pairing and shell 
corrections. However, even with the 6’s taken from 
Cameron" the agreement is in many cases still unsatis- 
factory. It seemed of interest, therefore, to explore 
whether changes in the values of the 6’s would lead to 
improved agreement with experiments. In other words, 
for the present, the 6 values were considered as adjust- 
able parameters, without an attempt to justify their 
values in detail in terms of a physical picture. 

The degree of‘ agreement between calculated and 
experimental excitation functions depends not only on 
the set of 6 values used, but also on the magnitude of a. 
To examine the effects separately, computations were 
carried out with a given set of 6’s, but with varying 
values of a. As shown in Table V, the relative cross 
sections of reactions involving the emission of equal 
numbers of nucleons are, at least near the excitation 
function peaks, not strongly affected by the choice of a, 
whereas it is just these ratios which are sensitive to the 
6 values. The value of a, on the other hand, does affect 
the shapes of the excitation functions as shown in Fig. 
4. The 6 choices turned out to have rather little effect 
on these shapes although large changes in 6’s cause 
shifts in excitation curves as might be expected. It was 
thus in first approximation possible to separate the 
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effects of a and 6 and to adjust their values more or 
less independently as already noted by Porile." 

In Fig. 4 are plotted the calculated excitation curves 
for the (a,m)+(a,p), (a,2n)+(a,pn), and (a,3n) 
+(a,p2n)+(a,2pm) reactions of Zn“, for a=A/10, 
A/20, and A/40, together with the experimental 
curves." It is seen that, with increasing a, the slopes on 
both wings of an excitation function become steeper. 
This effect is a direct consequence of the change with a 
of the spectra of emitted particles. As a increases, the 
nuclear temperature at a given excitation energy de- 
creases and therefore the spectrum of emitted particles 
is expected to shift to lower energies. This effect is 
illustrated in Fig. 5. A shift in particle spectra to lower 
energies is equivalent to a shift in residual excitation 
energy spectra to higher energies and therefore leads to 
an increased probability for the emission of an addi- 
tional particle. Thus the drop as well as the rise of 
cross sections with increasing energy is expected to be 
steeper with large than with small a, and this prediction 
is borne out by the detailed calculations. The calcu- 
lations to be discussed in the remainder of this paper 
were carried out with a=A/20 which gave in most 


TaBLE V. Comparison of cross-section ratios computed with 
Cameron’s 6 set, but with different values of a. 


Exci- 

Com- tation 

Target pound energy 
nucleus nucleus (Mev) 


Zn™ 
Zn“ 
Cus 
Ti*é 


Computed ratio for Experi- 


a= mental 
A/40_ ratio 


a= a 
A/10 A/20 


Reaction ratio 


(a,pn) / (a,2n) 80 7.8 6.0 8.4 
(a,p) /(a,n) 0.97 0.95 0.99 1.8 
(a,pn) / (a,2n) 0.50 0.51 
(a,p2n)/(a,2pn) 2.0 1.7 tee tee 
(a,n) /(a,p) 1.4 1.3 tee 2.0 


Ge®® 35 
Ge® 20 
Ga® 30 
Cr® 45 
Cr® 30 


cases a somewhat better fit to the experimental data 
than either a= A/10 or a= A/40. 


(b) Criteria for Adjustment of 5 Values 


Before proceeding with the exploration for a set of 
5’s which would lead to better agreement with experi- 
ment it was necessary to consider the nuclei, reactions, 
and energies most suitable for this purpose. In order 
to minimize the dependence on a and the effects of 
threshold shifts inherent in the formalism (see Sec. IIc), 
attention was focussed on reactions near the peaks of 
their excitation curves. For a variety of other reasons, 
not all the reactions listed in Table I were considered 
suitable as a basis for the initial 6 adjustments. Fitting 
was not attempted in the region of high-energy tails of 
excitation functions [such as (a,”) and (a,p) reactions 
at 40 Mev] because of the likelihood of reaction 
mechanisms other than compound nucleus formation. 
Alpha-induced reactions involving re-emission of alpha 
particles were eliminated from the fitting procedure 
because there is independent evidence“ from alpha- 


 G. Igo, Phys. Rev. 106, 256 (1957). 
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Fic. 4. Comparison of calculated and experimental" excitation 
functions for one-, two-, and three-nucleon emission reactions 
produced in the interaction of Zn™ and a particles. 


particle spectra and angular distributions that such 
reactions proceed, at least partially, through direct- 
interaction mechanisms. For the same reason, (p,pm) 
reactions were not used. Reaction cross sections of less 
than a few millibarns [such as the Zn”(a,2) reaction" ] 
were, of course, not useful for quantitative comparisons 
because of the limited statistics of the calculations. 
The data of Meadows’ and Ghoshal* on reactions 
involving the compound nucleus Zn™ are discrepant 
with respect to cross section and energy scale and were 
therefore not used. The V™(a,2p) and V™(a,2n) data of 
Chasman and Friedlander® were not considered suffici- 
ently accurate to be included in the fitting procedure. 
On the basis of the above considerations, the com- 
pound nuclei, excitation energies, and cross-section 





} NEUTRONS PROTONS 
1.0} 


Fic. 5. Energy spectra of neutrons and protons emitted from 
Ge®* at 20-Mev excitation, calculated with different values of a. 
The ordinate scale is normalized to P(Xmax)=1 for a=A/10, 
and the curves for different @ values are normalized to the same 
total area. 
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TABLE VI. Nuclei and reactions selected to check 
goodness of fit for various sets of 6’s. 


Particle , 
emission 4's involved 


ratios 4 N 
22,24 24, 26 
24, 26 


Excitation 
energies 


(Mev) 


Com- 
pound 
nucleus 


Cr® 45 
40-45 


(3n+ p2n)/3p 
2n/pn 


25 n/p 24 26 


25-45 2n/pn 26, 28 


45 p2n/2pn 28, 30 
30-40 2n/pn 28, 30 
20-25 n/p Zz 30 


30-40 2n/pn 34, 36 


35-40 2n/pn 36, 38 


40 3n/p2n/2pn 30,32 34,36 
30-35 2n/pn 32 36 
20-25 n/p 3 36 


30-40 2n pn 38, 40 


ratios listed in Table VI were used for the initial 
6-fitting. As will be seen from the table, all 6’s from 
Z=22 to Z=34 and from N=24 to N=40 with the 
exception of 6 for V =32 can be determined from this 
set of reactions. In fact most of the 6’s are overdeter- 
mined. As an aid in the determination of the goodness 
of fit of a particular set of calculations, the computed 
and experimental results were compared as follows. 
For each compound nucleus and each energy, the yield 
of each reaction of interest was computed as a fraction 
of the sum of all the reaction yields of interest, and the 
difference between this calculated fractional yield and 
the corresponding experimental fractional yield was 
squared. The sum of the squares for all the reactions 
considered was taken as a measure of the goodness of 
fit. In using this criterion, the statistical fluctuations in 
the computed yields and the experimental uncertainties 
had to be taken into account. 

After a “good” set of 6’s had been chosen on the 
basis of these criteria and with the aid of the procedures 
outlined in the following section, it proved profitable 
to make some final adjustments on the basis of complete 
excitation functions, i.e., taking into account not only 
cross-section ratios, but also absolute values and energy 
dependence. 


(c) Adjustment of 6 Values 


For the first step in adjusting 6 values it is convenient 
to consider the competition between reactions involving 
the emission of one nucleon, at an energy where no 
other reactions are significant. In this situation the 
ratio I',/f', directly determines the relative cross 
sections for neutron and proton emission. For an even- 
mass compound nucleus neutron emission and proton 
emission probabilities are each affected by one 6 value 
only. Thus, if the ratio of neutron and proton emission 
cross sections is available from experimental data, one 
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can determine a locus of pairs of these values which 
give the correct I’,,/I’, ratios at a given initial excitation 
energy. The loci proved to be nearly straight lines as 
shown in Fig. 6. As may be seen, the positions of the 
lines depend somewhat on the excitation energies; but 
this dependence is least in the region of the peaks of the 
one-particle excitation functions, and the data in this 
region were used. 

The use of the loci just discussed reduces the number 
of adjustable parameters. In the subsequent fitting 
procedures, the proper relation between the pairs of 6 
values for which loci were available was always main- 
tained. For reactions involving the emission of two or 
more particles no simple procedures for adjustment of 
6’s were available. However, by examining the evapo- 
ration paths in detail, one can fairly easily determine 
which 6’s need to be adjusted, and in what direction, 
for the rectification of major discrepancies. The pro- 
cedure is illustrated for the Ga® compound nucleus at 
35-Mev excitation in Figs. 7 and 8. In Fig. 7 the 
evaporation path obtained with Cameron’s 6 set is 
shown; the number of events proceeding along each 
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Fic. 6. Loci of 6y and 6z values for the products of proton and 
neutron emission from the compound nuclei Cr®, Ni**, and Ge, 
obtained from the measured proton-neutron emssion ratios at 
several excitation energies. 
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Fic. 7. Computed evaporation paths for 500 Ga®’ nuclei at 
35-Mev initial excitation. Cameron’s 6 values were used. The 
computed numbers of evaporated particles are given alongside 
the corresponding arrows. The numbers in the boxes indicate the 
numbers of product nuclei formed. The 6 values are given in Mev. 
Note. The number 180 should read 188. 


path, out of a total of 500 events, is indicated. The 
number of evaporation cascades ending at each nuclide 
is shown also. The numbers of residual Ga® and Zn® 
nuclei are seen to be 141 and 188, respectively, whereas 
the experimental results,” in the same units, are 105 
and 320. In order to decrease the computed yield of 
Ga® and increase that of Zn®, it was decided to raise 
dv34 and lower 6z30. The flow diagram obtained with 
this new 6 set (with 6z3.>=0.69 Mev, 6y34=2.60 Mev) 
is shown in Fig. 8. The Ga® and Zn® yields are now 
seen to be 84 and 288 nuclei, respectively. Thus too 
much of a decrease in the calculated Ga® yield has 
been accomplished, whereas Zn® formation has not 
been increased quite enough; but the new results are 
much closer to the experimental values than the 
previous ones. With further changes in 6’s the agreement 
can be further improved. It may be noted that the 
increase in Zn® yield was achieved by an increased 
feed-in (due to the lowering of 6230) as well as a de- 
creased outflow (due to the over-all increase in the 6 
of Zn). Another interesting effect is seen in Ga®, where 
the increase in 634 decreases both the inflow from Ga*® 
and the outflow to Zn™. In the present situation, the 
first effect predominates, leading to a net decrease in 
Ga® yield. As mentioned below, the opposite net effect 
may also occur in some circumstances. Finally it may 
be noted that the a-particle emission from Ga*® has 
been greatly reduced by the increase in 6y34 (directly 
affecting Cu®) ; on the other hand, a emission from Ga* 
has been increased, not because the product Cu® 
involves a 6, but because this a emission can compete 
more effectively when the neutron emission to Ga® is 
hindered by a high dys. 

Whereas it is relatively simple to obtain a good fit to 
experimental data for a given pair of cross-section 
ratios in the manner just illustrated, the over-all 
problem is much more complex. In the first place, any 
given 6 value is generally involved in more than one 
reaction for which experimental data are available and 
the requirements for fitting different cross-section 
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Fic. 8. Evaporation paths for 500 Ga® nuclei at 35-Mev exci- 
tation, computed with 6 values modified as shown (in Mev). 
See Fig. 7 for comparison. 


ratios are sometimes difficult to reconcile. In the second 
place, a change in 6 has subtler effects in addition to 
the ones illustrated, and these come into play when 
fine adjustments are attempted. Thus a change in 6’s 
affects the excitation energy distribution of the residual 
nuclei. In particular, an increase in the 6 for the product 
of a given evaporation step will increase the average 
excitation energy of this residual nucleus. This is caused 
by the fact that the increase in the 6 reduces the 
maximum possible kinetic energy of the emitted particle 
(R= E—Q-—V-S). 

Another effect, albeit an artificial one (see Sec. II), 
which occurs in 2- or 3-particle emission reactions, is 
the change (by an amount equal to the 6 of the final 
product) of the energy cutoff point in the excitation 
energy spectrum of an intermediate nucleus, below 
which no evaporation is possible. This effect leads to a 
shift to higher energies (by 6) of the threshold for the 
particular reaction involving the 6 and thus to some 
distortion of the excitation function. 

Another complicating feature is that the effect of a 
change in 6 on the yield of a particular nuclide involving 
that 6 value is energy dependent and may even reverse 
direction. When the product of interest is formed at 
sufficiently low excitation to be the terminal product, 
an increase in its 6 value will inhibit its formation (see 


TABLE VII. 6 values. 


éy in Mev 
Present work 


(DFF) 


6z in Mev 
Present work 


Cameron* (DFF) Cameron* 


22 1. 
24 1. 
26 Bs 
28> £3 
f: 
5 Be 
1. 


3 1.18 
4 1.38 
5 0.87 
7 
7 
¢ 


1.90 
1.90 
2.47 
0.50 
2.06 
1.90 
0.50 
2.00 
1.41 
1.70 


C= 


2.76 
0.50 
1.35 
2 1.82 


Le | 


30 
32 
34 
36 
38 
40 
42 


i We he 


= 


Se RO 


* See reference 17. 
b No shell effects are included in Cameron's values, whereas they are 
in the DFF values. 
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Fic. 9. Experimental? and calculated excitation functions for 
reactions of Ti*® with a particles (compound nucleus Cr®). 


the example of Ga® in Figs. 7 and 8). At higher exci- 
tations, where further evaporation is possible, the same 
6 value affecting the nuclide under discussion will also 
control the formation of one of the further evaporation 
products and may have a greater effect on the disap- 
pearance of the nuclide than on its formation. 


(d) Symmetry Effect 


In attempting to obtain good agreement with experi- 
mental cross sections of the Cr®(a,2m)* and Ti**(a,2n)? 
reactions, which are unusually low, it was found neces- 
sary to add another term to the 6’s of o4Cr** and osFe™. 
The calculated production rates of these two nuclei 
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Fic. 10. Experimental* and calculated excitation functions for 
reactions of V® with a particles (compound nucleus Mn*). 
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could not be made sufficiently small by adjustments of 
the 6 values for N=24, 26 and Z=24, 26, without 
destroying the agreement for other nuclides with these 
neutron and proton numbers. A specific, additional 6 of 
2 Mev was found necessary for these nuclei with Z=N. 
This empirical result which appears to indicate a 
particular scarcity of available levels in such symmetric 
nuclei has been interpreted by de-Shalit“ in terms of 
the particular purity of states of isotopic spin (JT)=0; 
the transition probabilities from the compound states 
to these very pure T7=0 states are very small and thus 
the levels to which neutron or proton evaporation can 
take place should, in first approximation, be counted 
from the lowest lying state of 7#0. From the energies 
of the ground states of neighboring isobars, the lowest 
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Fic. 11. Experimental‘ and calculated excitation functions for 
reactions of Cr® with a particles (compound nucleus Fe®). 


lying states of T=1 in Cr** and Fe® are estimated to 
be of the order of 2 Mev above the ground states, in 
agreement with the characteristic-level displacement 
arrived at empirically. 

The other symmetrical nucleus which has been 
investigated in this region, 2sNi*®, is formed in extremely 
low cross section also®; but it was found that the 6 
values for Z=28 and NV = 28 (which include shell effects) 
were sufficiently large to suppress the computed forma- 
tion cross section of the doubly magic Ni®* to almost 
the required extent (see Fig. 12). The inclusion of a 
2-Mev symmetry correction inhibited the formation of 
Ni®* to too large an extent. On the basis of de-Shalit’s 


41 A, de-Shalit (private communication). 
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Fic. 12. Experimental® and calculated excitation functions for 
reactions of Fe™ with @ particles (compound nucleus Ni®’), At 
low energies, the dashed curves were normalized to the continuum 
theory cross sections, the dotted curves to the sum of the experi- 
mental values. 


explanation” a symmetry correction should not be 
needed for a doubly magic nucleus, as may again be 
deduced by reference to the ground-state positions of 
neighboring isobars. 

It should be pointed out that the symmetry correction 
under discussion here has nothing to do with the very 
small isotopic-number dependence of the level density 
parameter introduced by Le Couteur.®® The effect of 
the latter on the computed formation cross sections of 
symmetric nuclei is negligible, and the physical bases 
of the two effects are quite different. 

(e) Comparison of Calculated and Measured 
Excitation Functions 
Using the procedure described and the considerations 


just mentioned, 6 values were successively varied until 
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Fic. 13. Comparison of calculated Fe'*(n,p)Mn*® excitation 
. functions with the experimental data of Terrell and Helm. 
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Fic. 14. Experimental’ and calculated excitation functions for 
reactions of Co™® with protons (compound nucleus Ni®). 


a set was arrived at, which gave a reasonably good fit 
to the data of Table VI. This set, henceforth referred 
to as the DFF set of 6 values, is shown in Table VII, 
together with the values given by Cameron. It should 
by no means be concluded that this represents “the 
best possible set” of 6 values out of the entire matrix of 
possible combinations. To explore this matrix com- 
pletely would have taken an undue amount of labor 
and computer time. In any case, anyone now setting 
out to explore whether a unique and consistent set of 
6 values exists and to determine such a set could, with 
proper design of experiments, do so without recourse to 
Monte Carlo calculations as will be discussed in Sec. VI. 

With the DFF set of 6 values and the symmetry 
correction discussed above, excitation functions were 
computed for all reactions listed in Table I. It should 
be noted that this is a much more extensive list than 
that used for the actual fitting of the 6 values (Table 
VI). These excitation functions, together with the 
experimentally determined ones, are shown in Figs. 
9-24. For comparison, the excitation functions com- 
puted with Cameron’s 6 set are also shown. It is seen 
that, for almost all nuclei, the agreement of the experi- 
mental results with those calculated using the DFF set 
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Fic. 15. Experimental® and calculated excitation functions for 
reactions of Ni®* with a@ particles (compound nucleus Zn®). 
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Fic. 16. Experimental* and calculated excitation functions for 
reactions of Ni® with @ particles (compound nucleus Zn"), 
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Fic. 17. Experimental®* and calculated excitation functions for 
reactions of Cu® with protons (compound nucleus Zn), 


of 6’s, while not entirely satisfactory, is better than 
with those computed using Cameron’s 6’s. 

In addition to the excitation functions shown, a few 
cross sections known at single energies were calculated. 
The results are shown in Table VIII, together with the 
experimental data. The agreement is seen to be rather 
satisfactory except in the case of the ratio of (p,pn)/ 
(p,2n) cross sections of Ga®; the fact that this ratio is 
underestimated by the calculations probably stems 
from the low value of dy35 in the DFF set; this is 
discussed below. It is interesting to note that, for Ni*®, 
the computations yield a very high (p,2p) cross section, 
in agreement with the experimental result of Cohen 
et al., but entirely on the basis of a compound nucleus 
mechanism rather than through direct interaction as 
postulated by Cohen. This result does, of course, not 
prove that the reaction proceeds predominantly through 
a compound nucleus, but it may throw some doubt on 
Cohen’s conclusions. 

In comparing the results of the computations with 
experimental data one must, of course, make an 
assumption about the total capture cross sections for 

Cohen, Newman, and Handley, Phys. Rev. 99, 723 (1955). 

4B. L. Cohen, Phys. Rev. 108, 768 (1957). 
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the bombarding particles used in the experiments. For 
consistency with the choice of r9>=1.5X10—" cm in the 
Monte Carlo calculations, the continuum-theory cross 
sections*® for this value of ro were used. For some 
reactions (e.g., Zn™+a, Fe*+a, Cu®+a) the sum of 
the experimentally determined cross sections at low 
energies actually exceeds the continuum-theory cross 
sections so computed; in these cases, the calculated 
excitation functions are shown with two alternative 
normalizations, i.e., to the continuum-theory cross 
section and to the sum of experimental cross sections. 
An error in the energy dependence of total cross sections 
arising from inadequacies of the continuum theory or 
from unsuitable choice of ro gives rise to some distortion 
of the computed excitation curves, particularly at low 
energies. It should also be kept in mind that the 
absolute values of most experimental cross sections 
have uncertainties of the order of +10% (although 
some cross-section ratios are quoted to +5%) and that 
the energy scales of the experimental curves may be 
distorted, especially at low energies, because of energy 
straggling in beams of degraded particles and uncer- 
tainties in range-energy relations. These difficulties are 
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Fic. 18. Experimental? and calculated excitation functions for 
reactions of Cu® with protons (compound nucleus Zn*®), 
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Fic. 19. Experimental” and calculated excitation functions for 
reactions of Cu® with @ particles (compound nucleus Ga®’). The 
approximate statistical uncertainties of the calculated points are 
indicated in graph a. 
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illustrated in Fig. 17 where data by different authors 
for the Zn™ compound nucleus (from Cu®+ ) are 
shown. 

As was discussed earlier, the introduction of 6 values 
is equivalent to the assumption that, in all but the 
odd-odd nuclei, no levels below a characteristic level 
are available. This approximation is bound to shift the 
thresholds of reactions leading to such nuclei. This 
effect can readily be seen in the comparison of the 
calculated and experimental curves. Where the 6 values 
are very large (as for example in Fe™), the shift may 
persist far beyond the threshold for the production of 
the nuclide in question and lead to considerable dis- 
tortion of the computed curve, with even the peak of 
the excitation function shifted to higher energies (see 
Fig. 11). These shifts are expected only when the final 
product has a nonzero 6 value and not as a result of 
6’s at intermediate nuclei along the evaporation path. 
The shift of the calculated Zn®(a,n), (a,2n), and (a,3n) 
excitation functions (Ga® compound nucleus) to lower 
energies (Fig. 20) is probably a consequence of the low 
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Fic. 20. Experimental! and calculated excitation functions for 
reactions of Cu® with @ particles (compound nucleus Ga®). 
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Fic. 21. Experimental! and calculated excitation functions for 

reactions of Zn™ with a@ particles (compound nucleus Ge®) which 

lead to emission of one or two particles. At low energies, the 
dashed curves were normalized to the continuum-theory cross 
sections, the dotted curves to the sum of the experimental values. 
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TABLE VIII. Comparison of some calculated and experimental 
cross sections. (Calculations with the DFF 6 set.) 


Incident 
energy in 
the labo- 

ratory 

system 
Reaction nucleus (Mev) 


Cr®(p,2n)Mn*! Mn* 21.5 1: ‘ 167 a 
Cr®(p,pn)Cr! 425 670 


Cross section 


Exci- : 
in mb 


tation 
energy 


Com- 
pound Refer- 


ence 


Experi- Calcu- 
mental lated 


Co? “a 29. 105 61 
850 


Fe§(p,2n)Co 
Fe®*(p,pn) Fess 
Ni®8(p,2n)Cu*? Cu” a 32. 240 3 
Ni® (p,pn) Ni*? % \434 
Ni®*(p,2p)Co*” 680 840 
Cu®(n,2n)Cu® Cu* 970-1150 
Cu®(n,p) Ni® 19 6 
Ga®(p,2n)Ge® Ge” a5 : 360 585 
Ga" (p,pn)Ga® 300 ~=—-:120 


« B. L. Cohen and E, Newman, Phys, Rev. 99, 718 (1955). 

b From reference 42. The measured value of 240 mb is the sum of the 
(p,2n) and (p,pm) cross sections. 

¢S, G. Forbes, Phys. Rev. 88, 1309 (1952). 


value of 5y36 and represents a certain inconsistency in 
the DFF 6 set. 

Examination of Figs. 9-24 shows that even with the 
DFF 6 set some of the computed excitation functions 
exhibit sizable discrepancies from the experimental 
curves. Some of these discrepancies could almost 
certainly not be remedied by any other choices of 6 
values and are taken as evidence that mechanisms 
other than compound nucleus formation are operative 
in the reactions concerned. Perhaps the clearest ex- 
amples are the (p,pm) reactions of Cu® and Cu® (Figs. 
17 and 18) which do not drop off nearly as fast beyond 
the peaks of their excitation functions as the calcu- 
lations predict. Thus at proton energies as low as 30 
Mev (corresponding to computed excitations of the 
compound nucleus of approximately 38 Mev), these 
(p,pn) reactions appear to proceed to an appreciable 
extent by direct interaction. At higher energies (ap- 
proximately 50-Mev proton energy) the rather large 
experimentally observed (p,pm) reaction cross sections 
must be caused almost entirely by direct interactions. 
As a consequence of the large direct interaction cross 
section for proton reactions at high energies, the 
compound nucleus formation cross sections are much 
smaller than the total reaction cross sections. A com- 
parison of the experimental and calculated curves for 
Cu®+p (Fig. 18) leads to the conclusion that at 
52-Mev proton energy (corresponding to 60-Mev exci- 
tation of the compound nucleus) only about 30% of 
the reactions proceed via compound nucleus formation. 
This is in good agreement with the predictions of the 
prompt-cascade calculations of Metropolis ef al.“ It 
should be noted that the ratios of more complex 
reactions (3m, 4n, and p3n emission) are well represented 

“ Metropolis, Bivins, Storm, Turkevich, Miller, and Fried- 
lander, Phys. Rev. 110, 185 (1958). 
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Fic. 22. Experimental" and calculated excitation functions for 
reactions of Zn™ with a particles (compound nucleus Ge®) which 
lead to emission of 3 particles. 


by the present calculations even at 60-Mev excitation 
energy. These reactions are thus unlikely to be produced 
to an appreciable extent by non-compound-nucleus 
mechanisms. The proton-induced reactions’ of Co™® 
(Fig. 14) show very similar behavior. 

The high-energy tails of (a,m) and (a,p) excitation 
functions such as are exhibited by the experimental 
data on Fe*+a and Cu"+a (Figs. 12 and 20) are not 
reproduced by the computations and are probably 
evidence for non-compound-nucleus mechanisms. 


The a-particle-induced reactions involving re-emis- 
sion of a particles were not used in the fitting procedure 
because it was thought likely that they proceed to a 
large extent by non-compound-nucleus mechanisms. 
However, examination of Figs. 15, 19, 21, and 22 shows 
that although the calculated excitation functions for 
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Fic. 23. Experimental and calculated excitation functions for 
the Zn™(a,pn)Ga™ reaction (compound nucleus Ge”). The 
reaction Zn™(a,2)Zn™ was found! ‘to have a peak cross section 
of 0.2 mb and, in agreement with this result, no such processes 
were predicted by the computations with the limited numbers of 
cascades investigated. 
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some of these reactions are shifted substantially in 
energy, some others reproduce experimental data 
moderately well. At any rate, the magnitudes of the 
calculated cross sections are not far below the experi- 
mental data; this behavior would not be expected if 
direct interactions were primarily responsible for these 
reactions. The present work does not give conclusive 
evidence about the mechanism of (a,0’:--) reactions. 


IV. PARTICLE EMISSION CROSS SECTIONS 


In addition to the formation cross sections of residual 
nuclei, it may be of interest to indicate some of the 
other results of the present calculations although they 
cannot be directly compared with existing experimental 
data. Table IX lists the cross sections for production 
of neutrons, protons, deuterons, tritons, He*, and He‘ 
from various compound nuclei at 30- and 40-Mev 
excitation, as calculated with the DFF 6 set. In addition 
to reflecting some of the systematic trends already 
noted in reference 1, the data of Table IX show that 











Fic. 24. Experimental and calculated excitation functions for 
reactions of Ge” with a@ particles (compound nucleus Se”). 


deuteron and alpha emission is appreciable, although 
always small compared with neutron and proton 
evaporation. Examination of the computed evaporation 
paths shows that, as might be expected, most of the 
heavy particles are emitted in the first evaporation 
step, at least at excitation energies up to 40 Mev. It 
is also worth noting that the “pn” products are largely 
formed by pn or np emission and not by deuteron 
evaporation. At 30-Mev excitation the proportion of 
these products formed by deuteron emission is of the 
order of 5% and at 40 Mev of the order of 10%. 


V. DISCUSSION OF 5 VALUES 


In considering the DFF 6 set (Table VII), it should 
be borne in mind that shell effects on level densities 
have been treated in the same manner as pairing effects. 
The values in columns 3 and 5 of Table VIT thus include 
pairing and shell effects, whereas_Cameron’s 6’s (col- 
umns 2 and 4) represent pairing energies only. It is 
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Fic. 25. Predicted excitation functions for the reaction of Sc*® 
with a@ particles (compound nucleus V“). 


seen that, as expected, the highest 6 values in the DFF 
set occur at Z=28 and N= 28. The low values at Z=30 
and N=30 may also be attributable to the preceding 
shell edges. The other deviations of the DFF set of 
6’s from that of Cameron are all in such a direction as 
to repress neutron emission and favor proton emission 
in those reactions which were used in the fitting 
procedure. The necessity for this particular direction 
in the adjustment of the 6’s may reflect a consistent 
overestimate of ',/I', with the equations and param- 
eters used. With these equations and parameters, the 
DFF set of 6’s appears to be moderately adequate; 
however, with a different choice, for example, of the 
value of ro (>1.5X10- cm), another set of 6’s closer 
to Cameron’s pairing energies might well give a good 
fit to experimental data. A further indication that 


TABLE IX. Calculated cross sections (in mb) for the formation 
of various particles from different compound nuclei. (Calculated 
with DFF 6 set of Table VII.) 
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140 
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340 
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Fic. 26. Predicted excitation functions for the reaction of Cr 
with @ particles (compound nucleus Fe), 


larger interaction radii for charged particles are needed 
comes from the observation already mentioned that 
continuum theory with r9>=1.510-" cm and pag=1.2 
X10-" cm (see Eq. 4) appears to underestimate 
a-particle capture cross sections.*® 

After the DFF 6 set had been chosen, the effect of a 
on the excitation functions was re-examined for the 
four compound nuclei Ge®*, Ga®, Ni®’, and Cr®™, for 
which a large number of cross-section data were avail- 


45 Note added in proof.—Additional support for a larger ro comes 
from the work of J. M. C. Scott [Phil. Mag. 45, 441 (1954) ] and 
J. A. Evans [Proc. Phys. Soc. (London) 73, 33 (1959) ] who 
showed that the Coulomb barrier around a nucleus with diffuse 
edge and of the shape derived from the Stanford electron scattering 
data can be approximated by the barrier around a uniform- 
density nucleus with r9>=1.65X10~" cm. To test the effect of a 
larger ro, most of the calculations of excitation functions presented 
in this paper have now been repeated with ro=1.70X10~" cm. 
The corresponding parameters in Eq. (2) are a=0.76+1.93A~4 
and B= (1.66A~!—0.050)/(0.76+1.93A~4), and the parameters 
in Table II must be replaced by those in the following table 
(with cg=0 at all values of Z, and the relationship between the 
values of c and & for deuterons, tritons, and He* and those for 
protons and « particles the same as for r9>=1.5X10~ cm): 

4 kp Cp ka 
20 0.51 0.00 0.81 
30 0.60 —0.06 0.85 
40 0.66 —0.10 0.89 
50 0.68 —0.10 0.93 


For comparison with experiments, the capture cross sections were, 
of course, also recalculated with ro>=1.70K10~ cm. With Cam 
eron’s 6 values and this new choice of ro, the agreement with 


-experiment was found to be substantially better than for ro=1.50 


X10~ cm and in many cases about as good as for the DFF 6 set 
and r9o=1.50X10~ cm. Thus, useful calculations of excitation 
functions may be made with ro>=1.7010~* cm and Cameron’s 
6 values in regions for which no adjusted 6 values are available. 
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Fic. 27. Predicted excitation functions for the reaction of Co™® 
with a particles (compound nucleus Cu®). 


able. Although, as expected, the slopes of most exci- 
tation functions are slightly less steep with a= A/30 
than with a=A/20 the differences in calculated ratios 
and shapes were found to be small. The earlier conclu- 
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Fic. 28. Predicted excitation functions for the reaction of Ni** 
with @ particles (compound nucleus Zn®), 
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sion that the choice of a 6 set is not very sensitive to 
the value of a is thus confirmed. No firm conclusion 
about a best value of A/a could be reached. 


VI. SUGGESTIONS FOR FURTHER EXPERIMENTS 


In Figs. 25-30 additional excitation functions are 
presented for reactions which are observable by acti- 
vation techniques in the mass range under discussion, 
but for which no experimental data are available. By 
analogy with the data for which comparisons with 
experiment have been made, it may be expected that 
some of these curves are shifted in energy, although 
the shapes and the ratios of maxima should be rather 
reliable. 

More useful even than experimental checks of cross 
sections predicted in this paper would be experiments 
designed to simplify the investigation of suitable 6 
choices in this and other regions of the periodic table. 
Following are suggestions for such experiments. 

The use of experimental data on the ratio of neutron 
emission to proton emission from even-mass compound 
nuclei at low-excitation energies for the construction of 
loci of 6 pairs was already mentioned in Sec. IIIc. 
From the ratio of neutron emission to proton emission 
from an odd-mass compound nucleus, the sum of two 
6 values can similarly be obtained; this determines a 
line of slope —1 in the plane of the two 6’s. If both 
types of loci are available for the same pair of 6’s, it 
should be possible to determine the two 6 values 
uniquely from the intersection of the two lines. For 
example, the ratio of the 0Zn(a,m)3Ge" to the 
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Fic. 29. Predicted excitation functions for the reaction 
with a particles (compound nucleus Ge”). 





NUCLEAR 
302n™ (a,p)3:Ga®™ cross sections at about 15-Mev a 
energy (or 20-Mev excitation of the Ge® compound 
nucleus) determines the relative values of 6z32 and 
dyze (Fig. 6). From the cross sections of the reactions 
3oZn**(He®,2)30Ge® and 3oZn®*(He®,p)3,Ga™ the sum of 
6z32 and dy35 can be deduced, since proton emission 
leads to the odd-odd nucleus Ga® (for which 6=0) 
whereas the formation of the product of neutron 
emission, 32Ge®’, is controlled by the sum of these two 
6’s. Thus, from these two experiments, 6z32 and dws6 
can be determined uniquely, under the assumption, of 
course, that all four reactions involved proceed via 
compound nucleus formation.** A similar procedure is 
possible for the pairs 6230, dvs2 (with He‘- and He’- 
induced reactions on Ni isotopes), 6z36, dv42 (with 
similar reactions on Se isotopes), and 6z36, das (also 
with Se reactions). The last two sets of reactions 
require mass spectrometric detection techniques for 
Kr products. 

Having determined one pair of 6’s in this manner, 
one can use them, together with other loci determined 
from experiments, to establish other 6 values. For 
example, from the reactions 3oZn™(He'*,z)s3.Ge® and 
302n™ (He*,p)3,Ga®, the sum of 6z32 and dn34 can be 
fixed, and if 6z32 is now known from the previous set of 
experiments, this determines 6y34. This procedure can 
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Fic. 30. Predicted excitation functions for the reaction of Ge” 
with @ particles (compound nucleus Se”). 


46 For the He*-induced reactions this assumption will certainly 
require confirmation. In addition, the rather large positive 
Q-values for the He’® reactions make it necessary to use the 
lowest He® energies compatible with barrier considerations in 
order to stay below the threshold for two-nucleon emission. 
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TABLE X. Reactions suitable for determination of 8 values. 


6's whose sum 
can be obtained 


6 pairs for which locus 


Reactions can be determined 


Ti*® (Hen) Cr*8 


Ti**(He', p) V48 
Ti*®(a,n)Cr® 
Ti**(a,p)V 
Cr (He',n) Fe® 
Cr®(He’, p)Mn® 


Z24, N24" 
224, N26 

226, N26" 
Cr® (a,n) Fe 


Cr®(a,p) Mn > 
Fe™(He®,n) Ni*® 
Fe (He, p)Co% 
Fe (a,n) Ni*? 
Fe (a,p)Co* 
Ni®8(He’,n)Zn™ 
Ni*’(He3,p)Cu® 
Ni®8 (a,n)Zn® 
Ni®(a,p)Cu®! 
Ni® (He? ,n)Zn® 
Ni® (He, p)Cu® 


228, N30 


730, N32¢ 


Cu® (He®,n)Ga® 
Cu® (He, p)Zn% 
Zn™ (He3,n) Ge® 
Zn® (He, p) Ga" 


230, N34 


Zn* (He*,n) Ge® 
Zn (He', p)Ga® 
Zn* (a,n)Ge*? 
Zn® (a, p)Gas? 


Ga® (He?,n) As”! Z32, N38 
Ga® (He, p) Ge” 


732, N36‘ 


Ge” (He',n) Se” 
Ge” (He, p) As? 
Ge” (a,n)Se™ Z34, N40 
( 1e”(a,p )As?8 


Z34, N46 


Ge?® (a,n)Se79 
Ge"® (a, p) As 
Se™4 (He? n) Kr76 
Se (He, p) Br78 
Se™4(a,n)Kr7? 
Se™(a,p) Br77 


736, N42° 


Se8 (He3,n)Kri84 
Se76(} Le*,p )Br78 


Se”? (a,n) Kr%d 
Se” (a,p) Br® 


Se® (He',n) Kr® 4 
Se® (He, p) Br® 


736, N48 


Se (a,n )Kr8 4 
Se™® (a, p) Br* 
Se®(He?,.n)Kr™ 4 
Se® (He, p) Br 


Se®(a,n) Kr85 
Se® (a,p) Br 


736, ! 


Z36, N50 


* These 6 sums include any symmetry correction that may apply to 
these nuclei. 

b The yield of the very long-lived Mn* can probably be measured with 
mass-spectrometric techniques only, 

¢ The 6 pairs shown in boldface can be uniquely fixed by determination 
of both their sums and their loci. 

1 Stable krypton isotope, probably measurable by mass spectrometry. 
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be extended in an obvious way to cover most of the 6’s 
required in any given region. Table X lists a number 
of reactions which can be used to determine the 6’s in 
the region covered in the present paper. It may be 
noted that, as a result of various interconnections of 6 
values, the set is overdetermined and a number of 
checks are thus available. It would certainly be inter- 
esting to see if a consistent set of 6’s exists. 

In conclusion, it is perhaps worthwhile to restate 
that there is no intention to claim that a set of 6 values 
has been derived which is unique or which gives the 
best fit to experimental data. Rather, the main point 
of the present work is to show that, with the formalism 
of the statistical theory, it is possible to account 
rather well for a large body of experimental data on 
excitation functions, provided level densities for any 
given nucleus are based on a characteristic level 
determined uniquely by the neutron and proton numbers 
in that nucleus. 
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Cross Section for Compound-Nucleus Formation in Heavy-Ion-Induced Reactions* 
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Compound-nucleus-formation cross sections for various systems of heavy ions and targets have been 
calculated by using two simple models. The first model, based on a square-well nuclear potential, gives 
reasonable agreement with experiment if a radius parameter ro>1.5X10~% is used. The second model, 
based on a diffuse nuclear potential, gives agreement if r9>= 1.17 10-" cm is used. The cross sections calcu- 
lated by using the first model are presented for various energies of the systems carbon, nitrogen, oxygen, 
and neon incident on aluminum, potassium, copper, silver, praseodymium, gold, and uranium. Also tabu- 
lated are the average values of the orbital angular momentum for each system at each energy. 





INTRODUCTION 


ITH the increasing availability of accelerators 
capable of producing beams of heavy ions (i.e., 

Z>2) it has become useful to know the cross section 
for a heavy ion to form a compound nucleus by inter- 
action with a target nucleus. The results of calculations 
based on two simple models are presented here in order 
to give some idea of the magnitude of this cross section 
as a function of the energy of the bombarding particle. 


SQUARE-WELL MODEL 
Assumptions 


The assumptions of the first model used, which has 
been taken from Blatt and Weisskopf,! are as follows: 


1. Both the target nucleus and the projectile nucleus 
are spheres having well-defined surfaces and radii, 
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Fic. 1. Experimental values of the compound-nucleus-formation 
cross section compared with theoretical. Data from Flerov.* 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Present address: Brookhaven National Laboratory, Upton, 
New York. 

1J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


R,=10(A;)*, where A; is the mass number of the nucleus 
in question. 

2. The real part of the potential energy of the system 
is given by 


ZZ. i? U(1+1) 
V=——_+— 





’ for r>R,+R, 
r aus 
WK? 

Pivicntecnen, for 
2u 


Ko=10"8 cm. 


r<Rit+Ro, 


Here Z; and Z, are the atomic number of target and 
projectile, r is the distance between the centers of the 
two particles, u is the reduced mass of the system, and 
lh is the orbital angular momentum of the system, 

3. There is an interaction radius, R= R:+R2, such 
that for r>R there is no nuclear interaction, and for 
r<R, there is a strong nuclear interaction causing the 
incident particle to be absorbed. Since incident par- 
ticles with r<R are not re-emitted, it is possible to 





; Flerov (1957) 
‘ 


Cross section (mb) 


Calculated 











50 60 70 80 90 100 110 (20 
Particle energy (lab) (Mev) 


Fic. 2. Experimental values of the compound-nucleus-forma- 
tion cross section compared with theoretical. Data from Bara- 
boshkin et al.4 
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Fic. 3. Experi 
mental values of the 
compound-nucleus- 
formation cross sec- 
tion compared with 
theoretical. Data 
from Pinajian and 
Halbert. 
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Porticle energy (lab) (Mev) 


represent the wave function of the incident particle 
within the nucleus as an incoming wave, 1.e., 

u~e Kr for r<R, 
where K is the wave number of the particle inside the 
nucleus. 


On the basis of these assumptions, the following for- 
mula is derived by Blatt and Weisskopf: 


_ AKRS, 


=n? >- 5 
i=0 AP+(AKR+;)” 

















4 4 4 
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Z of target 


Fic. 4. ¢/rR?* plotted against Z of the target nucleus for nitro 
gen-ion bombardments for several values of the parameter «/B. 
(e is the center-of-mass energy; B is the Coulomb barrier height). 


THOMAS 


where 
Si=kR/(F?+G/), (2) 
Ai=kR(FiF'+GiG/)/(F?+GP), 
K=(#+K.?)}, 
x=1/k, 
F'=dF/d(kr), 


(3) 


G'=dGi/d(kr). 


F, and G; are Coulomb functions, and & is the wave 
number of the incident particle outside the nucleus. 
The Coulomb functions and their derivatives are 
evaluated for r=R. 


Calculations 


The calculations were performed on an IBM Type 
650 computer. The method of Airy integrals and the 
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Fic. 5. 0, plotted against / for uranium and aluminum plus 
carbon ions of different energies. 


Riccati 2 method described by Fréberg were used to 
evaluate the functions Fo, Go, Fo’, and Go’.2 Recursion 
formulas given by Fréberg were used to calculate 
values of the Coulomb functions for />0. The summa- 
tion of cross sections was continued until the last term 
was less than 0.01% of the sum already calculated. 


Results 


The results of calculations based on the model de- 
scribed are given in Tables I through VII for carbon, 
nitrogen, oxygen, and neon ions of a range of energies, 
incident on a variety of targets. Also given in these 


2C, E. Fréberg, Revs. Modern Phys. 27, 399 (1955). 
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tables is the average value of the angular momentum, 
in units of #, of the compound nucleus formed. The 
radius parameter, 79, used in these calculations is 1.5 
fermis [1 fermi (f)=10-" cm]. The results of some 
calculations using ro=1.2 fermis are given in Tables 


VIII and IX. 


Comparison with Experiment 


Comparisons of the calculated cross sections with 
experimentally determined ones are shown in Figs. 1-3. 
Figure 1 shows cross sections reported by Flerov for 
fission induced in uranium by different heavy ions.’ It 
has been assumed that the cross section for fission is 
equal to the cross section for formation of the compound 
nucleus. Figure 2 shows the sum of fission and spallation 
cross sections measured by Flerov and co-workers for 
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Fic. 6. Average orbital angular momentum as a function of 


energy for uranium plus various heavy ions. Dashed line is based 
on a clsssical calculation for unranium plus carbon. 
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so 








Particle energy (lab) (Mev) 

Fic. 7. Average orbital angular momentum as a function of 
energy for aluminum plus various heavy ions. Dashed line is 
based on a classical calculation for aluminum plus carbon. 

3G. N. Flerov, Proceedings of the Conference on Reactions 
Between Complex Nuclei, Gatlinburg, 1958 [Oak Ridge National 
Laboratory Report ORNL-2606, Sept. 1958 (unpublished), p. 
384]. 
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Fic. 8. Potential energy as a function of radius for the gold- 
plus-carbon system with /=0 and /= 30, The square-well potential 
is compared with the diffuse-well potential. 
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Fic. 9. Parabolas made to fit the diffuse-well potential at its 
maximum. For /=0, fw is 5.58 Mev and for /=50, hw is 7.95 
Mev. 


nitrogen-ion-induced reactions in gold.‘ In Fig. 3, calcu- 
lations for the system K*-+-N™ based on ro=1.5 and 
ro=1.37 are compared with “experimental values re- 
ported by Pinajian and Halbert.® 


Calculation of Cross Sections for 
Other Targets 


In Fig. 4 is shown a plot for nitrogen-ion bombard- 
ments, of the quantity o/R? versus the quantity Z of 
the target. Curves for several values of «/B are shown 
(e is the center-of-mass energy of the system, B is the 
Coulomb barrier height). Graphs of this nature can be 
used to interpolate values of the cross section for sys- 
tems that have not already been calculated. Similar 

4 Baraboshkin, Karamian, and Flerov, Zhur. Eksptl. i. Teoret. 


Fiz. 32, 1294 (1957) [translation: Soviet Phys. JETP 5, (1055) ]. 
6 J. J. Pinajian and M. L. Halbert, Phys. Rev. 113, 589 (1959). 
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TABLE I. Cross section for compound-nucleus formation, and average orbital angular momentum of the system, in heavy-ion bom- 
bardment of =a (Square-well model; ro=1.5 f.) [Numbers in parentheses indicate negative powers of 10; e.g., 6.31(1) 
=6.31X 107. 











Bombarding ion 
Carbon-12 Nitrogen-14 _ Oxygen-16 _ Neon-20, _ 
o(mb) a(mb) 1(h) a(mb) 1(A) a(mb) 1(h) 


6.31(1) 
10.1 3.5 6.10(2) 3.33 
57.7 1.40 3.61 4.59(3) 3.49 
156 5.12 13.2 4.03 1.39(1) 3.70 
276 ‘A; 58.0 4.71 1.93 3.99 
395 142 5.62 13.6 4.42 
504 244 6.61 51.9 5.10 

349 7.57 122 5.98 
693 448 8.48 210 6.94 

539 9.33 303 7.90 

393 





863 ‘ 666 10.6 
478 
138 


1007 2. 12.2 635 210 
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359 
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; 1233 
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1559 . : 1380 
1420 
1591 j ; 1455 
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Y 1571 
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but more uncertain approximations can be made for Angular Momentum of the Compound Nucleus 


different values of the radius parameter, fo. ‘a PF ; 
Figure 5 shows the cross section for a given value of 


euenaes the orbital angular momentum of the system, /h, 
plotted against /. Curves are given for three different 
Al+C energies of the system uranium plus carbon and four 
— energies for the system aluminum plus carbon. In 
col PARABOLIC .---=——————— - ii Figs. 6 and 7 are presented plots of the average orbital 
angular momentum versus laboratory-system energy of 
the particle for several systems. For the carbon-plus- 
uranium system and the carbon-plus-aluminum system 
curves based on a classical calculation are also shown. 
The average value of the orbital angular momentum is 
approximately equal to the average value of the total 
angular momentum of the compound nucleus. 





( millibarns ) 


Cross section 








DIFFUSE-WELL MODEL 


! wre 5 
~ E, (Mev) = 
Fic. 10. Cross sections calculated by using the parabolic Figures 1-3 indicate that the cross sections calculated 


approximation to the diffuse-well potential compared with those by using the square-well model and a radius parameter 
calculated by using the square-well model and r9=1.5 fermis and : ‘ : . 
ro= 1.2 fermis. of 1.5 fermis are not in bad agreement with the experi- 
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TaBLE II. Cross section for compound-nucleus formation, and average orbital angular momentum of the system, in heavy-ion 


bombardment of potassium-39. (Square-well model; ro=1.5 f.) [Numbers in parentheses indicate negative powers of 10; 


=6.31X107. J 


e.g., 6.31(1) 





Nitrogen-14 
a(mb) 


Carbon-12 


a(mb) 7 7 


Bombarding ion 


(h) 


Neon-20 
a(mb) 


Oxygen-16 
a(mb) 


1(h) 





4.92(5) 
7.12(3) 
3.03 (1) 
4.80 
32.1 
103 
206 
318 
427 
522 


2.56(1) 
3.28 
20.9 
70.9 
152 
247 
345 


439 
526 
610 
686 
757 
785 


940 


1057 


1160 
1248 
1320 
1386 
1441 


1534 
1608 
1668 
1718 
1795 


1853 








mental values. Certainly the results based on ro= 1.5 f 
are in far better agreement with experiment than those 
based on ro=1.2 f. Furthermore, experimentally deter- 
mined cross sections for formation of a compound 
nucleus by alpha-particle bombardment are in agree- 
ment with values calculated by using the square-well 
model and a radius parameter of 1.5 fermis.® 

It has been well established that the charge dis- 
tribution of the nucleus does not correspond to a square 
well with a radius of 1.5A! fermis, but rather to a 
diffuse well with a radius of the order of 1.2A! fermis.’ 
There is an apparent discrepancy between the radius 

6 Vandenbosch, Thomas, Vandenbosch, Glass, and Seaborg, 
Phys. Rev. 111, 1358 (1958). 


7 Robert Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, 1957), Vol. 7. 


WON WHE 


Sree: wnt 
ANNE Od 


2.69(3) 
4.24(2) 


4.31(1) 

2.90 
13.0 
39.2 
85.1 


146 
214 
285 
355 
424 


490 


parameter of ~1.5 fermis that must be used to get 
agreement between experiment and the calculations of 
the square-well model and the parameter of 1.2 fermis 
based on other evidence. This discrepancy is due in 
part to the dependence of the compound-nucleus forma- 
tion cross section on the nuclear potential, which ex- 
tends somewhat beyond the extent of the charge, and 
in part to the effects of the diffuse potential. 

Let us consider a nuclear potential of the sort pro- 
posed by Igo for the alpha particle®: 


— 1100 exp| —( 


r—1.17A3 


ae (4) 
0.574 


Vn 


8 George Igo, Phys. Rev. Letters 1, 72 (1958). 
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TaBLE III. Cross section for compound-nucleus formation, and average orbital angular momentum of the system, in heavy-ion 
bombardment of copper-63. (Square-well model; ro=1.5f.) [Numbers in parentheses indicate negative powers of 10; e.g., 6.31(1) 
=6.31X 10". ] 


Bombarding ion 
Eiab Carbon-12 Nitrogen-14 _ Oxygen-16 " Neon-20 
(Mev) a(mb) a(mb) 1(h) a(mb) 1(h) a(mb) 


20 1.07 (4) 
23 4.57(2) 
25 

3.10 


9.99 


11. 


1.89(1) 


3.29 


764 
873 
1020 


1153 
1266 


1447 


1590 

1705 1585 

1798 1696 

1875 

1940 1867 

1996 : 1771 

2044 ; 1993 P 

2085 2043 ; 1919 
2088 
2127 Je. 2035 
2194 39; 2128 

2203 


We may write, for any particle, near the nucleus can be written 


r—1.17(A,!+A,!) _ £23¢° h? l(1+-1) 
v.=Voesp| —( -) (5) V= +——— 


0.574 . wt 


r—1.17(A,3+ A!) 
If we set 1.17A,! equal to the root-mean-square radius —67 exp| - (—— . =)| (6) 


of the alpha particle, 1.61 fermis,* we can show by 
comparison of Eq. (5) with Eq. (4) that Vo= —67 Mev. Figure 8 shows the diffuse potential for the gold- 
The potential felt by a spherical charged particle plus-carbon system for /=0 and /=30 compared with 


* 
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TABLE IV. Cross section for compound-nucleus formation, and average orbital angular momentum of the system, in heavy-ion 
bombardment of silver-107, (Square-well model; ro=1.5f.) [Numbers in parentheses indicate negative powers of 10; e.g., 6.31(1) 


=6.31X107. ] 





Bombarding ion 


Etab Carbon-12 _ 
(Mev) a(mb) L(h) 


Nitrogen-14 


a(mb) T(h) 





28 3.50(6) S42 
32 7.81 (3) 5.59 
1.65 6.33 
41.8 7.93 
44 188 5.00 
48 382 61.8 
52 575 204 
754 377 
912 549 
64 709 
1084 


1.46(4) 
6.77 (2) 


68 
70 1242 
72 
75 
76 
80 
84 


1694 


1851 1652 


1810 
2092 

2053 
2261 

2232 
2389 

2367 


2474 


the square-well potential calculated for ro=1.3f and 
ro=1.5f. It can be seen that the maximum of the 
diffuse potential falls at a radius given by a radius 
parameter of between 1.3 f and 1.5 f. 

Table X gives the radius at which the potential 
(for /=0) is a maximum for several systems, and also 
lists the value of ro that would be necessary for this 
radius to be given by the formula R=ro(A,!+-A,!). If 
we consider this radius at which the potential has a 
maximum to be the interaction radius, then it is no 
longer surprising that such a large radius must be used 
with the square-well calculations. 

To investigate the effects of the diffuse potential more 
quantitatively requires either elaborate calculations or 
some simplifying approximations. The approximation 
used here is that the total potential can be represented 
by a parabola that is matched in position, height, and 
curvature to the potential at its maximum. Two such 
parabolas are shown in Fig. 9. 

The cross section for compound-nucleus formation is 


Oxygen-16 
a(mb) 


Neon-20) | 
o(mb) 1(h) 


T(h) 





31.7 


35.9 


39.6 


43.1 
49.3 
54.8 
59.9 


64.5 
69.9 


given as 


g=mr >> (2/+1)Ti, (7) 


l=0 


where 7; is the transmission coefficient for the /th 
partial wave. Hill and Wheeler have shown, for a 
parabolic potential, 


1 
(8) 


T=— ’ 
1+exp[2r(B—E£)/hw | 


where B is the height of the barrier, / the energy of the 
system, and w the vibrational frequency of the har- 
monic oscillator having a potential energy function 
given by the negative of the potential energy function 
describing the barrier.’ 

Results of calculations based on this model are com- 
pared in Fig. 10 with results based on the square-well 
model together with a radius parameter of 1.5 f and 1.2 f. 
The two cases shown represent the extremes of disagree- 
ment between the diffuse-well model and the square- 


9D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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TABLE V. Cross section for compound-nucleus formation, and average orbital angular momentum of the system, in heavy-ion 
bombardment of praseodymium-141. (Square-well model; r>=1.5 f.) [Numbers in parentheses indicate negative powers of 10; e.g., 


6.31(1) =6.31X 10". ] 


Carbon-12 
a(mb) 


Nitrogen-14 
a(mb) 


Bombarding ion 
Oxygen-16 


aA) o(mb) 








Neon-20 
o(mb) 


T(h) 





6.87 (10) 
5.88 (5) 
1.44(1) 
18.5 
164 
400 
637 
849 
1047 
1221 
1370 


1627 
1834 


2005 
2147 


2371 
2400 


TABLE VI. Cross section for compound-nucleus formation, and average orbital angular momentum of the system, in heavy-ion 
bombardment of gold-197. (Square-well model; ro=1.5f.) [Numbers in parentheses indicate negative powers of 10; e.g., 6.31(1) 
=6.31X107.] 


Carbon-12 


a(mb) 


1.82(8) 

2.30(4) 

2.06(1) 

17.1 

145 
364 
597 
814 
1024 
1205 
1368 
1521 
1660 


6.30 
6.81 
7.61 
9.25 
12.7 
16.8 
20.5 
23.6 
26.8 
29.4 
31.9 
34.2 
36.5 


1896 40.5 


44.2 
47.6 


53.8 


60.7 


—wON 


I(h) 


1.06(6) 
5.04(3) 
1.79 
52.6 
222 
435 
644 


Nitrogen-14 
a(mb) 


6.30 

6.91 

7.93 
10.4 
14.3 
18.1 
21.6 
24.6 
27.4 
30.0 
32.4 


1.80(8) 
1.44(4) 
1.09(1) 
9.60 
97.6 
271 
464 
652 
830 
985 
1133 
36.6 1269 
1502 
1702 
1870 
2017 
2143 
2254 


40.5 
44.1 


50.5 
53.4 


58.8 
2439 
2587 


2735 


66.0 


Bombarding ion 
Oxygen-16 


7(A) o(mb) 


3.48(12) 
6.14(8) 
1.46(4) 
5.93 (2) 
4.43 
54.9 
181 
338 
500 
657 
805 
946 
1192 
1410 
1596 
1762 
1906 


2148 
2343 
2538 
2694 














T(h) 








1.26(11) 
4.42(7) 
1.32(3) 
4.77(1) 
21.9 
142 
335 
542 
742 
932 
1101 
1257 
1405 


5.89 (10) 
4.70(6) 
5.15(3) 
9.39(1) 
27.1 
142 
315 
502 
684 
861 
1019 
1168 
1310 
1441 


anf ged ated otied nd 
QAxnune 
oan > 


Ree 


1671 


7.53 
8.02 
8.70 
9.79 
12.1 
16.2 
20.6 
24.7 
28.4 
31.7 
34.7 
37.5 
40.2 
42.8 


47.4 
51.7 


55.6 
59.3 


66.1 
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TABLE VII. Cross section for compound-nucleus foriaation, and average orbital angular momentum of the system, in heavy-ion 
bombardment of uranium-238. (Square-well model; ro=1.5 f.) [Numbers in parentheses indicate negative powers of 10; e.g., 6.31(1) 


=6.31X 107. ] 








Bombarding ion 


Nitrogen-14 
a(mb) 


Carbon-12 
a(mb) 


Oxygen-16 








6.38 (14) 
1.11(8) 
1.05 (4) 
9.17 (2) 4.84(8) 
9.28 1.75(4) 
107 . 8.92 (2) 
310 7.14 
542 82.1 
768 252 
983 455 
1171 659 
1350 854 
1515 1033 


1797 1364 


1641 
1884 


2039 








well model with ro=1.5 f. It can be seen that, although 
a radius parameter of 1.17 f was used with the diffuse 
model, the agreement of the curves calculated is con- 
siderably better with the ones based on a square well 
and r9=1.5 f than with those based on a square well 
and ro= 1.2 f. 


COMPARISON WITH OPTICAL MODEL 


Porter, using the optical model with a Woods-Saxon™ 
type nuclear potential and a diffuseness parameter of 
0.6 fermi, has calculated the compound-nucleus-forma- 
tion cross section for the nitrogen-nitrogen system." He 
used two sets of parameters : r9== 1.15 fermis, real poten- 
tial V=—40 Mev, imaginary potential W=—8 Mev; 
and r9=1.25 fermis, V= —20 Mev, W=—10 Mev. He 
shows that, for | V| <10 Mev, the real potentials given 
by these choices of parameters are essentially identical 
with an Igo-type potential [Eq. (5)] with Vo= —36 
Mev. In Fig 11 a comparison is made between his 
calculations (using a radius parameter of 1.15 fermis) 
and calculations based on the diffuse-well model de- 


10R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
11C, E. Porter, Phys. Rev. 112, 1722 (1958). 


1.37 (14) 
1.80(10) 
5.17(7) 
3.67 (4) 
7.02 (2) 
3.57 
41.6 

146 

289 

443 

599 

750 

896 

1034 

1168 

1292 

1409 

1521 

1729 


1914 
2234 
2557 
2817 
3030 
3208 


scribed. The agreement, though not perfect, is sur- 
prisingly good. 

Using the optical model and a potential that gives 
agreement with elastic scattering results, Igo has calcu- 
lated total reaction cross sections for alpha particles 





PARABOLIC 
Mgt ll? 











~ 40 60 


E, (Mev) 


Fic. 11. Cross sections calculated by using the parabolic 
approximation to the diffuse-well potential compared with those 
calculated by Porter, using the optical model and a radius pa 
rameter of 1.15 fermis." 
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TABLE VIII. Cross section for compound-nucleus formation, 
and average orbital angular momentum of the system, in heavy- 
ion bombardment of aluminum-27. (Square-well model ; ro= 1.2 f.) 
[Numbers in parentheses indicate negative powers of 10; e.g., 
6.31(1) =6.31X 107] 


Bombarding ion 
Carbon-12 
a(mb) 


Neon-20 


Eiab 
T(h) 
2.82 
3.04 


a(mb) 


1.21(1) 
6.57 (1) 
7772 


2.44 


714 


758 


799 
829 
858 
883 


923 


954 
981 
1001 
1019 
1034 


1010 
1034 
1055 
1074 
1090 
1125 


incident on various targets.” The potential is 


Vat+iW a= —1100 exp[— (r—1.17A4/0.574) ] 
—145.7 exp[ — (r—1.40A1/0.578) ] Mev, 


for |Va|<10 Mev. A comparison of these results, 
which are in good agreement with experiment, with 
those calculated by Blatt and Weisskopf using the 
square-well model, shows better agreement with those 
calculated using ro=1.5 fermis than with those calcu- 


2 George Igo, Physical Review (to be published). 
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TABLE IX. Cross section for compound-nucleus formation, and 
average orbital angular momentum of the system, in heavy-ion 
bombardment of uranium-238. (Square-well model; ro=1.2 f.) 
[Numbers in parentheses indicate negative powers of 10; e.g., 
6.31(1) =6.31X107.] 





Bombarding ion 
Carbon-12 
o(mb) 


Neon-20 
a(mb) 


Ea 
(Mev) 


60 1.64(5) 
65 4.69(3) 
70 3.73 (1) 
75 8.57 
80 56.2 
85 152 
90 268 
95 387 
100 502 
105 608 
716 
807 
899 


1h) T(A) 
6.62 
7.08 
7.76 
8.95 

11.2 

14.1 

17.0 

19.6 

22.1 

24.3 

26.5 

28.4 

30.3 


2.11(9) 
7.00(7) 
1.03 (4) 
6.52(3) 
2.28(1) 
3.43 
22.1 
68.0 
1194 134 
211 
290 
370 
448 
524 
596 
670 
735 
802 
863 
980 
1087 
1231 
1435 


33.7 


1057 


1315 
1421 


1599 


1742 





TABLE X. Radius at which the potential given by formula (6) 
with /=0 is a maximum for various systems. 





ro =R/(AP+A34) 
(fermis) 
1.36 
1.37 
1.40 
1.43 
1.49 
1.56 
1.62 
1.87 


Radius, R 


System (fermis) 


U+N 
Au+N 
Pr+N 
Ag+N 
Cu+N 
K+N 
AI+N 
N+N 





lated using ro= 1.3 fermis. In fact, Igo’s curves predict 
larger cross sections than are predicted by the square- 
well model with ro-=1.5 fermis. 
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An attempt is made to clarify the basis of a formula for binding energies derived in the framework of the 
j-j coupling shell model. Studies are made of the effect of three-body correlations, by introducing a density 
dependent term. It is seen that the j-7 coupling calculation can be suitably corrected for the many body 
effects. The hard-core influence is introduced as a pseudopotential. An attempt is made to fit the binding 
energies with a phenomenological central potential, including a density-dependent term. The best exchange 
mixture obtained is not far from a Serber type but includes a considerable amount of Bartlett force. When 
the hard core is included, the best exchange mixture becomes of the Serber type. With this potential a good 


fit is obtained over a large range of configurations. 


I. INTRODUCTION 


E want to study in this paper some recent results 
concerning calculations in the shell model.!-* In 
this model an inert core is assumed which corresponds 
to the closed-shell nucleus. If we look at a nucleus in 
which there is one single nucleon outside closed shells, 
we observe levels obtained by exciting the extra nucleon 
to higher orbits. However, if there are more extra 
nucleons in definite orbits (a given configuration), there 
are many levels obtained by the various modes of 
coupling of the angular momenta of the extra nucleons. 
The energy in the central field is the same for all these 
levels. This degeneracy will be removed if a perturbing 
interaction between the particles outside the closed 
shell is introduced. 

The basis of the shell model has been much solidified 
by recent advances in the theory of many-particle 
systems.‘ Brueckner and co-workers have shown that 
instead of using the real correlated wave function, y, 
and the two-body, free-particle force, one can introduce 
model wave functions and an appropriate effective 
interaction operator. Then one can write 


(Wl oij|¥) = (o| Kis|) 


K;; is related to v;; by a nonlinear integral equation. 
The G in the last expression is a particle propagator. 
This last term and the higher one in this expansion are 
the so-called cluster terms. It was shown® that for 
nuclear matter such terms may be neglected. In adopt- 
ing Eq. (1) for the finite nucleus one has to look upon 
K,; as a function of density,® p. If we expand K,;(p) 
around the mean nuclear density po, we can write to 
first order 


K i;(p) = Ki;(0) + (p—po) Ki; (po). 


* Supported in part by the National Science Foundation. 

t Now at the University of California, La Jolla, California. 

17. Talmi and R. Thieberger, Phys. Rev. 103, 718 (1956). 

2 R. Thieberger and A. de-Shalit, Phys. Rev. 108, 378 (1957). 

3S. Goldstein and I. Talmi, Phys. Rev. 105, 995 (1957). 

4A comprehensive list of references is given by Brueckner, 
Gammel, and Weitzner, Phys. Rev. 110, 431 (1958). 

5K. A. Brueckner, Phys. Rev. 100, 36 (1955). 

®K. A. Brueckner and W. Wada, Phys. Rev. 103, 1008 (1956). 


We thus interpret K;;(p0) as the effective two-body 
force which has to be used in shell model calculations. 
In later sections we will study this term, and try to 
estimate it from experiment. 

It has seemed useful in earlier work to avoid at first 
any discussion of the effective two-body force, and to 
see to what extent the shell model, and especially the 
pure j-j coupling shell model, can give a good approxi- 
mation to energy levels regardless of the exact form 
of the effective interaction. In these studies it was also 
implicitly assumed that a simple two-body force acted 
between particles, and hence that density-dependent 
terms were absent. We shall see that this assumption, 
even in the framework of these earlier calculations, is 
not strictly necessary, and further that improved agree- 
ment with experiment may be obtained if density- 
dependent interaction terms are included. 

A procedure was adopted by Talmi and co-workers 
for the light nuclei which did not involve the detailed 
knowledge of the interaction between nucleons or the 
wave functions. The following assumptions were made: 

I. The wave function describing the nucleus is a pure 
j-j coupling shell model wave function, the single- 
particle wave functions entering the complete wave 
function being independent of the number of nucleons 
in the shell. 

II. The residual interaction between nucleons is a 
two-body charge-independent interaction (this may 
include central forces, any mutual spin-orbit inter- 
actions, tensor forces, etc.). 

It should be remarked here that seniority was con- 
sidered a good quantum number. Later calculations’ 
for the ds configuration showed that for the ground 
states this was a reasonable assumption (to within a 
few percent). 

The application of the shell model requires the calcu- 
lation of the expectation value of the two-body inter- 
action among nucleons in one shell. This expectation 
value can be expressed as a linear combination of the 
energies in a two-nucleon configuration. This method is 


7R. Thieberger, Ph.D. thesis, Jerusalem, 1958 (unpublished). 
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due to Racah.* We describe it here again for the sake 
of completeness. 

We first wish to show that the interaction in a con- 
figuration j" can be expressed as a linear combination 
of the energies in the configuration j*. We consider any 
two-body operator ¢,;. In a configuration of m equivalent 
nucleons in the state j, coupled to total angular mo- 
mentum J, the expectation value will be 


GIS tal =In(n—1 GT | al), — 8) 


where the equality holds because of the equivalence of 
the nucleons. This expectation value can be further 
simplified by noting that ¢;. operates on particles 1 
and 2 only and therefore 


(j”F | tie] 7” =X a(Ji2,J)(j?Sr2| tre] 9712), (4) 
Jiz 


where the sum extends over the N possible values of J1». 
The positive coefficients a(Ji2,J) depend only on the 
nature of the state |j"J) and not on the operators 4;;, 
and are simply related to the fractional parentage 
coefficients. Most methods of calculation devote much 
effort to the calculation of these parentage coefficients. 
In Racah’s method this is not necessary, and we con- 
tinue as follows. Since the number JN of states in a 
configuration 7* is finite, there exist N independent 
operators 4,;, --+, 4; such that for a given 7 and 
every Ji2 one will have 


N 
(77 12| Vie] 7212) = Do on ( F712] 12 | 772), (5) 
kal 


where V2 is an effective two-body interaction. As the 
number of such equations is N (the number of differ- 
ent Ji2), one can solve this system of equations for the 
N unknowns a;, which will depend on V, 7, and the 
special choice of 4;;. Using (3), (4), and (5), one now 
finds 


(7° |X Vig|j"J) =4n(n—1) 
i<j 
XX a(Ii2,J) (7?Ii2| Vie! 7°12) 
Ji2 
=2 ox(j"J| Do tj j"J). (6) 


i<j 


The whole method depends on whether it is possible 
to find enough such operators ¢;;“, whose expectation 
values can be easily evaluated. If this is possible then 
Eq. (6) gives us the desired energy levels. Unfortu- 
nately, the number of such known simple operators is 
not large enough. One has therefore to limit oneself in 
the following manner. Instead of looking at all the 
levels of the configuration j?, we look at the mean 


8G. Racah, Farkas Memorial Volume (Research Council of 
Israel, Jerusalem, 1952). 
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energies : 


E(, 7 == (2Fn+1)E(Jn) (2J,+1), (7) 


which belong to the same eigenvalues of the known 
operators. 

At our disposal are three operators: 1, the unit 
operator; (t:t2), the isotopic spin; and (e¢2) Casimir’s 
operator, which is defined by*® 


€1°e2= 4; * a gte,Ye,(), 
pe 


the g*’ being the elements of the inverse of Cartan’s 


matrix, 
$00 = } 3 Cy’Car", 


where C,,” are the structure constants and e,“ are the 
infinitesimal operators of the symplectic group in 2j7+1 
dimensions. Every irreducible representation of this 
group is described by 7+} numbers W(w, ---, w444) 
and to each such representation there corresponds an 
eigenvalue, 


g(W) = wi (wit2j41) +01 (wi +2)-1) 
H+ + W544 (WH4t2), 
of Casimir’s operator. 
We return now to the energy levels. The j? levels 
belong just to three different W’s: 


T=1, J=0: W=(000--:), 
T=1, J=2,4,---: W=(110---), 
T=0, J=1,3,---: W=(200---). 


Therefore, we have to arrange our energies in the three 
groups E(0), H(2,4,---), H(1,3,---). These three 
expressions can be included in the one equation 


V =a+2b(ty-to) +e[e(W)—4(j+1)]; (8) 


a, b, and ¢ are to be chosen so that the three equations 
for V equal to E(0), E(2, 4, ---), and E(A, 3, ---) will 
be satisfied. 

It can be shown® by group-theoretical methods that, 
upon taking these averages V, the same result as 
obtained in Eq. (6) can be written for the averages of 
the energies belonging to the same eigenvalue of 
Casimir’s operator. 

Fortunately, inasmuch as ground states are charac- 
terized by seniority 0 or 1, they are the only members 
of their group (as we have seen for J=0 in j?) and 
therefore the energies of ground states can be obtained 
directly with Racah’s method. Thus for the configura- 
tion j” the following formula has been obtained?: 


E=nA+$n(n—1)a+[7(T+1)—in]b 
+[g(W)—2n(j+1)]c+coulomb energy. (9) 


Here E is the binding energy of m particles with angular 
momentum j outside a doubly magic shell, A is the 


®G. Racah, Phys. Rev. 76, 1352 (1949). 
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single nucleon energy (the sum of its kinetic energy 
and its energy of interaction with the closed shells), 
while the other terms are those which represent the 
mutual interaction. T is the isotopic spin, and the 
fourth term is essentially the pairing energy in even- 
even and odd-even nuclei. Its meaning for odd-odd 
nuclei is less simple and has been explained earlier. 

In the study of the binding energies of light nuclei 
all the available energies, E, in a definite shell were 
fitted to the linear combination (9). The best values of 
the coefficients were determined by a least-squares fit, 
and very good agreement was obtained between the 
theoretical formula and the observed energies. 

In this paper we shall attempt to clarify the basis of 
Eq. (9), particularly to see to what extent the typical 
density-dependent interaction effects of Eq. (2) are 
already partially included. We also wish to investigate 
the modifications of Eq. (9) due to the effects of three- 
body interactions to see if improved agreement with 
experiment may so be obtained. Our final objective will 
be to see if the parameters a, b, c of Eq. (9) can be 
suitably corrected for these many-body effects ob- 
tained directly from a reasonable two-body interaction. 


II. DENSITY CHANGE AND THREE-BODY 
CORRELATIONS 


Density-dependent effects in the effective interaction 
are in first approximation equivalent to three-body 
correlation effects. This is seen easily if we recall the 
origin of the density dependence in the exclusion effect 
and in the variation of the self-consistent nuclear field. 
If a third particle is added to a partially filled orbit, 
then its effect on the motion of particle pairs already 
present appears largely through these two effects. 

We include such possible correlation effects first in 
the simplest way by allowing for possible changes in 
Eq. (9) in the interaction parameter a which deter- 
mines the effective pair interaction strength. As more 
particles are added, the exclusion effects increase and 
we expect a decrease in the effective particle-particle 
force. We shall assume that the change in a gives rise 
to a new term proportional to the number of triplets, 
so that Eq. (9) now becomes 


nA+4n(n—1)a+ ()e+crer+ 1)—3n |b 


+[g(W)—2n(j+1) Je. (10) 


This additional term is equivalent to a linear n-de- 
pendence in the effective two-body parameter a. This is 


° ‘ : ; n 
seen immediately if we re-write in(n—1)a+(")a as 
4n(n—1)(a—2d)+3n(n—1)(nX4d)." 
Tt has already been shown in a previous investigation 
(reference 7), that in the case of ds;2 such a cubed term improved 


the agreement remarkably, the root mean square deviation be- 
coming less than half its former value. 
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Taste I. Experimental and calculated binding energy (in 
neni using Eqs. (2), (3), with the modification explained in 
the text. 


Nucleus Exp 


Ca® 19.83 
Ca* 27.75 
Ca“ 38.89 
Ca‘® 46.31 
ca 56.72 
Ca"? 63.87 
Ca* 73.95 
Sc# 24.79 
Sc*s 45.85 
Scé? 65.23 
Sc# 83.27 
re 43.03 
ao 56.32 
4 ad 64.84 


Nucleus 
Tis 
Ti® 


134.63 
141.19 


Nuclear parameters: 
a=0.397, d=—0.044, b= —1.173, 
Coulomb parameters: 
a=—0.212, 7=0.348. 


2(j+1)c= — 1.788. 


We have carried out calculations for the configuration 


. fru2™ using Eq. (10). The procedure adopted was a 


little different than the one used in reference 1. We did 
not assume, for the Coulomb forces, a harmonic oscil- 
lator but wrote?:!! 


2B+42(s—1)a+[4z by. 


Here B, a, and vy are free parameters. B represents the 
Coulomb interaction with the closed shells, a is the 
Coulomb interaction between z equivalent protons, and 
[42 ]=42 or 3(z—1), whichever is integral. The last 
term represents the pairing energy resulting from the 
fact that two protons have a larger probability of 
being found close together if their spins are oppositely 
directed. 

In addition to the change in handling the Coulomb 
energy, we have reduced the number of free parameters 
by taking A [Eq. (10) ] and B [Eq. (11) ] from Ca*! and 
Sc’. The results of the computation are given in 
Table I. The experimental energies are given in rela- 
tion to Ca”. All the binding energies of the Ca isotopes 
are known and are included. In the other nuclei, un- 
fortunately, the situation is not so complete. No set 
of energy values of odd-odd nuclei (belonging to the 
same W) are known completely, so that their mean 
value [Eq. (7) ] cannot be included in the table. If we 
compare the results in Table I to those of reference 1, 
we see considerably better agreement resulting from 
the n* term. Instead of a root mean square deviation of 
750 kev, we obtain now 360 kev. Observing the table 
more closely and comparing it to reference 1, we see 
that the main improvement is at the beginning and 
the end of the shell. This could be expected because by 
not including the parameter d one obtains some mean 
value of a, corresponding to the nuclei in the middle of 


(11) 


1B. C, Carlson and I. Talmi, Phys. Rev. 96, 436 (1954). 
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the shell. Comparing the parameters in Table I and 
reference 1, one sees that the main difference is that 
using Eq. (10) instead of (9) enlarges a by a certain 
amount—in our case by about 0.250 Mev. 

We next consider briefly a further improvement in 
our treatment of the many-body correlation effects. 
Thus far we have ignored the possible dependence of the 
effects on the type of nucleons interacting. Not only 
is there some spin dependence in the interactions but 
also the exclusion effects depend strongly on the nature 
of the interacting triplet of particles. Three protons or 
three neutrons would not, because of Pauli’s exclusion 
principle, exhibit such an effect in their effective inter- 
actions as long as one assumes short-range forces. To 
look for such an effect, we have repeated our calculation 


3 


, ")_(")_(*) la where n=N-+s. Th 
a term 3)-\3)7\3 d where n=N-+3. e 


result improves but by a nonsignificant amount. We 
conclude therefore, that we cannot distinguish between 
these possibilities. This difficulty arises because n is not 
large enough, even for f72, for such a delicate com- 
parison. It may be remarked however that an argument 
in favor of the d’ expression is given by the nice results 
obtained for Ca isotopes without any cubed term." 
For j7>4, the protons and neutrons fill different shells 
and so it seems that we cannot in this way distinguish 
between the two possibilities. 

The appearance of the term discussed here cannot be 
confined solely to particles outside a closed shell. We 
have to expect the same sort of change in the interaction 
with the closed shells, which has been represented up 
to this point only by the coefficient A. The additional 
extra core nucleons will alter the core energies, the 
effect appearing as a term quadratic in nm. Therefore 
Eq. (9) and Eq. (10) would not look different if such a 
term were introduced. We would only have to under- 
stand that the a appearing in these equations is com- 
posed of two terms: 


: . 7 . n 
by inserting in Eq. (10), instead of the term ( a 


a=4;+ 42. (12) 


Here a; represents the expression appearing from the 
interaction of the particles outside the closed shells, 
the expression previously thought of as comprising the 
whole of a. a2 represents the change in the single-nucleon 
energy due to the effect of density changes on the core 
energies. 

In the following analysis we will show the two a’s to 
be about equal in magnitude and opposite in sign. We 
turn now to the calculation of the parameters a, 0, 
and ¢. 

Ill. THE WAVE FUNCTION 

The usual way of treating energy levels in atomic 
spectroscopy was developed by Slater. The two-body 
potential is expanded in a series of Legendre poly- 


2 J. Talmi, Phys. Rev. 107, 326 (1957). 
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nomials. The integration over the angular variables of 
the nucleons is carried out, and the final result is a sum 
of radial integrals. The form of these radial integrals 
for the case we are considering here is 


r= ff fu (11,72)Ra?(11) Re? (r2)dridre, (13) 


where R,(r) are the radial parts of the wave functions, 
r, and r2 are the coordinates of the first and second 
particle, fx (11,72) are the coefficients in the expansion 
of the two-body potential in Legendre polynomials: 


2k+1 7} 
fe (rire) = | V (r2— 11) Pi. (coswi2)d coswe, 
-1 


where wy is the angle between 7; and ro. 

F* can be evaluated simply if we use a special form 
of the single-nucleon wave function, the harmonic 
oscillator wave functions.'*:'* These wave functions are 
determined from the single-particle potential, 


(14) 


U (r) = mw’? = hwvr’, 
and are 


¥(r,0,¢)=LR(r)/r ]Vi"(0,¢), 
where the radial part is 
Rri(r)=N ar} exp(— vr?) Lng ig y'*4 (208). 


Nx». is a normalization factor and Ly4143't4(2vr?) is an 
associated Laguerre polynomial. 

For the case of the harmonic oscillator wave function 
one can perform a separation of the variables: r= 1r— 1, 
R=3(r:+r.). One can then integrate over the angle 
between r and R, and over R, and one is left with 
integrals (Talmi’s integrals) of the form: 


I{(v/2)= f RP(r)V (r)dr, 
0 


where R,=Ry, and J,(v/2) means that one has to 
substitute in R;, v/2 instead of v.!® In our calculations 
we have equivalent nucleons, i.e., a=0. For this case 
we can always use the harmonic oscillator wave func- 
tions, where the correction to the self-consistent shell 
model wave functions will enter into the effective 
interaction. We can write R,(r1)=c(ri)Rni(ri) and we 
obtain fi,” = fc? (r1)c?(r2), which defines a new 
interaction : 


V (ne) (ro— 1) = im fa? Py (Coswy2). (15) 
k=0 


To determine the wave function we have to choose pv, 
the spring constant. Although A? may vary quite con- 
siderably over the range of configurations with which 

13]. Talmi, Helv. Phys. Acta 25, 185 (1952). 

14 R. Thieberger, Nuclear Phys. 2, 533 (1956/7). 

15 See reference 14, p. 539, the definition of d. 
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we will be dealing, \/v changes much less. It has been 
shown" that the mean square radius is given by (r?)w 
=[m(A)/4v], where (A) is the average of (4n+2/+3) 
over the particles. As later particles have higher 
quantum numbers, (A) is a monotonically increasing 
function of A. As ((r?))! is proportional to A*, we get 
that ./v does not decrease as quickly as At. We will 
assume v to be constant for each configuration and its 
value chosen from Coulomb energies.!+!! 


IV. THE HARD CORE 


When a hard core is present in the potential, Eq. (13) 
presents a difficulty since the integral runs over the 
core region also, and in the core region V(r)= 0. The 
integral can be finite only if the wave function van- 
ishes in the core region. According to Brueckner and 
Gammel,'® and in the notation we use in the previous 
section, we make the replacement : 


C(r) Veore(r) = 8 (r—1.)/Ro?(r). 


The argument which will follow is independent of 
whether we choose Ro or any other R;. We obtain 
therefore 


v2! 2! 
r™'6(r—1,)dr =c———— (2), 


(214-1) !! (21-41)! 


where (2/+1)!!=13X5X--+-X (2/+1). This could be 
approximated with an appropriate Gaussian potential.” 
Assuming for the hard core r,=0.5X10~'* cm, we ob- 
tain with the value of v from the last section vr,?=0.034. 
Therefore the 7; with /#0 can be neglected in com- 
parison to J». 

A 6-force at the origin is characterized by having 
I>X0 and J,;=0 for 1¥0. Therefore a good approxi- 
mation for the hard core is represented by a 6 force. 
This result was obtained previously.!* There it is shown 
that to a first approximation the strength of the 6 force 
is 4 (h’r./m). More generally, the effect of the core is 
enhanced both by many-body exclusion effects and by 
the presence of the strongly attractive potential. We 
write our force in the form [6(r)/r?v! JaV., the a being 
chosen so that the value of J» should coincide with the 
one obtained for the radial part of the central poten- 
tial chosen. For the case taken in the next section 
a= 2d{A2/(1+A?) ], where \=rov'. We will leave the 
strength V, as a free parameter adjustable to give the 
best results. 

We should remark at this point, and it will be seen 
from the results, that the hard-core term has many 
characteristics of enlarging the range of the two-body 
force. A larger range will have as a result large J,, 10, 
compared to Jo. This same result is brought about by 
the hard core because it diminishes J (as the hard core 


hi=0o 


16K, A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 

17R, D. Amado, Phys. Rev. 111, 548 (1958). 

18 M. Bauer and M. Moshinsky, Nuclear Phys. 4, 615 (1957). 
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is repulsive compared to the otherwise attractive force) 
but does not influence the higher J;, and so J;, 10, will 
become relatively larger. 

We put all the hard-core effects into the 6-force and 
take for the rest of the potential the integrals from 
zero and not r,. According to the same argument as 
given here, this is allowed and will result in a modifi- 
cation of the 6-force strength. 


V. THE CALCULATION OF THE PARAMETERS 


Our task is to calculate the parameters a, b, and c. 
For this purpose we calculate the energy levels of the 
j* configuration concerned, in terms of the Slater 
integrals. To calculate the Wigner force a formula is 
available.’* For the Majorana force we perform the 
calculation in Z-S coupling and then transform™ the 
result to j-7 coupling. This can then be used to obtain 
the Bartlett force expression. 

We have not considered noncentral forces. There 
seems to be no conclusive evidence, in shell model 
calculations, that it is necessary to include in the 
effective force a tensor force term. For simplification, 
therefore, we have ignored such a term. The spin-orbit 
forces are mostly included by our assumption of 7-7 
coupling. 

As we are assuming harmonic oscillator wave func- 
tions, we have to calculate Talmi’s integrals Eq. (15). 
For this purpose we need a specific assumption of the 
radial dependence of the two-body force. The question 
arises of limitations imposed by taking a specifically 
chosen radial dependence. As the Talmi integrals of 
higher / have a higher power of r in the integrand, one 
obtains that essentially 7141/Ji~rov!=A, as long as J is 
considerably smaller than one. (This argument was 
also used in connection with the hard core in Sec. IV.) 
As our A will be around 0.5 we see that the contribution 
of integrals higher than J, is very small. We have a few 
parameters determining our potential, the strength, 
the strength of the hard-core term, and to a smaller 
extent A. The hard core determines Jo; the strength 
determines, we can say, J;; J2 will remain in certain 
limits because \ was chosen to correspond to similar 
shell-model calculations. Every potential chosen would 
have its own set of strength, hard-core strength, and A. 
So the main integrals, Jo, 1, and J; would be deter- 
mined in the same way for different radial dependence. 
We obtain the result that the choice of the radial 
dependence does not play an important part in deter- 
mining the over-all picture. According to this argument 
a simple radial dependence was chosen: 


exp(—r1?/r¢) 


V(r)=) 


/ 
/ To 


We assumed the same range, ro, for the different ex- 
19 G. Racah, Phys. Rev. 62, 438 (1942). 
* G. Racah, Physica 16, 651 (1950). 
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change forces. This is a somewhat arbitrary constant, 
but as explained previously is not very decisive. By this 
procedure we obtain the energy levels as functions of 
the potential strength V, or more precisely, as a function 
of four sorts of potential strengths, the one correspond- 
ing to a Wigner force, Majorana force, Bartlett force, 
and the 6-force strengths. We call them Vy, Vm, Vs, 
and V,, respectively. 

It was mentioned in the introduction that we can 
express E(0), E(even), and E(odd) in terms of the 
parameters 4), b, and c, according to formula (8). One 
can then solve these three inhomogeneous equations for 
the three unknowns 4), b, and ¢ in terms of the energy 
combinations (0), E(even), E(odd).* As mentioned in 
the last paragraph, these levels can be expressed in 
terms of Vy, Vm, Vz, and V,. Thus we obtain aj, b, and ¢ 
as functions of Vy», Vm, Vs, and V,. 

We have considered the configurations 01/2, Od5/2, 
1s1y2, Odsy2, and Of7;2. We have omitted the configuration 
Ops/2 as it seems to us that the regularities seen in later 
configurations do not necessarily appear in this case. 

We have now described all the procedure necessary 
to calculate the two-body interaction parameters of 
Eq. (10). The equations relating the configuration- 
dependent energy parameters and the parameters of 
the Wigner, Majorana, Bartlett, and core terms in the 
potential are, for the ith configuration : 


a =a,%+aq~V wtayVytap®V pta.V,, 
b = byw OVatby® Vat bpOV et bV.,, 


C=cwOVw_tem™VutcaV etc V-. 


(16) 


TABLE II. The relation between the parameters 
and Slater integrals. 


Param- 


Configu- 
Force eter Fe F2 Fé Fé 


ration 


"fin 


—0.01079 
—0.01727 
—0.00432 

0.02020 
—0.02097 
—0.01102 
—0.00540 
—0,00863 

0.01102 


—0.02164 
—0.03463 
—0.00865 

0.02236 
—0.00577 
—0.00396 
—0.01082 
—0,.01731 

0.00396 
—0.02721 
—0.04082 


1 —0.04409 
0 —0.07054 
0 —0.01763 
—0.21428 0.03897 
—0.57142 0.00141 
—0,03571 —0.00149 
0.5 —0.02204 
0 —0.03527 
0.03571 0.00149 
—0.06531 
—0.09706 
—0.02449 —0.01020 
0.05715 0.03809 
0 —0.02857 
—0.00408 —0.01599 
—0,03266 —0.01360 
—0.04898 —0.02041 
0.00408 0.01599 
—0.12 
—0.16 
—0.04 
0.08285 
0.03428 —0.04571 
0.00714 —0.02285 
—0.06 0 
0.08 
—0.00714 


‘Wigner 
Majorana 
Bartlett 
Wigner 
Majorana 
Bartlett 
Wigner 


Majorana 0.02285 


Bartlett 


0 
0.02285 
Wigner 


—O.11111 
—0.44444 
0.38889 
—O.11111 
1 
0 
—0.5 
—1 


0.22222 
0.08889 
—0.17778 
—0.17778 


Majorana 
Bartlett 
Wigner 


Bartlett 
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The configuration label “7” runs over the configurations 
fusz, Asj2, dsy2, Py and S12. @2 was defined in Eq. (12). 
The parameters aw™, ay, ag, a,, etc., are inde- 
pendent of the potential strengths and fixed by the 
particle angular momentum, by the type and range of 
the two-body force, and by the assumed form of the 
radial wave functions. 

In Table II we give the relations between the param- 
eters and the Slater integrals. 

In calculating the parameters aw“, by“, +++, ce, 
we assumed that v changes according to the values 
derived from the experimental Coulomb energy in 
reference 1. We left a2“ as a free parameter for each 
configuration 1. 

We insert the parameters from Eq. (16) into Eq. (10). 
For simplicity we omitted the parameter A and the 
Coulomb energy, so that instead of considering E, we 
are considering E=E—nA—Coulomb energy. For the 
p12 and $1/2 configurations we took the A so that E(S*) 
= 2F(P*), E(O"*)=2E(N"*) in the rest of the cases we 
took A from the nucleus with one nucleon outside a 
closed shell. The Coulomb energy was adjusted by use 
of the parameters obtained previously. 


TABLE III. The two-body interaction potential. 





A Vu Ve Ve 


49.0 — 50.4 —7.7 


—49.0 
— 34.0 — 37.6 —10.5 





With the core 
Without the core 


VI. RESULTS AND CONCLUSIONS 


Performing the least-squares fit to the sixty energy 
equations resulting from our available experimental 
data parameters, which are 


a2", d(dsj2), d(fr2), Vw, Va, Vp, Vey 


we obtain the values of Vw, Vz, Vz, and V, which give 
the best fit to the binding energies. The best values of 
the parameters, for a chosen range ro= 1.40 10-" cm, 
are given in Table III. We also give the root mean 
square (rms) deviation. The rms deviation is defined in 
the usual way as 


cy A?/N—K}, 


i=1 


where the A; are differences between the experimental 
and calculated energies, N is the number of data and K 
is the number of parameters. 

As is seen in Table III we obtain approximately a 
Serber exchange mixture, i.e., Vw~Vw, and a small 
Bartlett contribution. This is consistent with the two- 
body scattering potential.?! 


21 P, S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957) ; 
J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 and 1337 
(1957). 
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This result was expected since we believe that our 
mixture should not differ much from the free-nucleon 
interaction, since for small ranges Wigner and Majorana 
forces are similar (they become equal for a zero-range 
§-force) and start to differ only for longer ranges, but 
at longer ranges the many-body correlation effects are 
much smaller.‘ Our calculations show that the Bartlett 
force also does not change much as a result of the corre- 
lations. This result can be seen from the expression: 


V triplet, tm0/ V singlet, l=0= 1.22. 


Table IV shows the density-dependent term, d2, for 
the different configurations. This term is in a way a 
measure of the overlap of the wave function of the 
given configuration with nearby configurations. The 
results are consistent with this interpretation, as can 


TaBLE IV. The density-dependent parameters, a2. 








a (obtained 
from the least- 
squares fit) 


0.424 
0.723 
d3/2 0.176 
pire 2.939 
S12 1.908 


Configu- 
ration 


Si 
d5y2 


a1 (calculated) 


0.801 
1.819 
1.003 
4.788 
4.698 








be seen in the table. The configuration f7/2, d3/2, and to 
some extent d52 are isolated and this is reflected in 
having smaller density terms for them. In the other 
cases there is considerable overlap: py lies near ps2 
and $12 lies near ds;2. 

We also calculate the energies without a repulsive- 
core term. The over-all agreement worsens only a little 
but the exchange mixture obtained is different. It is 
still true that VwS{V wy, although the Majorana part is 
relatively somewhat larger, but the Bartlett force be- 
comes larger. Table III also contains the constants for 
the case where the core term is omitted. We see that 
this term is not essential for the calculations of binding 
energies. 

The actual comparison between the calculations pre- 


INTERACTION 


TABLE V. Comparison between experimental and 
calculated binding energies (in Mev). 





Cale 
19.97 20.49 
39.45 38.97 
50.17 49.91 
55.36 55.04 
64.25 64.44 


Nucleus Exp Cale Nucleus Exp Nucleus Exp Cale 


Sct5 45.85 45.80 
Sct? 65.23 65.31 
Sc 83.27 82.93 
Tis 43.03 42.70 
Ti‘ 56.32 55.68 
Tit? 64.84 64.55 

76.50 76.54 

84.62 

95.54 

61.41 

83.23 





Si” A 18.76 Fis 

pw 3 14,03 Ne#! 

pa . 26.40 

$2 . 35,27 

ci ° 12.90 

Nu é 12.22 58.52 58.10 

N15 od 23.36 I 74.76 

OV < 5. 70.65 

SH YJ le 77.98 

si d . 89.10 

Sis A ; 97.35 

Cis 103.44 

Cis? . : ? 92.87 

As - s é ° - 102.02 

Aw 3. 3. ~é , oy > 114.25 

Ass S.s S. m id } 120.42 

ks é 2. 72 7. x 116,17 

Ca“ ; 129.76 

OV 3.58 al 73. > 134.63 
vi 141.19 


sented here and the experimental binding energies is 
given in Table V. We see a very good agreement, of 
the same order of magnitude as the one which was 
obtained with the free parameters.! The main errors lie 
in the ds configuration, where O'* and Mg*® have 
especially large errors. It should be remarked here that 
in this calculation we are assuming that the seniority is 
a good quantum number, and it was shown’ for the 
dsj2 configuration that this is not strictly the case. Still 
we would like to stress that even for these cases the 
agreement is quite good, the over-all error being 400 kev 
which is only 0.5% of the difference between the 
smallest and largest experimental values used in the 
least-squares fit. 

We would like to point out that our results do not 
only justify to a large extent the main assumptions of 
the free-parameters method,! but show the possibility 
of calculating levels in many configurations together, 
where many of the parameters are constant over the 
whole range. 
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The electron capture of Lu'” (1.30 yr) to levels in Yb! has been investigated using scintillation spec- 
trometers and permanent magnet spectrographs. Levels in Yb'* were observed at 78.7 (7/2—), 179.5 
(9/2—), 351.2 (7/2+-), and 636.8 (7/2—) kev. The first two excited states may be interpreted as members 
of a rotational band based on theg round state [(512) 5/2—]. The levels at 351 and 637 kev are probably the 
intrinsic levels [ (633) 7/2+-] and [(514) 7/2—], respectively, predicted by Nilsson. LZ electron capture was 
observed to be the primary mode of population of the 637-kev level. Relative reduced transition probabilities 
were obtained for all transitions to the ground-state rotational band, and comparisons with theoretical 
branching ratios were made. Log(/t) values were estimated from the observed K-capture branching ratios. 


1. INTRODUCTION 


S a part of our program of study of the nuclear 

levels of rare earth isotopes, we have investigated 
the electron capture decay of Lu'® (1.30 yr) to levels 
in Yb!"8, 

Levels in Yb'”*, at 79 and 180 kev, have been observed 
by Coulomb excitation, both by the detection of the 
de-excitation radiation' and the magnetic analysis of 
inelastically scattered protons and deuterons.’ These 
levels are consistent with the premise of a rotational 
band based on the ground state, whose measured spin 
is 5/2.34 In addition, Nilsson® predicts the existence of 
excited intrinsic levels, whose asymptotic quantum 
numbers, [(Nm,A)KJ1], are [(633)7/2, 7/2+ ], and 
[(514)7/2, 7/2—]. 

The decay of Lu'® has been studied, employing 
internal conversion electron data and coincidence 
scintillation data, with the purpose of obtaining more 
complete information on the rotational band, as well 
as the higher lying levels. 


2. PROCEDURE 


The activity was produced in two ways: (1) proton 
irradiation of natural Yb in the ORNL 86-in. cyclotron, 
which yields sources with some Lu” activity as im- 
purity; and (2) irradiation of Lu with protons, pro- 
ducing Hf'”* (24 hr), which yields a pure source of the 
daughter activity, Lu'”, when chemistry is performed 
after the Hf!” activity has decayed. The primary source 
used in this investigation was one which was chemically 
extracted from aged Hf'”*. For the purpose of obtaining 
scintillation coincidence data, a more intense source of 


* Supported by the U. S. Atomic Energy Commission. 

t Operated for the U. S. Atomic Energy Commission by the 
Union Carbide Nuclear Company. 

'N. P. Heydenberg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

2 Elbek, Nielson, and Olesen, Phys. Rev. 108, 406 (1957). 

3 J. E. Mack, Revs. Modern Phys. 27, 64 (1950). 

4K. Krebs and H. Nelkowski, Z. Physik 141, 254 (1955). 

5S. G. Nilsson, Kgl. Danske Videnskab Selskab Mat.-fys. 
Medd. 29, No. 16 (1955). See also B. R. Mottelson and S. G. 
Nilsson, Mat. Fys. Skr. Dan. Vid. Selsk. 1, No. 8 (1959). 


Lu!’ was made by irradiating stable Yb with protons. 
This source included some Lu! activity. 

The scintillation spectra were obtained using RCA 
6342A photomultipliers and NalI(TI) scintillation 
crystals ranging in size from 2 mm X10 mm to 2 in.X2 
in. Photon intensities were obtained from the area under 
the photopeaks, after the Compton distributions due to 
higher energy photons were subtracted. Corrections for 
crystal efficiencies were made from the theoretical 
curves of Wolicki et al. Coincidence measurements were 
made with a circuit of 0.067 usec resolving time. 


3. RESULTS 


The half-life of the Lu'® acitivity was measured using 
a Geiger-Miiller counter. It was found to be 1.30+0.06 
yr, in agreement with the previously accepted value of 
1.4 yr. 

Figure 1 shows a plot of the singles spectra obtained 
with scintillation spectrometers. Curve (a) shows the 
low-energy spectrum obtained with a 1} in.X1 in. 
NalI(Tl) crystal. Curve (b) shows the high-energy 
spectrum obtained with a 2 in.X2 in. NaI(T1) crystal. 
A summary of transition intensities is given in Table I. 
A complete table of conversion electron data is reported 
elsewhere.” 

The errors of the electron line intensities are as fol- 
lows: for electrons of less than 40 kev kinetic energy, 
and for lines of intensities greater than 75 units, the 
error is expected to be about 20%; for lines of intensity 
less than 75 units, the error is approximately 40%. For 
electrons of kinetic energy greater than 40 kev, and for 
moderately intense lines, the error is somewhat less 
than 20%; for intense lines it is expected to be con- 
siderably less than 20%. 

The assigned errors of the photon intensities are 
approximately 20%, for all transitions except the 285-, 
351-, and 457-kev transitions, whose intensities are 


6 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833 (1956). 

7Harmatz, Handley, and Mihelich, Phys. Rev. 114, 1082 
(1959). 
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TABLE I. Transition data. 





Internal conversion coefficients Multipole orders 
; Theoretical and 
Experimental Bi a2 a Be mixings® 


Total 
Photon int. 
i (e+) 


Trans. 
energy K-conv. 
kev line int.* int. 
K x-rays 17 000 
78.7 7200 1560 10 600 
100.7 2200 820 3400 
171.5 25 406 440 
179.5 40 174 255 
272.4 100 1960 2080 
285.6 2.8 200 203 
351.2 0 53 54 0.019+0.007 
457.1 4 28 0.054+0.025 
558.1 i | : 60 0.039+0.014 
636.8 2d. 7 177 0.034+0.015 





0.0944 
0.0434 
0.061 
0.055 
0.022 
0.018 
0.011 
0.0062 
0.0040 
0.0031 


19.354 
7.304 
EW 
2.85 
0.67 
0.63 
0.31 
0.15 
0.075 > 
0.052) 


4.864 
1.724 
0.26 

0.23 

0.070 
0.066 
0.034 
0.016 
0.013 
0.008 


0.744 
0.36" 
0.65 
0.59 
0.20 
0.15 
0.090 
0.045 
0.027 
0.019 


0.93 +0.234 M1+£E2; <5%E2L8 
0.42 +0.104 
0.062+0.016 
0.23 +0.06 
0.051+0.013 
0.014+0.008 


4 Intensity data are arbitrarily normalized to 1000 units for the 78.7-kev L1 conversion line. 


b All internal conversion coefficients are for the K-shell, except those marked with superscript Z, which are total L conversion coefficients. 
¢ All mixings are computed on the basis of K-conversion coefficients, except those marked with superscript LR, which are computed from the L ratios. 


somewhat more uncertain. The 285-kev peak was not 
resolvable from the 272-kev peak, and only an estimate 
of its intensity may be given. 

Coincidence spectra obtained gating on one photon 
peak with one counter, and sweeping across the spec- 
trum with the other counter, indicate that the 79-kev 
transition coincides with all transitions, except the 
180-, 351-, and 637-kev transitions. The 100-kev 
transition coincides with the 79-kev transition. Since 
the 79-kev transition is known to proceed to the ground 
state,! the 180-, 351-, and 637-kev transitions must 
also be transitions to the ground state. These coin- 
cidence results, shown in Figs. 2 and 3, and energy 
sums lead us to propose the decay scheme shown in 
Fig. 4. 

Delayed K-x-ray-K-x-ray coincidence data indicate 
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Fic. 1. Singles spectra of Lu'” activity. (a) Low-energy spec- 
trum obtained with a 14 in.X1 in. NaI(TI) crystal. (b) High- 
energy spectrum obtained with a 2 in.X2 in. NaI(TI) crystal. 


that there is no isomeric level with a half-life greater 
than 5X10-* sec, with the possible exception of the 
637-kev level, for which no half-life has yet been 
measured. 

Levels A, B, and C are members of the ground rota- 
tional band. The Nilsson orbital corresponding to the 
ground state is that specified by the asymptotic quantum 
numbers [(512)5/2,5/2—].° The reduced transition 
probabilities (hereafter denoted as R.T.P.) for the 
quadrupole component of the 100- and 179-kev tran- 
sitions are consistent with this, as are the multipole 
orders of the 79- and 100-kev transitions. The energies, 
determined experimentally, of the internal transitions 
in this band agree very closely with those determined 
from the rotational energy relation: 


> 


(1(1+1)—Io(Zo+1)] 
+ BLP (I+1)?=10?(To+1)7], 


h 
E(1) mt JF ( Iy)+- 
29 


where (h?/29)=11.29 kev, and 02 B2—0.002 kev. 

Electron and photon intensities were normalized to 
each other by assuming the theoretical K-conversion 
coefficient of the 180-kev transition® (taken as £2) 
and by making the quadrupole content of the 79- and 
100-kev transitions not more than 5%. This double 
normalization was required since the 172- and 180-kev 
photon peaks could not be resolved by scintillation 
spectrometers. The quadrupole mixings in the 79- and 
100-kev transitions were obtained from their L ratios. 
All other mixings were obtained by comparing experi- 
mental and theoretical K-conversion coefficients.’ The 
transition intensities, conversion coefficients, and multi- 
pole orders are shown in Table I.° 

From the multipole orders of the radiations’ de- 
populating level D, a unique assignment of 7/2+. can 
be made for its spin and parity. This corresponds to the 

8M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

9A weak 233.8-kev transition, which appears to belong to the 
Lu! activity, was observed, but its position in the decay scheme 
is unknown. 
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Fic. 2. Gamma-gamma low-energy coincidence spectra with the 79- and 100-kev transitions. 


available Nilsson orbital designated by [(633)7/2, 
7/2+]. 

The 637-, 558-, and 457-kev transitions are dipole 
plus quadrupole, and it is likely that they are M1+ £2, 
since a choice of E1+M2 would require a large ad- 
mixture of M2, which is not likely. Furthermore, the 
conversion data of the 285-kev transition is most con- 
sistent with an assignment of E1+-M2. Hence, it is most 
reasonable to designate level E as 7/2—. Such a level 
is available, from Nilsson’s orbitals, with the desig- 
nation [(514)7/2, 7/2—]. 

Experimental relative R.T.P.’s were calculated for 
all transitions to the ground-state rotational band 
(K=5/2), for |K;—Ky|<|I;—I,;|. The transitions 
were assumed to be pure dipole. These R.T.P.’s, shown 
in Table II, arbitrarily normalized to the 171.5- and 


TABLE II. Theoretical and experimental reduced dipole tran- 
sition probabilities to members of the ground-state rotational 


band (K=5/2). 





Theoretical R.T.P.'s 
Ki =3/2 Ki =5/2 Ki =7/2 


Experimental 


Transition .T.P.'s* 





DtoA E Po 26.9 0.026+0.012 
DtoB j . 8.0 2.8+0.7 
DtoC J . 1.0 1.0 


EtoA F 0.5 3.6+1.8 
EtoB y 1 1.4+0.7 
EtoC 1 


0 , 
0 J 1.0 





® The experimental R.T.P.’s are obtained here by assuming that the 
transitions to the ground-state rotational band are pure dipole transitions 
of the type indicated in Table I. The photon intensities used in the com- 
putations were deduced from the observed K electron line intensities and 
the theoretical dipole conversion coefficients. 





the 457.1-kev transitions, are compared with the 
square of the ratio of the corresponding vector addition 
coefficients, of the form,” 


BU, Ti 1) UAK:§—Ki\1Al8)? 


BQ, I;>1p) WAK.§—Ki\ Tal)” 


where J; is the spin of the initial state, K; is the com- 
ponent of this spin along the symmetry axis, and 
I; (Iy-) is the spin of the final state(s). 

ts For transitions from level E to the ground-state 
rotational band, there is no agreement between the 
experimental and theoretical!’ R.T.P.’s for K;=7/2. 
For K,;=5/2 the agreement is somewhat better, 
although the R.T.P. for the 637-kev transition is higher 
than predicted. Admixture of K;=5/2 and K;=7/2 
can bring theory and experiment into agreement, 
within the rather large experimental errors. 

The experimental R.T.P.’s for transitions from level 
D to the ground-state rotational band are not in agree- 
ment with the theoretical R.T.P.’s. This is particularly 
true of the 351-kev transition, which is greatly retarded. 
Mixing of K numbers does not improve the agreement. 

Knowing the K x-ray intensity and the K-conversion 
line intensities one can compute the electron capture 
branching ratios to the various levels in Yb'*. Accumu- 
lative errors lead to rather large uncertainties in these 
branching ratios, which are shown in Fig. 4. The 


10 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab Mat.-fys. Medd. 29, No. 9 (1955). 

A, Simon, Oak Ridge National Laboratory Report ORNL- 
1718, Oak Ridge, 1954 (unpublished). 
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observed corrected K x-ray intensity is insufficient to 
allow appreciable branching to the ground state, and 
we set a liberal upper limit of 25% for such a possible 
branch.t,An accurate estimate of the percentage K- 
capture to the ground state requires a good knowledge 
of the K-conversion line intensities of the 79- and 100- 
kev transitions. These intensities are not accurately 
determinable from our photographic plates. These two 
K-conversion line intensities, as given in Table I, were 
deduced from the theoretical internal conversion coeffi- 
cients® for the multipole orders stated. 

An experimental determination of the K-shell 
conversion coefficient of the 79-kev transition was made 
by obtaining the coincidence spectrum of K x-rays and 
79-kev photons, gating with the 272-kev photon peak. 
The K x-ray peak in the coincidence spectrum is due 
to the internal conversion of the 79-kev transition and 
the K x-rays resulting from transitions populating the 
level from which the 272-kev transition originates. 
This level is fed predominantly by K electron capture. 
When the contribution due to K-capture x-rays is 
subtracted, one has the ratio of internal conversion 
K x-rays and 79-kev quanta which leads to a value of 
4.8+0.5 for the K-shell conversion coefficient. This 
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Fic. 3. Gamma-gamma high-energy coincidence spectra with 
the 79- and 100-kev transitions. 


t Note added in proof.—This would correspond to a lower limit 
log ft of 8.9. 
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Fic. 4. Proposed decay scheme of Lu!”, The branching ratios 
shown are for K electron capture only. The total electron capture 
branching ratios to levels B, C, D, and E are 46%, 29%, 21%, 
and 4%, respectively. 


compares favorably with the theoretical value,’ for a 
5% E2 admixture, of 4.6. 

The probable absence of branching to the ground 
state is indicative of a highly forbidden electron capture 
transition. For this reason we choose, from the available 
Nilsson orbitals, that of [(514)9/2,9/2—] for the 
ground state of Lu’, The [(404)7/2, 7/2+ ] orbital 
is also available. 

K-x-ray-637 kev coincidence measurements indicate 
that there is very little, if any, K capture to level EZ. 
L-x-ray-637 kev coincidences were observed. The 
results of a coincidence experiment, using a calibrated 
geometry, indicate that less than 10% of the electron 
capture events to level #, are due to K capture. The 
total branching to level E is about 4%. Hence, the 
K capture to level E is less than 0.4% of the total 
number of K-capture events. 

The energy available for electron capture was com- 
puted in two ways, for a Lu'”® ground-state spin of 
either 9/2— or 7/2+. First, assuming the electron 
capture to level E was 10% K and 90% Li, the energy 
available Wo(F — E) (which includes the electron 
binding energy) was computed from the theoretical 
L,/K transition probabilities!? and found to be 93 kev. 
Secondly, Wo(F — E) was obtained by assuming a 
0.4% K-capture branch to level Z, and a logft~5.0 ® 
for the allowed unhindered transitions (initial state, 
9/2—), and a logft~7.5 for the first forbidden un- 
hindered transitions (initial state, 7/2+). Both calcu- 
lations lead to the conclusion that the energy available 
for electron capture from the ground state of Lu” to 
the ground state of Yb!” including the electron binding 
energy, is less than, or equal to, 730 kev. The log ft’s 
shown in Fig. 2 are those computed assuming an initial 


2M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949). 
13S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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TaBLe III. A deere mnie of the ee in asy epee homens numbers for electron capture to Yb!” from Lu’, 








f(si4) 9/2, 9/2—] 
— E) =61.6 kev. 


Initial state: 


Final 
state 


logft 
A >8.9 


_Rem arks 


2F (u) 0 0 2 

B 8.4 A(h) 0 0 2 K forb. 

. 8.4 A(h) 0 0 2 K forb. 
8.0 1F (h) 1 2 1 n, forb. 
5.0 A(u) 0 0 


Type* SN Am aA 





* (wu) means unhindered; (h) 1 means hindered. 
» Assumed logft value. 


spin of 9/2—, and a K-capture branching to level E£, 
and logft, of 0.4% and 5.0, respectively. The log ft 
values for capture to levels A, B, C, and D are relatively 
insensitive to changes in Wo, or to the choice (7/2+ 
or 9/2—) of the ground-state spin of Lu'”. A summary 
of the change in asymptotic quantum numbers for 
electron capture events to Yb!” is shown in Table ITI, 
for a Lu'™ ground-state spin of 9/2— and 7/2+. 
Violation of the asymptotic selection rules proposed 
by Alaga" is also indicated in this table. 

From the known ground-state spin of Yb!”, and the 
measured quadrupole moment,'* one can compute the 
deformation parameter, 6. The intrinsic quadrupole 
moment, Qo, is related to the quadrupole moment, Q, 
by the expression'® 


Io 220-1 


Q-——_—-- 
To+1 2Io+3 


Assuming that the nucleus is a uniformly charged 
spheroid, the intrinsic quadrupole moment is given, to 


4G. Alaga, Phys. Rev. 100, 432 (1955). 

16K, Krebs and H. Nelkowski, Z. Physik 145, 543 (1956). 

146A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab Mat.-fys. Medd. 27, No. 16 (1953). 
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— E) =67.8 kev. 
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1F (h) A forb. 

1F(h)} 

A(h) k N and/or n, forb. 
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1F (u) 


hd ' 





the first order in 6, by 
Ovm$ZR.*6. 


Taking the equilibrium nuclear radius, Ro, to be 
1.4< A4(10-" cm), one obtains a value of 6, from the 
above expression, of about 0.2.§ 

The magnetic dipole moment, yu, corresponding to 
this 6, can also be calculated. It is given by 


Ty 
w=——{(g.—g1)} 2 (diay? ain") +Elot gr}, (5) 


0 


where, in this case, g,= — 3.826, g:=0, gre~Z/A =0.407, 
and Jo=5/2. The values of the a parameters can be 
found in a table accompanying reference 5. Substituting 
the appropriate values into this expression, one obtains 
a theoretical value for the magnetic dipole moment of 
—0.67. The measured dipole moment is —0.67.4 
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Nuclear Resonance Fluorescence in Ce'°} 
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Measurements of the lifetime of the 1.6-Mev first excited state of Ce have been performed using the 
nuclear resonance fluorescence method. Self-absorption experiments using Ce metal and CeO: scatterers and 
absorbers performed at 300°K and at 78°K yield a mean life of (1.10+0.15)10- second for this state. 
Formulas are presented for the analysis of resonance fluorescence experiments using thick scatterers and 


absorbers. 





INTRODUCTION 


ANTHANUM-140 decays by 6 emission to Ce™ 

according to the decay scheme shown in Fig. 1.! 
The lifetimes of the first excited states of even-even 
nuclei in the region of Ce! are always shorter than the 
Weisskopf single-particle estimates. This enhancement 
of the £2 transition probability is generally understood 
in terms of the collective motions of the nucleons. 
Consideration of this explanation suggests that the 
reduced transition probability for decay of the first 
excited state of the semimagic nucleus ssCeg2'“ may be 
smaller than those of nuclei removed from the closed 
shells. Some recent studies of the systematics of the 
transition probabilities of the first 2+ level of even-even 
nuclei have suggested that the enhancements relative 
to the Weisskopf single-particle estimates follow a C/E? 
law.? Except in the very light nuclei there are almost 
no determinations of lifetimes of these 2+ states with 
energies higher than 1.2 Mev, which would of course, 
be a severe test of such systematics. The present meas- 
urement indicates that a C/E? law does not hold for 
the 1.6-Mev y ray of Ce™. 

The considerations which suggest the feasibility of a 
resonance fluorescence experiment on the 1.60-Mev 
y ray from the first excited state of Ce’ are as follows. 
(1) Systematics of the 2 transitions indicate a life- 
time in the region of ~ 10~" sec. (2) The required energy 
compensation for the y recoil energy loss on emission 
and absorption will be provided by the Doppler shift 
due to the recoil from the 8%, 2.18-Mev 8- branch 
feeding the first excited state, and perhaps also from 
the combined 6 and y recoils from the upper states. 
(3) The recoil from the 8 decay will probably maintain 
most of its energy until the emission of the 1.6-Mev 
y ray, even if the source is in a liquid or solid phase. 
(4) The isotopic abundance of Ce™ in the natural Ce 
scatterers is approximately 88%. (5) Very strong 
sources of La can be prepared by neutron irradiation 
of the ~ 100% isotope La’. 

In order to determine the width of a state from the 
absolute resonance fluorescence yield, the Doppler- 


t+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

* On leave from Hebrew University, Jerusalem, Israel. 

1 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958). 


broadened energy spectrum of the emitted y ray (due to 
recoil from the preceding radiation) in the immediate 
vicinity of the resonance absorption line must be accu- 
rately known. In our case this distribution is unknown 
because the forbiddenness of the preceding 8 decay is 
uncertain, the possibly strong recoil-y angular corre- 
lation is unknown due to the uncertainty in the 6-decay 
matrix elements, the partial loss of recoil energy and 
direction in the liquid source is uncertain, and the 
contribution to the resonance yield of some of the 
1.6-Mev 7’s which are preceded by y rays from higher 
levels in Ce™ is in doubt. 

For these reasons we have performed a self-absorption 
experiment which yields the nuclear level width inde- 
pendently of the details of the Doppler broadened 
y-ray distribution. Since the width of the nuclear state 
is small compared to the thermal Doppler width of the 
absorption line, the absorption line is characterized by 
a pure “Doppler shape.” The resonance self-absorption 
coefficient as well as the scattering yield thus depend 
upon the temperature of the scattering and absorbing 
material as well as on the width of the nuclear level. 

The general theory for the analysis of the resonance 
fluorescence experiments has been presented in the 
works of Metzger.*4 In the Appendix of the present 
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Fyc. 1. Decay scheme of La™, 


2, F. Coleman, Nuclear Phys. 7, 488 (1958). 

3F. R. Metzger, Progress in Nuclear Physics, edited by O. R. 
Frisch (Pergamon Press, London, to be published). 

4F, R. Metzger, Phys. Rev. 110, 123 (1958). 
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article, the relevant equations are brought to a simple 
form, easy to use in the analysis of scattering experi- 
ments from relatively thick scatterers. 

The thermal Doppler widths in solids are usually 
treated according to Lamb’s® analysis of their effect 
upon neutron resonances.’ According to Lamb’s treat- 
ment of the Doppler width in crystalline material the 
thermal motion in the scatterer and absorber can be 
characterized by an effective temperature. This effective 
temperature can be calculated as a function of the real 
temperature of the material and the Debye temperature. 
In order to check the consistency of our results with 
this theory we have performed scattering and absorp- 
tion experiments with materials at room temperature 
and at liquid nitrogen temperature. 


EXPERIMENTAL PROCEDURE 


The arrangement of source, shielding, scatterers, 
absorber, and detectors used in all the experiments is 
shown in Fig. 2. The sources used were prepared by the 
irradiation of La,O; in the Brookhaven National 
Laboratory reactor. The average source strength was 
about 500 mC. Except for a measurement of the rela- 
tive yield of a solid and liquid source, the source 
material La2O3, was dissolved in ~8N HCl and re- 
mained in solution during the experiments. Absorption 
measurements were performed using either Ce metal or 
CeO, powder scatterers and absorbers. In order to 
determine the nonresonant contribution to the counting 
rates observed in the scintillation spectrometer, com- 
parison scatterers of either Nd,O; or Sn metal replaced 
the resonant scatterer. The pulse-height distribution 
obtained in the NaI detector was analyzed with a 
100-channel analyzer. The following measurements 
were performed. 


(1) The resonant scattering yield from a 5.4-g/cm? 
Ce metal scatterer at room temperature (300°K) was 
measured. Curve (a) of Fig. 3 shows the pulse-height 
spectrum obtained with the Ce scatterer. The spectrum 
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Fic. 2. Experimental arrangement used for the resonant-scattering 
experiments. Shielding on top of apparatus is omitted. 
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Fic. 3. (a) Pulse-height distribution in the region of the reso- 
nance line from the Ce metal scatterer. (b) Pulse-height distri- 
bution obtained with a comparison scatterer. 


obtained with the comparison scatterer is shown in 
curve (b) of Fig. 3. The integrated counting rate in 
the photopeak of the 1.6-Mev vy ray was about 200 
counts/min. The integrated rate in the same channels 
with the comparison scatterer was about 20 counts/min. 
The pulses obtained with the comparison scatterers 
were due to leakage of y radiation through the shield, 
nonresonant scattering from the comparison scatterer 
and from the air and room walls, and the usual natural 
room background. 

(2) The resonant scattering of the same Ce metal 
scatterer at liquid nitrogen temperature (78°K) was 
measured. In order to maintain the scatterer at liquid 
nitrogen temperature it was contained in a styrofoam 
vessel filled with liquid nitrogen. A value of 1.16+0.03 
was obtained for the ratio of hot (300°K) to cold 
(78°K) scattering yields. 

(3) The resonant scattering yields of a 4.65-g/cm? 
CeO: scatterer at room and liquid nitrogen tempera- 
tures were measured. The CeO, powder was contained 
in a thin aluminum box. The ratio of the hot to cold 
resonant scattering yield was 1.14+0.02. 

(4) The resonant scattering yield from the CeO: 
scatterer as obtained from a solid La,O3 source was 
compared to the yield from the same source after dis- 
solving it in HCl. The ratio of liquid to solid source 
yields was found to be 1.35+0.05. 

(5) Self-absorption measurements were performed 
with CeO scatterer and absorber and with Ce scatterer 
and absorber. Figure 4 shows the results of the CeO2 
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absorption experiment. The relative resonant yields are 
plotted as a function of absorber thickness. The dis- 
placement of the absorption curves at temperatures of 
78°K and 300°K shown on this drawing corresponds to 
the actual reduction in resonance yield from the 
scatterer (with no absorber) when the temperature is 
reduced. The curve marked “Compton” corresponds to 
the total nonresonant absorption coefficient of 0.0455 
cm?/g. 

Although theoretically the resonance absorption 
curves are not exactly exponential, the deviation from 
the exponential form is not expected to be detectable 
in this experiment. For this reason we have charac- 
terized the absorption curves by an effective mass 
absorption coefficient ers (which includes also the non- 
resonant processes). The values of ere obtained in the 
different experiments are given in column 3 of Table I. 
The absorption measurements with the Ce metal were 
performed with only one 4.8 g/cm? absorber and the 
results are given in Table I in terms of an effective mass 
absorption coefficient for this thickness. 


ANALYSIS OF RESULTS 


The experimental results were analyzed using the 
equations given in the Appendix. The thermal Doppler 
width A depends on the temperature of the absorbers 
and scatterers. According to Lamb,® the absorption 
line of a solid material has the same form as it would 
have in a gas at a temperature corresponding to the 
average energy per vibrational degree of freedom of the 
lattice. It is assumed that the absorbing nucleus is free 
of lattice binding after absorbing the y ray. Thus, in 
the expression for A= E(2kT/Mc*)! for the Doppler 
width, one must use an effective temperature Taz. 
The effective temperature can be derived from the 
actual temperature if the Debye temperature of the 
scattering material is known. The Debye temperature 
of Ce is 118°K,* and that corresponding to the Ce atoms 
in the CeO» crystal is 125°K.’ 


TABLE I. Results of resonant scattering measurements. 





Scat- 
terer 
and ab- 
sorber per atom 
material T7(°K) Tett sett(cm?/g) k(cm?/g) of Cel) 


Mean 

K (barns life 
(10-8 
second) 





Self-absorption experiments 


0.106+0.014 0.093 +0.021 
0.156+0.016 0.173+0.025 


25 +6 
46+8 


Ce 293° 297° 
Ce 78° = 87° 


26.5 +4.0 
45 +6 


0.100 +0.008 
0.136 +0.012 


0.083 40.012 
0.139 +0.018 


Hot-cold ratio 
1,08 +0.15 
0.88 +0.18 


6 Progress in Low-Temperature Physics, edited by C. J. Gorter 
(Interscience Publishers, Inc., New York, 1957), Vol. 2. 
7A. S. Russel, Physik. Z. 13, 59 (1912). 
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Fic. 4. Self-absorption of the resonant yield with CeO: absorber 
and scatterer. The absorption curves are given for two tem- 
peratures of the absorber and scatterer. The “Compton” curve 
represents the attenuation expected for nonresonant 1.6-Mev 
rays. 


(A) Self-Absorption Measurement 


In Table I the results of the self-absorption experi- 
ments are summarized. In the third column the effective 
temperatures are given. Column 4 gives the experi- 
mentally determined effective mass absorption coeffi- 
cient of the resonant yield for the corresponding 
absorber (including the nonresonant contribution). 
The values of k (defined in the Appendix) were derived 
from the effective mass absorption coefficient using 
Eq. (5) (with 6=0.66) for all cases except the 78°K 
Ce scattering experiment where Eq. (3) (6=0.65, 
a=—0.057, 8=0.044) was used. (Values of 0.0445 and 
0.0455 cm?/g were used for the nonresonant, good- 
geometry mass absorption coefficient u: of Ce and CeOs, 
respectively.) The corresponding value of K (the maxi- 
mum cross section at the peak of the Doppler-shape 
absorption line per atom of Ce™), is given in column 6 
of the table and the derived mean lifetime of the 1.6- 
Mev state is given in column 7. The mean lifetime ob- 
tained from the selfabsorption experiment is (1.10 
+0.15)10~" second corresponding to a level width of 
6X 10~* ev. The errors given are not purely statistical 
but include an estimate of possible experimental sys- 
tematic errors. 

On the basis of the actual temperatures—room tem- 
perature and liquid nitrogen temperature—a ratio of 
1.94 is expected for the corresponding values of K. 
With the effective temperatures as given by the Lamb 
theory and the literature values for the Debye tem- 
peratures, this ratio should be 1.84. Experimentally 
this ratio is 1.80.4 and 1.70.3 for the Ce and CeO, 
scatterers, respectively, which seems to favor the value 
obtained from the effective temperatures. 





S. OFER AND A. 


(B) Absolute Yield 


As explained in the introduction, it is difficult to 
derive the lifetime of the 1.6-Mev level from the 
absolute resonance scattering yield. If we assume the 
lifetime of the state to be 1.110-" sec, then a value 
of (341.5) 10~ per ev is obtained for N(E,)/N 1.6 Mev 
from the absolute yield. This value can be compared to 
a calculated value of 1X 10- per ev obtained assuming 
that only the 8% 2.2-Mev 8 branch contributes to 
N(E,), and that the 8-decay recoil produces a triangular 
distribution N(£) with a full width of 64.8 ev. The 
difference between these two numbers may be due to 
the slowing down of recoils in the liquid source, or the 
crudeness of the assumption used to calculate the 
theoretical V (EZ) from the 8 decay. 


(C) Hot-Cold Ratio 


Due to the variation of the Doppler width of the 
resonance absorption line with the temperature of the 
scatterer, the resonance yield from a thick scatterer is a 
function of the scatterer temperature. On the basis of 
some assumptions which are usually made in resonant 
scattering experiments, the nuclear level width, or the 
lifetime may be determined by a measurement only of 
the ratio of the scattered yields from a given scatterer 
at two different temperatures. The necessary assump- 
tions are that the Lamb theory gives the proper effective 
temperature, and that the changes in binding energies 
of the atoms in the lattice as the crystal temperature is 
changed do not shift the effective resonance energy and 
thereby the value of V(E,). The virtue of this method 
lies in the fact that the backgrounds in the region of 
the observed resonance line due to nonresonant scat- 
tering of all y rays from the source are unaffected by 
temperature changes in the scatterer. Also, this method 
is not as sensitive to errors in the nonresonant absorp- 
tion coefficient as is the analysis of the conventional 
self-absorption measurement. 

Although the background in our cerium scattering 
measurements is not large, we have derived the nuclear 
lifetime from measurements of the hot-cold ratio as an 
illustration of the method. These are given in the lower 
part of Table I. 


(D) 1.6-Mev y Ray in Decay of Pr'*° 


We have considered the possibility of observation of 
the 1.6-Mev resonance from the K-capture decay of 
3.4-min Pr, the daughter activity of 3.3-day Nd™. 
If sufficient intensity could be obtained, it might be 
possible to perform a helicity measurement of the 
neutrino by the measurement of the circular polariza- 
tion of the resonant 7 rays. However, our measure- 
ments of the branching ratio to the 1.6-Mev state in 
the decay of Pr indicates that the 1.6-Mev state is 


8 Goldhaber, Grodzins, and Sunyar, Phys. Rev. 109, 1015 
(1958). 
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populated in only about 0.5% of the decays. There- 
fore, the experiment would require sources of several 
curies of Nd™ which we could not produce by the 
Pr'!(d,3n)Nd™ reaction with the available cyclotron 
beam intensity. 


DISCUSSION 


The mean life of 1.110~-" sec obtained for the 1.6- 
Mev state of Ce™ is about 16 times shorter than the 
single-particle Weisskopf estimate. This enhancement 
is close to those found for the transitions from the first 
excited state of the even-even Sn and Te isotopes. In 
contrast, the enhancement for the even-even isotopes 
of Mo, Ru, Pd, and Cd are approximately 40. Thus one 
sees that the Ce™ lifetime is in accord with the general 
trend of reduction of enhancement factors close to 
closed shells. 

Coleman’ has suggested that the enhancement factors 
for these first excited state transitions follow a C/E? 
dependence independent of the shell configuration. The 
y energy of the Ce™ is about 2.5 times those of the Te 
isotopes ; however, the enhancement factor is about the 
same. Also, the enhancement factor increases about 
40% from the Sn isotope to Ce whereas the energy is 
increasing. Surely the Ce’ enhancement is not con- 
sistent with Coleman’s systematics. 
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APPENDIX. FORMULAS FOR THE CALCULATION 
OF YIELDS FROM THICK SCATTERERS 


As derived in previous work,’ the number of y rays 
resonantly scattered from a thick target at a depth 
x(g/cm?) by an element dx of scattering material is 
given by 

2 (—kx)™ 
S(a)dr=niv(Eae( & ——. ) exp(uix)dx. (1) 
m=o m!(m+1)! 


E, is the resonant energy, N(£)dE is the number of 
incident y rays (at x=0) in the energy region dE, 
A=E(2kT/Mc?)' is the thermal Doppler width of the 
absorption line at the temperature 7. k= nG2’T'/4Gyr'A 
where G; and G, are the statistical weights of the excited 
and ground states, respectively, \ is the wavelength of 
the y radiation, I is the natural width of the excited 
state, m is the number of nuclei of the scattering isotope 
per g of scattering material. 4; is the total nonreso- 
nant absorption coefficient of the scattering material. 
This formula was derived under the assumption that 
N(E,+£)+N(E,—£)=const in the region of the reso- 
nance. It is also assumed in this discussion that the 
total width I’ of the level in question is the I’, corre- 
sponding to the absorbed y ray. If this is not the case 
the formulas may be modified in accordance with the 
discussion of reference 3. 
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TABLE IT. Tabulation of the function 


> (—kx)™/m! (m+1)4=PF. 
m= 








~ 
R 
> 
& 


F 


1.0000 
0.8695 
0.7585 
0.6638 
0.5830 
0.5139 
0.4547 
0.4038 
0.3600 
0.3222 
0.2895 
0.2611 
0.2364 
0.2149 
0.1961 
0.1796 








WNHNNNNE EE EEK OSOSSoSo 

SHDAPNHNOCMHA SPN OAMA LN 
DU BB Go Go Go Go 
SHARP HOMAKRP NOMA RN 








| 
| 
| 
| 
| 


The yield in the scattering or absorption experiment 
is given by f-4? S(x)dx, where A is the thickness of the 
absorber and B—A the thickness of the scatterer. The 
integration can be performed numerically. We have 
evaluated the sum }> moo""* (—kx)™/m! (m+1)! for 
the range 0<kx<6 and the results are given in Table IT. 
An alternative to the numerical integration is to 
approximate the sum by a function of kx which is 
easily integrated. An integrable approximation for the 
sum is given as follows: 


mao (—kx)™ 
———-=[1+akx+8(kx)?] exp(—6kx). (2) 

m=0 m! (m+1)! 

If, in performing the integration, we also include the 


effect of absorption of the scattered radiation as it 
leaves the scatterer, we obtain for the yield 


Y=n'N(E,)Lexp(u2a cos6/cos¢) ] 
A a 8B 
x—| exp(- sy) > 
S Ss oo 


‘ 


28 |y=ka 
+y(at -)+y'9{ | , 
S y=k(a+b/cos@) 


cosé \ 1 
S= (acta -) +6. 


where 


cosh / k 


729 


TABLE III. Values of the parameters to be used in Eq. (3). 








Maximum 
inequality 


Range of (kx) in Eq. (2) 


0<kx<1.2 
0<kx<1.6 
O0<kx<2.2 
0<kx<5.0 





a and b are the thickness of absorber and scatterer in 
g/cm?. @ and ¢ are the angles as indicated in Fig. 2. 
M1 is the nonresonant, good-geometry mass absorption 
coefficient while yz is the poor-geometry mass absorption 
coefficient used for the outgoing beam because of the 
possibility of small-angle scattering.’ 

Table III gives sets of values of the constants 4, a, 
and @ for use in Eq. (3). If k(a+0/cos@)= (kx) max lies 
within the ranges indicated in the table, then the yield 
as calculated with the approximate Eq. (3) will be 
correct to better than the maximum inequality in 
Eq. (3) as given in the table. 

It should be pointed out that the conditions of many 
experiments lie within the range 0< (kx) max<1.6. In 
this case we use the values a=0, 8=0. Then Eq. (3) 
reduces to the particularly simple form: 


N(E,) Ake~1+44)of 1 = e7 (uitue eos /os0-+8k)b/e0s8"] 
Y =x} -. (4) 
Mitpe cos6/cos0-+-5k 





Since the absorber thickness a, appears only in the 
exponential factor of Eq. (4) it is clear that the self- 
absorption experiment may be characterized by an 
effective mass absorption coefficient were (including the 
nonresonant absorption) given by 


Mett = Mit dk (5) 


The best value of 6 depends upon & and upon the 
thicknesses of scatterer and absorber. For the range 
O< (kx) max<1.6 it varies between 0.66 and 0.707. The 
value of 6 to be used must be determined for a particular 
experiment by obtaining the best fit of exp(—ékx) to 
the values of the function given in Table II in the 
appropriate region of kx, 
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The mean lives of the rotational 2+ states of nuclei in the region 150 < A < 186 have been measured with a 
pulsed proton beam timing device. The presence of prompt proton bremsstrahlung requires more elaborate 
analysis of the time distributions than the customary determination of center of gravity shift. In order to 
achieve the necessary accuracy and freedom from drift, a beam switching procedure was introduced, alter- 
nating the beam between two targets and therefore allowing accurate comparisons to be made. A measure- 
ment of the mean life of B™, carried out as a check, yielded results in good agreement with previous measure- 
ments. A method for utilizing the lifetime measurements for accurate determinations of B(E2) values is 


discussed. 


INTRODUCTION 


HE purpose of the measurements described here 

is to obtain a comprehensive and accurate survey 
of lifetimes of the 2+ rotational states in even-even 
nuclei in the region 150< A <186. Previous work in 
this region consisted of measurements of delayed 
coincidences in y-y cascades following 6 decay.! In the 
present experiments the 2+ levels were excited by a 
pulsed proton beam and the delayed y emission after 
the proton pulse was measured. The uniformity in 
procedure in this type of experiment greatly increases 
the accuracy and reliability of the measurements as far 
as comparisons between different nuclei are concerned. 


EXPERIMENTAL PROCEDURE 


The nuclei investigated were isotopes of Nd, Sm, 
Gd, Er, Dy, Hf, and W. The targets were made of 
compressed powder of the oxides of the materials, 
about 25 mg/cm? thick. The 2+ levels were excited by 
Coulomb excitation with 2.8 Mev protons from a 3-Mev 
High Voltage Engineering Van de Graaff accelerator. 

The beam pulsing apparatus is shown schematically 
in Fig. 1. It consisted of an electrostatic quadrupole 
lens and a 7-Mc/sec horizontal oscillating field which 
sweeps the beam across a 1.8 mm slit at a distance of 7 
meters. The beam spot was about 1 mm wide and beam 
pulses of 0.75 10~* sec could be produced with a mean 
current of 0.05 ya. The total current on the slit was 
about 7 wa. The y radiation was detected by a 2X2 in. 
plastic scintillator bonded to a 6810A RCA photo- 
multiplier, and the time between pulses in the multiplier 
and a fixed phase of the oscillator was translated into 
pulse height by a “delay to pulse-height converter.’” 

The pulses from the converter were fed into a 99- 
channel pulse-height analyzer that was gated by a 
single-channel analyzer which selected pulses corre- 
sponding to a fixed energy dissipated in the scintillator. 

The pulse distributions were compared with distri- 
butions correspondent to prompt radiation emitted by 


1A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
2 The converter was of the type described by L. E. Beghian 
et al. Rev. Sci. Instr. 29, 753 (1958). 


targets of odd-A nuclei (Ta, Ho) which have states with 
mean lives of the order of 5X10 sec. 

A serious source of inaccuracy in measurements of 
this nature is the shift in the pulse distribution produced 
by drifts in the electronic equipment. This difficulty was 
overcome, or rather avoided, by an arrangement which 
allowed both targets, producing “delayed” and 
“prompt” radiation, to be bombarded at essentially the 
same time; the two targets were placed one above the 
other and a vertical electrostatic field was employed to 
alternate the beam twice a second between them. At 
the same time the multichannel analyzer, which was 
divided into two parts, was switched to record in either 
the first or the last fifty channels. 

With this arrangement the only effect of instrumental 
drift was to cause a general broadening of the pulse 
distribution, manifesting itself as a deterioration of the 
time resolution. It was found that the time scale was 
shifted up to 3X10~-” sec during a run of two hours. 
The effect of this shift on the resolution was quite 
unimportant whereas in a long-term comparison meas- 
urement it could have caused serious errors. 

During each cycle of the oscillator the target is hit 
twice, so that one should observe two peaks in the pulse 
distribution separated by 71X10~ sec. However, if the 
beam is not exactly centered on the slit (for zero 
deflection voltage), the timing is distorted. To overcome 
this difficulty the beam was swept in an ellipse, with 
part of the oscillator voltage supplied to the horizontal 
plates. In this way the targets were hit only once during 
a period and on the return path the beam struck a thick 
piece of lead. 

The energies of the transitions investigated varied 
from 70 to 130 kev, and the gating pulse was set 
accordingly at 12 to 40 kev, close to the Compton edge. 
The overall time resolution varied from 2.2X10~ sec 
for the highest energies to 3X10~* sec for the lowest 
energies. A typical run is shown in Fig. 2 in which the 
pulse distribution from Sm!” is compared with that of 
Ta'* taken simultaneously. 

In order to calibrate any timing device a controllable 
known delay must be introduced in some part of the 
system. In the present experiment, calibrating delays 
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Fic. 1. Schematic drawing of the apparatus. 


were introduced by two different methods: by varying 
the length of cable between the counter and the con- 
verter, and by varying the energy of the protons, 
thereby changing the time between the oscillator phase 
and the moment of impact of the protons on the target. 
The shifts in the pulse distribution produced by the two 
types of delay were found to be compatible. The delay 
per channel was measured as (0.451+0.015) X10~ sec. 


EVALUATION OF MEAN LIVES 


The most widely accepted procedure for evaluating 
lifetimes in low-resolution measurements (i.e., if the 
resolution is not small compared to the measured mean 
life) is to determine the mean life 7 from the relation 


t=M,(f)—Mi(f), (1) 


Where M,(/) is the center of gravity of the time dis- 
tribution of pulses from the source which is being 
investigated, and M,(f) is the center of gravity of the 
pulse distribution from a source emitting prompt 
radiation. This procedure is valid only if the delayed 
radiation corresponds to a pure exponential decay. In 
our case the decay was not purely exponential because 
the proton bremsstrahlung contributes an appreciable 
component of prompt radiation; the fraction of prompt 
radiation was measured by the methods described in 
this paragraph and was found to vary between 0.25 
and 0.75. Even in cases where relation (1) seems to be 
applicable, a determination of 7 based on this relation 
alone is not very satisfactory because one has no check 
of internal consistency. 

In order to overcome these difficulties an analysis of 
higher moments of the distribution function may be 
introduced. An analysis of this nature was described by 


Bay.’ For the problem at hand it was found expedient 
to change slightly the definition of the moments. We 
define for any normalized function /(é): 


min= f | if (t)dt, 


—o 


M.(f)= f Ci— Mi (f) Pf (dt, 


M,(f)= f : (ti—Mi(f) Bf (dt. 





Fic. 2. Pulse dis- 
tribution from a 
Sm!® target and a 
Ta!® target, normal- 
ized to the same 
number of _ total 
counts. M,(Sm!*) 
and M,(T,) are the 
centers of gravity of 
the two distribu- 
tions. The signifi- 
cance of the segment 
A is explained in the 
text. 


COUNTS 
Qo 
8 


§ 








3Z. Bay, Phys. Rev. 77, 419 (1950). 
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The time distribution f(é) of the measured pulses 
may be written in the form. 


f= f g(t) F(t—1)dt’, (3) 


where ¢g(/) is the decay function of the emitted 
radiation, and F(t—/?’) is the transfer function of the 
apparatus (including finite time of production, spread 
in the crystal, photomultiplier, etc.). g(¢) and F(é—(?’) 
are taken to be normalized; f(t) will then also be 
normalized. 

The following relations hold between the moments 
of f, ¢, and F: 


Mi(f)=Mi(¢)+Mi(F), 


We shall also consider the distribution function f(é) 
corresponding to prompt radiation. In this case, 
¢(t)=6(t—¢%o) and therefore 


S@=F(t-b). (5) 


If we compare a distribution of decaying radiation 
f with a distribution of prompt radiation f, produced 
at the same time /o, we get the relations: 


Mi'(¢)=Mi(f)—M(f), i=1, 2, 3, (6) 
where M,’(¢) is defined by 
Mi (¢)=Mi(¢)—tdis. 


M (f) and M,(f) can be determined from the measured 
functions f and f. Relation (6) yields the moments 
M,/(¢) and through them the function ¢ is determined. 

The precision with which ¢ is defined will increase 
with the number of moments in the analysis. However, 
the difficulty of measuring the moments increases with 
the order and one will therefore tend to keep the number 
of moments in analysis to a minimum. 

For a pure exponential decay with mean life 7, ¢(¢) 
is given by 


0 
g()= | 
(1/r)e~-)/* for 


i=1, 2,3. (4) 


for t< lo 
(7a) 

t> bo. 

If the radiation contains a prompt component as well 

as exponentially decaying radiation, in the ratio 

(1—n)/n, then ¢(t) will be given by: 

0 for 


(1—19)5(t—to) + (n/r) et!" for 


) t<lo 
g(t)= (7b) 
t> bo. 

For a pure exponential decay one gets from (7a): 
M,'(¢)=r, and therefore Eq. (6) with i=1 yields the 
center-of-gravity relation (1). For a decay containing 
a prompt component one gets from (7b): Mi'(¢)=n7, 
and Eq. (1) is replaced by 


nt=Mi(f)—Mi(f), (8) 


which does not determine 7 uniquely if 7 is not known. 


BIRK, GOLDRING, 


AND WOLFSON 


However, the second moment of (7b) is 
M2! (¢)=(2n—7?)?’, 


M2! (¢)=2M1'(¢)7—[M1'(¢) F, 
and therefore 


1 M2'(¢)—[M1'(¢) P 
eS alg dialed del, 
2 [M,'(¢) }? 


In a pure exponential decay (n=1), (9) would yield a 
consistency check ; one should then get 


M:'(¢)=[M1'(¢) P. 


In the more general case n#1 we evaluate M;'(¢) as a 
check. With our assumptions about ¢ one should get 
the identity 


2M1'(¢)M3'(¢)=3LM2'(¢) P+LMi'(¢) (11) 


The degree to which (11) actually holds, is a measure of 
the accuracy and reliability of the measurement. 

For the experimental evaluation of the higher 
moments the freedom from uncontrolled changes and 
drifts is even more important than in center-of-gravity 
shift measurements, and the fast-cycling procedure 
adopted in this experiment is essential. 

There is another way of computing 7 independently 
of » from the distribution functions which is less 
accurate than the moment analysis but more straight- 
forward. This is based on the position of the maximum 
of the function f(t) and constitutes a generalization of a 
theorem of Newton.‘ In the same manner as in reference 
4 one can show that 


c F(tar)— f(t) 


v —Lafltu)/at}r 


where /y is the point at which /(¢) attains its maximum. 
If we draw tangents to the curves f(t), f(é) through the 
points f(t), f(t), respectively, they will cut each 
other at a point O. The distance O-ty we call A (see 
Fig. 2), and we get from (12) 


(10) 


(12) 


1—n=A/r. 


One can therefore determine 7 in principle without 
having recourse to higher moments, by the relation 


7=Mi(f)—Mi(f)+4. 


It was also found expedient to compare directly two 
decaying radiations rather than to compare either of 
them with some prompt radiation. In the region where 
the pulse distributions from prompt radiations have 
dropped to zero, the decaying radiations exhibit a pure 
exponential decay exp(—t/r71), exp(—é/r72); and the 


‘T. D. Newton, Phys. Rev. 78, 490 (1950). 
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ratio of two radiations varies as exp(—t/r’), where 


a) oa 


7’ Ti $s 
As the mean lives of the states investigated are all 
rather similar, 7’ is rather long (of the order of 10-8 
sec) and the measurement of 7’ provides a very accurate 
comparison between the two mean lives. 


RESULTS 


The results of the measurements are presented in the 
table. The mean lives are given both relative to the 
mean life of Sm!” (these being the more accurate 
results) and in absolute value. The quoted errors were 
estimated from the statistical spread in repeated 
measurements and from comparison between the results 
of the different types of measurement described in the 
previous section. By applying the consistency relation 
(11), the mean life was evaluated from M,, M3; and 
compared with the values derived from M,, M2. The 
two values differed by 4-13%, the higher discrepancies 
being consistently associated with low-energy tran- 
sitions and probably due to the increased background 
level (due to photomultiplier noise) encountered in this 
energy region. 

The results of the measurements of reference 1 are 
also given in Table I for comparison. There appears to 
be a systematic difference between these values and the 
results of the present investigation, the values of 
reference 1 being consistently smaller. 

The mean life of the first excited state of B” was 
measured as a check; the excited state being produced 
in the reaction B(p,p’)B”. This reaction also yields 
some prompt high-energy radiation which could be 
corrected for directly by the methods described above. 
Earlier measurements of the mean life of this level are 
summarized by Holland et al.* 

The prompt radiation was in this case found to 
comprise 0.03 of the total and the mean life determined 
from the third and first moments differed from the 
mean life determined from the second and first moments 


by 3%. 
INTERPRETATION OF THE RESULTS 


The mean lives of the 2+ levels are related to the 
B(£2) values for the transition.2+ — Q*: 


1/7=C,(E,)B(E2)(1+a), (13) 


where a is the conversion coefficient, and C;(E,) is a 
known function of the transition energy Fy. 

The conversion coefficients are not known at present 
with sufficient accuracy to allow a precise evaluation of 


5 Holland, Lynch, and Hanna, Phys, Rev. 112, 903 (1958). 
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TABLE I. Mean lives of 2+ states. 


Mean life 7 in 
units of 107% sec 


2.22+0.1 
2.09+0.08 
3.95+0.35 
1.78+0.15 
2.96+0.15 
4.03+0.35 
3.64+0.2 
3.20+0.2 
3.49+0.35 
2.61+0.25 
2.65+0.25 
2.70+0.15 
2.38+0.15 
2.23+0.2 
wis 1.92+0.15 
wis 1.61+0.1 
BY 0.94+0.05 


Previous measurements; 
r in units of 10~* sec 


Pa 
1/T8m'% 


~~ 1,06+0.02 
1 


Nucleus 


Nd! 
Sm! 
Sm! 
Gd'* 
Gd!56 
Gdl58 
Gd! 
Dy!” 
Dy! 
E,166 

E}® 

H 178 
H ® 
Wis 





2.02+0.15* 
1.89+0.15 
0.85+0.05 
1.4 +0.05 
1.93+0.15 
1.74+0.09 
1.5340.07 
1.67+0.15 
1.25+0.09 
1.27+0.09 
1.29+0.07 
1.14+0.07 
1.07+0.09 
0.92+0.07 
0.77+0.05 


1.73+0.154 


0.94+0.06" 


* From reference 1. 
b From reference 5, 


the B(E£2) values from the measured mean lives. It is 
therefore envisaged to carry out an accurate determina- 
tion of the yield of y’s per proton. This is given by 
B(E2) 
ny =C2(E,,E»,Z)—-, 
re 


1+a 


(14) 


where C2(E,,E,,Z) is a function of the transition energy, 
the proton energy, and the charge of the target nucleus, 
and can be accurately evaluated. From (13) and (14) 
the B(/:2) values can be determined. 


GYROMAGNETIC RATIOS 


The gyromagnetic ratios of Nd!®, Sm!, and Sm! 
have been measured by a precession method.® The 
measured precession angles depend on the product zg. 
At the time of the experiment no direct measurements 
of the mean lives of the 2+ states of Nd'® and Sm! were 
available and the results quoted in reference 6 were 
based on estimates. ‘Ihe present measurements essen- 
tially vindicate the earlier estimates, so that no error 
in the determination of the g factors was committed in 
this respect. 
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With the atomic-beam magnetic-resonance method, the nuclear spin and hyperfine-structure separation 
have been measured for 22-hour K*. The results are J=$, Av(#Sy)=192.64+0.05 Mc/sec. The nuclear 
magnetic moment calculated from these measurements is |u| =0.163+-0.002 nuclear magneton. 





I. INTRODUCTION 


HE atomic-beam flop-in technique has been used 

to measure the nuclear spin and hyperfine- 
structure separation of 22-hr potassium-43 in the *S; 
electronic state.! Since the apparatus and procedure 
employed in making measurements of these quantities 
with radionuclides has been described in detail else- 
where,” only a brief summary of the method is included 
here. The convenient 22-hr half-life of K* and its 6- 
decay made beams of this isotope suitable for radio- 
active detection with high efficiency. The experimental 
results extend the evidence for a general trend in the 
magnetic moments of the odd-mass-number isotopes 
of potassium. 


II. THEORY OF THE EXPERIMENT 


A free atom of potassium in the *S; electronic ground 
state may be represented in an external magnetic field 
H by the Hamiltonian, 


I-J, (1) 


hAv 
c= —pogsJ-H—pog I-H+ — 
I+} 


2 


where yo is the absolute value of the Bohr magneton, 
I and J are the nuclear and electronic angular momenta 
in units of #, gr is the nuclear g factor [us/(uol) J, gs is 
the electronic g factor [us/(uoJ)], and Ay is the 
zero-field hyperfine-structure separation between the 
F=I]+3 and F=I—} levels, in cycles per second. The 
energy levels of this Hamiltonian are given by the 
Breit-Rabi formula,* 


hAv 
W (F,mpr) = ———— 


—_ — gimollmp 
2(27+1) 


(1+ 
2 2I+1 


* This research was supported in part by the U. S. Air Force 
Office of Scientific Research and the U. S. Atomic Energy 
Commission. 

1 Petersen, Ehlers, Ewbank, Marino, and Shugart, Bull. Am. 
Phys. Soc. Ser. IT, 3, 415 (1958). 

2 Hobson, Hubbs, Nierenberg, Silsbee, and Sunderland, Phys. 
Rev. 104, 101 (1956). 

3G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931), as ex- 
tended by Millman, Rabi, and Zacharias, Phys. Rev. 53, 384 
(1938). 


where 

boll 

x= (—gstgi)—. 

hAv 
The positive sign is taken with the F=/++4 levels and 
the negative sign with the F=7—} levels. The qualita- 
tive variation of the hyperfine energy levels for the case 
of J=}, J= 4 and a positive nuclear moment is shown 
in Fig. 1. 

In principle, the deflecting fields (A and B) of the 
flop-in apparatus focus on the detector only those atoms 
which change the signs of their effective magnetic 
moments while the atoms traverse the region between 
the A and B magnets. At high A and B fields (x>>0.5 
for the case in Fig. 1), the refocusing condition is 
satisfied for the transitions, Amy=-+1. As shown in the 
figure, nine allowed (Amr==+1,0) transitions are 
readily observable. 

To second order in H, the transition labeled i has a 
frequency dependence of 


(—gs—2I gr) woH 


vp —_—_—_—_—_—_—_—_—_—_—_—_—_—$ 


2I+1 h 


(—gs+g1)* uo? H? 
UY insti sidlataiteal a 
(2741)? 2 Ap 


In the “linear” Zeeman region, where the magnetic field 





J=1/2 ,1=3/2 











Fic. 1. The Breit-Rabi diagram for potassium-43 with an 
assumed positive nuclear magnetic moment. 
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is low, the first term of this expression is dominant and 
the higher-order terms may be neglected. Similarly, 
since gr is about 1/2000 of gy, its effect in the equation 
is small. Therefore, the transition frequency is de- 
pendent essentially upon H, 7, and the known constants 
gz, wo, and h. Observation of this transition at given 
low fields and frequencies thus establishes the nuclear 
spin J. 

Initial estimates of the hyperfine-structure separation 
Av result when transition 7 is followed to higher fields 
where the second and higher order terms in Eq. (3) 
contribute. For this transition, the hyperfine-structure 
separation may be calculated exactly from the equation 


gruoll —gsuoll 
av= (++ =) —-——-—y rf 
h h 
grboH 22) gol 
oii online = ), (4) 
(27+1)h 


27+1 h 
where y is the resonant frequency of transition 7 and 
other symbols have been defined previously. In this 
equation, g; is an unknown but may be estimated with 
the aid of the Fermi-Segré formula,‘ 


Av |gr|/20+1 ; 
egy |g 
Av! | gr |\27'+1 


where the primed and unprimed quantities refer to two 
isotopes of the same element. Equations (4) and (5) 
may be solved simultaneously for Av and g; by assuming 
first a positive and then a negative sign for gy. Although 
the Fermi-Segré formula involves certain simplifying 
assumptions, moments calculated from it are normally 
in error by less than 1%. 

As seen in Fig. 1, eight of the observable transition 
frequencies approach Av as the external field approaches 
zero. The field dependence of these transitions may be 
computed from the Breit-Rabi equation. With the 
apparatus used in this work, the transitions 6 and c, as 
well as e and f, form unresolved doublets. The transition 
d exhibits only small-field dependence at low fields. 
The resulting resonance is narrow and therefore provides 
the best measurements of the zero-field hyperfine- 
structure separation. 


III. ISOTOPE PRODUCTION AND IDENTIFICATION 


K* was produced on the Berkeley 60-inch Crocker 
cyclotron by the reaction A®(a,p)K*. The natural 
argon gas at 2 atmos absolute pressure was contained 
in a water-cooled aluminum cylinder of cross section 
1}X5 inches and of length 19 inches. One end of this 
container was provided with a “‘window assembly” to 
admit the bombarding particles. After a bombardment, 
potassium atoms were recovered from the walls of the 
target container by solution in distilled water containing 


4E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 
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about 30 mg of potassium chloride carrier. Three 
washings, each approximately 200 ml in volume, were 
adequate to remove the major portion of the activity. 
Then the solution was reduced in volume, pipetted into 
the atomic-beam oven, and evaporated to dryness. An 
excess of finely divided calcium metal was added to 
cause reduction of the potassium ions when the oven 
was later heated in the atomic-beam apparatus. 

Since K® (12.5-hr) is also produced by the reaction 
A“(a,pn)K® during a bombardment, this isotope forms 
an unwanted background in these experiments. For 
bombardments with 40-Mev alpha particles, continuous- 
flow proportional counters showed the initial activity 
of K® to be 60 times that of K®. As a result, an experi- 
ment was conducted to determine roughly the relative 
yield of K* to K® as a function of the beam energy. At 
about 20 Mev, the activity ratio K®/K* was reduced 
to 4. Subsequently, the preferential decay of K® further 
decreased this ratio before use of the sample. At 20 Mev, 
100 to 140 microampere-hours of bombardment pro- 
duced adequate K* activity for 15 hours of running 
time, with resonance signals of 3 to 30 counts per 
minute (10-minute collecting time) above a 2-count/min 
counter background. 

Samples of the transmitted potassium beam were 
collected on sulfur surfaces and counted in continuous- 
flow proportional counters. Because the samples were 
inserted directly into the sensitive volume of the 
counters, radiation into 27 steradians of solid angle was 
counted. Each resonance exposure was decayed for 3 or 
4 days to verify the presence of 22-hour K*. The half- 
life and identity of this isotope have been well estab- 
lished by previous investigators.°~7 


IV. EXPERIMENTAL PROCEDURE 


For the work on K*, the resistance-heated oven was 
inserted into the atomic-beam apparatus by means of 
an oven-loader assembly. This assembly, containing 
electrical, thermocouple, and water-cooling connections, 
could be introduced into the apparatus without disturb- 
ing the high vacuum within. 

The easily detected potassium carrier, which was 
added during the chemistry, facilitated initial align- 
ment of the oven. Also, observation of the low-field 
flop-in resonance (Ff, mp=2, —1«> 2, —2) of stable 
potassium before and after each radioactive exposure 
served to calibrate the transition magnetic field (C field) 
and to indicate the beam intensity for normalization. 

Radiofrequencies for the A¥=O transitions were 
generated by a Tektronix Type 190 oscillator. For the 
AF=-+1 transitions, a Hewlett-Packard Model 608 A 
oscillator and two Instruments For Industries wide- 
band amplifiers were used. All frequencies were moni- 
tored with a Hewlett-Packard Model 524B frequency 
counter, whose 100-kc/sec internal-reference frequency 

5 Overstreet, Jacobson, and Stout, Phys. Rev. 75, 231 (1949). 


6 G, Anderson, Phil. Mag. 45, 621 (1954). 
7 'T. Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 444 (1954). 
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TABLE I. Values of Av predicted from low-frequency resonances. 





Hfs separation (for either 
positive or negative 
ke Ke magnetic moment) 
(Mc/sec) (Mc/sec) (Mc/sec) 


177+41 
184433 
186+9 
188+6 





12.15+0.50 
17.70+0.75 
29.90+0.50 
52.60+0.50 


10.89+0.05 
15.36+0.05 
24.30+0.05 
39.25+0.30 


was compared weekly with an Atomichron. 
V. RESULTS 


From Eq. (3), the spins and frequencies of two 
detectable low-frequency resonances at a given field 
are related approximately by 


(— ~~) 

yy = ——— = V2; 

27,+1 

where the subscripts 1 and 2 may refer to radioactive 
K* and stable K®, respectively. When a search was 
made at frequencies corresponding to spins of 3, 2, 3, 
and 3, the buttons corresponding to /=2 and J=$ gave 
definite indications of resonances. Subsequent decay of 
the activity collected on the J=2 button confirmed its 
identity as K®, which has a known spin of two.® 
Similarly, the decay of the = $ sample showed an en- 
richment of K* over the normal composition of the 
beam. Because these resonances were quite broad, a 
portion of the tail of the spin-2 resonance contributed to 
the J=$ signal. However, decay analysis distinguished 
the contribution of each isotope to the resonance. 

On a subsequent run, four resonances of K* were re- 
solved at progressively higher values of the C field. 
These confirmed the spin (J=%) and roughly deter- 
mined the hyperfine-structure separation, Av, of K*. 
A summary of these results appears in Table I. The 
relatively large uncertainties in the frequencies of these 





———— 
Run 1621 
x. 22h 
(2,0 + 1,0r 


T T 


192.764 Mc/sec 
‘ 


Fic. 2. A_ bell- 
shaped curve fitted 
to a field-independ- 
ent resonance by a 
least-squares _—pro- 
cedure. 


[oe 


NORMALIZED COUNTING RATE (erbitrory units) 
ny 








1 1 i 1 it 1 
925 6 7 8 9 1930 
Mc /sec 





* E. H. Bellamy and K. F. Smith, Phil. Mag. 44, 33 (1953). 
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resonances resulted from broad-resonance lines. It 
should be noted that the usual consistency argument? 
for determining the sign of the moment cannot be used 
for K* in this experiment. Owing to a small magnetic 
moment, the hyperfine-structure separations calculated 
for a positive magnetic moment and for a negative 
magnetic moment, respectively, lie well within the 
errors of the measurements. As a result, the data pre- 
sented here cannot determine the sign of the moment. 

After the wide line width was reduced by changing 
the radio-frequency hairpin and by repositioning it in 
the C field, a search for the direct transitions (AF = +1) 
was begun. Table II summarizes the results. The field- 
independent line (FP, mr=2, 0<+1, 0, transition d in 
Fig. 1) was observed seven times in fields from ~2.3 
to ~8 gauss. Proper dependence of this line upon the 
magnetic field established its identity. The two un- 
resolved doublet frequencies which occur above and 
below that of the field-independent line were also 
measured. 

For each resonance, all data were corrected for 
counter background, for fluctuations in beam intensity, 





Fic. 3. A plot of 
the calculated hyper- 
fine-structure separa- 
tions obtained from 
AF =-+1 resonances. 
The heavy line indi- 
cates the weighted 
average of all obser- 
vations, while the 
dashed lines indicate 
the quoted uncer- 
tainty in the final 
value. 


Av (Mc/sec) 











RESONANCES IN ARBITRARY ORDER 


and for radioactive decay. Each resonance-peak button 
was also decayed to establish the enrichment of K*. 
Next, a bell-shaped curve was fitted to the data of each 
resonance by a least-squares procedure. An example 
of a fitted curve of one of the field-independent reso- 
nances is shown in Fig. 2. From the curve-fitting pro- 
cedure, the peak frequency, the width at half-maximum, 
and the uncertainty in peak frequency due to the un- 
certainties of input points were obtained. The un- 
certainty of the peak frequency was taken as a 
combination of one-eight of the full width at half- 
maximum and of the uncertainty of the peak due to the 
statistical uncertainty of input data points. The 
uncertainty in the calibration frequency was estimated 
from consideration of the reproducibility of the calibra- 
tion resonance. 

The final value of Av is taken as the weighted average 
of all hyperfine-structure separation measurements 
listed in Table II. The measurements are plotted in 
Fig. 3, which also shows the weighted average and 


9 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 
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OF 
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TABLE IT. Results of AF=-+1 transitions. Av+ and Av~ are hyperfine-structure separations predicted by the 





Breit-Rabi equation by assuming a positive and a negative magnetic moment, respectively. 








. : Veal 
F mr © F',mpr- (Mc/sec) 


Vres 


(Mc/sec) 





5.845+0.020 
4.650+0.020 
4.290+0.020 
3.515+0.020 
2.550+0.020 
2.040+0.020 
1.595+0.020 





2,0 1,0 
2,0 1,0 
2,0<1,0 
2,0<1,0 
2,01,0 
2,0<1,0 
2,0 1,0 


Unresolved {2 site ae 1) 2.580+0.020 
doublet le <tavd 0} woe E 


Unresolved {2+ ost, | 


: 2.575+0.020 
doublet \2, 11,0) 


stated uncertainty by the full and dashed lines, re- 
spectively. The best value of Av, with estimated un- 
certainty, is therefore 


Av=192.64+0.05 Mc/sec. 


In conjunction with the known constants of K® or 
K“", the Fermi-Sergé formula was used to obtain the 
absolute value of the nuclear magnetic dipole moment 
of K* to within about 1%. The result is 


| «| =0.163+0.002 nuclear magneton. 
Some of the ground-state properties of three odd 


isotopes of potassium are now known (K*, K“, and 


K*). The nuclear spins of all are J=3 which, on the 


193.995+0.049 
193.515+0.038 
193.335+0.036 
193.120+0.059 
192.897+0.018 
192.787 0.020 
192.764+0.020 


190.407 +0.068 


195.364+0.057 


Av* and Av~ 
(Mc/sec) 


192.68140.050 


192.670+0.038 
192.613+0.037 
192.630+-0.060 
192.636+0.018 
192.618+0.021 
192.661+0.020 


192.709-+0.070 


192.600+0.062 


Weighted average with estimated uncertainty 192.64+0.05. 


basis of the simple shell model, arises from one missing 
proton in the d; shell. The nuclear magnetic moments of 
this series show a monotonic decrease, with values of 
+0.391 nm for K*®, +0.215 nm for K*, and +0.163 nm 
for K*. Although the resolution in this experiment was 
insufficient to establish the sign of K*, it should be 
noted that the positive-sign choice would make the 
measurement lie within the lower Schmidt limit of 
+0.124 nm. 
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The proton-proton polarization has been measured at 16.2+-0.2 Mev and 25 degrees in the laboratory 
system, using the familiar double-scattering method, with hydrogen gas as second scatterer. Instrumental 
asymmetries were practically eliminated by using carbon and copper alternately as first targets. The 
polarization was found to be +(0.6+0.5)%. Theoretical implications of the work are discussed. 


INTRODUCTION 
LTHOUGH measurements of nucleon-nucleon 
cross sections, polarizations, and triple-scattering 
parameters have been going on for a number of years,! 
the topic is still of considerable interest, and many 
such experiments have been carried out recently.’ 
As shown by Wolfenstein,’ at least nine independent 
measurements are required to specify completely the 
nucleon-nucleon interaction at any given energy. Two 
of these may be the differential cross section and the 
differential polarization. The ideal is to make all nine 
measurements at several energies, and thus obtain an 
unambiguous determination of the interaction as a 
function of energy. 

Now most determinations of the nucleon-nucleon 
polarization have been made at high energies, since it 
was expected that the low-energy polarization would be 
zero. However, Hull and Shapiro‘ have shown that 
consistent fits which predict a nonzero polarization 
can be made to the 4-Mev proton-proton differential 
cross-section data. Recently, MacGregor® has analyzed 
the various low-energy proton-proton differential 
cross-section data, and has found that from 9 to 40 
Mev, 5S, P, and D waves are required to give good 
fits, that a great multiplicity of such phase shift 

* Supported by the U. S. Atomic Energy Commission and the 
Higgins Scientific Trust Fund. 

7 Present address: Istituto Nazionale di Fisica Nucleare, 
Frascati (Rome) Italy. 
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solutions exists, and that even a differential cross- 
section measurement to an accuracy of 0.1%. would be 
inadequate to resolve further the ambiguity. Hence, 
polarization measurements are suggested. Such a 
determination—the proton-proton polarization at 16.2 
Mev and 25 degrees in the laboratory system—is 
reported here. 


EXPERIMENTAL PROCEDURE 


Measurements were made by means of the now 
familiar double-scattering method.® Figure 1 shows the 
geometry employed. Protons were accelerated by the 
Princeton 19-Mev FM cyclotron, and scattered from 
a carbon or a copper target. The scattered beam was 
collimated at 45 degrees and scattered once again from 
gaseous hydrogen at 25 degrees to the right and the 
left of the first scattering axis. Figure 2 shows the 
hydrogen scattering chamber, or polarimeter, in greater 
detail. A description of this chamber appears in the 
literature.’ For this experiment, the 65-degree collima- 
tion vanes discussed there were replaced by 25-degree 
vanes. 

Two types of instrumental asymmetry arise in this 
work: that due to misalignment of the apparatus, and 
that due to its finite geometry. This latter asymmetry 
comes about simply because the differential cross 
section of the first target nucleus is a function of angle, 
and the angular resolution of the hydrogen polarimeter 
is finite. The asymmetry may be reduced by reducing 
the solid angle accepted, but as this procedure also 
decreases an already low counting rate, it cannot be 
carried too far. 

Through a straightforward, though laborious calcula- 
tion,® an expression for this finite geometry contribution 
may be found. Using the data appropriate to the first 
and second scatterers employed in this experiment,’:*-" 
it may be shown that to about 1 or 2%, this asymmetry, 
Ae, may be written as 


ane Ae=G(o;'/01), 


6 See, e.g., L. Wolfenstein, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1956), Vol. 6, p. 43. 

7K. W. Brockman, Phys. Rev. 110, 163 (1958). 

8 See, e.g., W. A. Blanpied, Atomic Energy Commission Report 
NYO-8140, Princeton, 1958 (unpublished), p. 88. 
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10 J, E. Dayton, and G. Schrank, Phys. Rev. 101, 1358 (1956). 
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738 





5 lea 


CYCLOTRON 





FARADAY CUP. 





HYDROGEN d 
POLARIMETER 


Fic. 1. Geometry of the double-scattering experiment. 


where o; and a,’ are, respectively, the differential 
cross section of the first target nucleus, and its first 
derivative with respect to angle, and G is a function of 
the geometry of the apparatus. Higher order terms 
involve the cross sections and polarizations of both 
targets, as well as their first and higher derivatives 
with respect to angle. 

Since the polarization measured was expected to be 
small, it was desirable to eliminate the finite asymmetry, 
Ae, by experimental means. Consider measurement of 
the proton-proton polarization using a nucleus A as 
first scatterer. The measured polarization, P(A), 
will be the sum of the true polarization, Py(¢t), and 
the apparent polarization due to the geometric effect: 


Py(A)=Pu(t)+Ae(A)/P;(A), 


where P,(A) is the polarization of protons scattered 
from nucleus A at the angle in question. A similar 
relation may be written for the case of a nucleus B. 
Now assume that the finite-geometry asymmetries are 
about equal for the two cases: 


Ae(B)= Ae(A)+ée. 
Then, subtracting the expressions in A and B: 
1 (1+K) 
Pu(A)—Pu(B)=Ae(4)| area <a | 
P,(A) P,(B) 


Now the ratio K is a function only of the differential 
cross section of the first target nucleus and its first 
derivative at the angle in question. Therefore, it may be 
computed from known data. Thus the finite geometry 
asymmetry may be expressed completely as a function 
of measured polarizations, with a small correction, K, 
a function of the cross sections. 

Carbon and copper were chosen as the two first 
target nuclei partially because they satisfy the criterion 
of having the ratio (c’/c) almost equal at 45 degrees. 
Further, both their cross sections" and their polariza- 
tions’® are known, and are reasonably high at this 
angle. Using published data in the relation developed 
for the finite asymmetry, the true polarization is 


Py (t) = 1.71Py (C)—0.71Pq (Cu). 


POLARIZATION AT 16 
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Fic. 2. Detailed top view of the gas cell, or polarimeter. 


It may be shown that misalighment asymmetry is 
a strong function of the ratio (02’/o2) for the second 
target’; in the case considered here (hydrogen), this 
quantity is very small.” A previously discussed align- 
ment procedure was followed,’ and runs were made 
alternately with the polarimeter rotated through 180 
degrees about the axis of first scattering. Therefore, 
contributions due to misalignment were much smaller 
than those due to the finite geometry or the statistical 
uncertainty. 

A graphite disk and a pure metallic copper foil, 
each about 1 Mev thick at 18 Mev, were used as first 
scatterers. Hydrogen gas at a pressure of 100 psi 
served as second target. Pure hydrogen rather than an 
organic foil was used in order to remove all ambiguity 
concerning the pulse height of the twice scattered 
protons. These protons were detected by scintillation 
counters which consisted of CsI(TI) crystals and 
DuMont-6292 photomultiplier tubes. Pulses were 
shaped by cathode followers, and analyzed by an 
RIDL 200-channel pulse-height analyzer, modified to 
act as two 100-channel analyzers. 

The system was calibrated using protons singly 
scattered from gold at 30 degrees. Energy of the 
second scattering was computed from kinematical 
considerations, and from known energy losses in targets 
and foils." For this purpose, it was assumed that all 
scattering took place at the half thickness of each 
target. Incident energy was adjusted so that the 
scattering in the hydrogen took place at the same energy 
for both the carbon and the copper first targets. This 
second-scattering energy was 16.2+0.2 Mev. 

Background was due chiefly to neutrons produced 
in the first target and in the brass walls of the scattering 
chambers. It was measured by evacuating the second 
chamber, and running for an integrated beam current 
equal to that of the main run. Sufficient shielding was 
introduced so that at the proton-proton pulse height, 


12 J, L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 
13 Aron, Hoffman, and Williams, University of California 
Radiation Laboratory Report UCRL-121, 1949 (unpublished). 
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background was negligible for carbon; somewhat larger, 
but still small for copper. Therefore, it was felt that 
subtraction was warranted, and no coincidence tech- 
nique was employed. Data were taken alternating the 
copper and carbon targets in an exactly reproducible 
manner; a background run followed each main run. 

This experiment was hampered by the very small 
beam current available from the Princeton cyclotron; 
at the first target this current was usually about 6 
to 8 millimicroamperes. Even with the thick targets 
and large apertures employed, the counting rate on 
each side was only about 1 every 3 minutes. For the 
point reported, running time was something over 
100 hours. 


RESULTS AND CONCLUSIONS 


The value of the proton-proton polarization at 
16.2+0.2 Mev and 25 degrees in the laboratory system, 
measured by the method discussed above, is + (0.6 
+0.5)%, where the sign convention is specified by the 
sign of the vector product of the incident by the 
scattered wave vectors, in agreement with Wolfenstein.® 
The uncertainty is statistical, and was computed from 
the well-known expression for probable error. 

MacGregor’s phase-shift analysis® showed that there 
are four different types of solution that fit the differen- 
tial cross-section data equally well; these four types 
differ chiefly in the magnitude and sign of the three 
P-wave phase shifts used. Within each category of 
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solution a great ambiguity still exists, owing to the 
multiplicity of S-D phase-shift combinations for each 
P set. 

The fact that the present result is positive eliminates 
two phase-shift types, and knowledge of its magnitude 
—even with the quoted uncertainty—should serve 
to reduce somewhat the ambiguity within the two 
remaining types.'* However, MacGregor has indicated 
that to find a unique set of phase-shifts, not only 
must the angular distribution of the polarization be 
known to about 1%, but triple-scattering parameters’ 
must be measured as well. Unfortunately, such measure- 
ments with the Princeton cyclotron seem to be out of 
the question at present. To halve the statistical 
uncertainty on the present point would require an 
increase in running time by about a factor of four, and 
triple-scattering experiments are certainly unthinkable 
with the small beam current available. Such measure- 
ments must await the advent of the polarized ion sources 
now being developed for accelerators. 
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An angular correlation measurement has been carried out on the 0.3 Mev-1.5 Mev gamma cascade in 
Ca®. It is shown that the observed angular correlation function W (6)=1+0.33P:2(cos@) +1.07P,(cosé) 


fits the spin sequence 0-2-0. 


I. INTRODUCTION 


HE decay of K® has been subject to numerous 

investigations! showing the emission of the 
1.98-Mev and 3.54-Mev beta components and a 
1.52-Mev gamma line. It was not until the scintillation 
spectrometer was developed that it was observed? 
that a 320-kev gamma ray of low intensity is also 
emitted. A later beta spectroscopic investigation by 
Pohm, Waddell, and Jensen* confirmed the existence 
of the low-energy gamma line. They found that the 
320-kev line has an intensity of only 0.8% of that of the 
1.52-Mev gamma ray. Inelastic proton scattering experi- 
ments! on Ca® have shown low-lying levels at 1.523 
and 1.836 Mev. The first one is identical with the 
1.52-Mev level found in the decay of K® and the second 
one is probably related to a second excited state in 
the same decay. 

Pohm ef al. also observed a deviation of the con- 
tinuous beta spectrum at low energies probably related 
to a hitherto unobserved beta component of less than 
0.5-Mev energy. Since this beta component has a 
low energy compared to the energy difference between 
the ground-state beta transition of K® and the 1.836- 
Mev level in Ca® there are presumably also other 
weak gamma lines. Hitherto known information 
concerning the decay scheme of K® is given in Fig. 1. 

Cappeller and Klingelhéfer® have reported a gamma- 
gamma angular correlation measurement of the 0.3-1.5 
Mev cascade. This measurement has been repeated 
later with a contradictory result.® It was reported in 
the latter paper® that the 1.836-Mev level is probably 
a 0+ state. The results to be reported in the present 
paper are from a more refined angular correlation 
measurement than the one of reference six. 

II. EXPERIMENTAL METHODS 

The angular correlation experiment was performed 
with a conventional apparatus’ with a fast-slow 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953); Strominger, Hollander, and Seaborg, Revs. Modern 
Phys. 30, 585 (1958). 

?'N. H. Lazar and P. R. Bell, Phys. Rev. 95, 612 (1954). 

3’ Pohm, Waddell, and Jensen, Phys. Rev. 101, 1315 (1956). 

4P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

°U. Cappeller and R. Klingelhéfer, Z. Naturforsch. 9a, 1052 
ST and T. Wiedling, Arkiv Fysik 15, 303 (1959). 

7T. Wiedling, dissertation, University of Stockholm, Stockholm, 
Sweden, 1956. 


coincidence circuit. The resolving time was 5X10-° 
second. A 1.5-in. diameterX1.5-in.-thick NaI(TI) 
crystal was used to detect the 1.5-Mev gamma ray 
and a 1.5-in. diameterX1-in.-thick crystal to detect 
the 0.3-Mev ray. The crystals were mounted on RCA 
6342 multipliers operated at 1900 volts. Energy selection 
was provided by differential analyzers. 

Since the 0.3-1.5 Mev cascade is very weak, the 
1.98-Mev bremsstrahlung-1.5-Mev gamma-ray coin- 
cidences contribute very much to the coincidence rate 
and cause a smearing out effect on the angular correla- 
tion function. It is necessary to apply some kind of 
correction for this background effect. The method 
used consists of measuring the coinicidence rate as a 
function of the counter angle and of the position of the 
analyzer window of the low-energy counter. The same 
technique has already been applied to other correlation 
experiments.” To be able to collect coincidences faster 
two single-channel analyzers with different discrim- 
inator settings were used simultaneously in the 0.3-Mev 
counter channel. A multichannel analyzer would have 
been the best instrument for this purpose. The technique 
described also includes corrections for coincidences 
caused by Compton scattering between the crystals 
and for coincidences between the Compton distributions 
(of about 0.3-Mev energy) of unknown gamma-ray 
energies in cascade with the 1.5-Mev line. However, 
the number of coincidences caused by Compton scatter- 
ing between the crystals have been kept low by lateral 
lead shielding of the counters, by lead absorbers in 
front of the crystals, and by the differential energy 
selection. 

The K® sources were obtained by neutron irradiation 
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Fic. 1. Partial decay 
scheme of K*. 
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Fic. 2. Low-energy gamma spectrum of K® as measured with 
single-channel analyzers. The triangles show the single spectrum 
around 0.3 Mev. The pronounced peak (dots) is the coincidence 
spectrum obtained with one single channel accepting the 1.5 Mev 
photopeak and the other single channel sweeping the energy 
range 0.2-0.4 Mev. The bump in the single spectrum and the 
yeak in the coincidence spectrum represent the gamma transition 
vetween the 1.836- and 1.523-Mev states. 


of KsCO; in a reactor® at an integrated flux of 10" 
neutrons/cm?. No chemical separation was made of the 
neutron irradiated material as the activities of all 
possible impurities were probably very weak. Na™ was 
the most critical contaminating isotope but was not 
considered too serious as single-channel analyzers were 
used for the selection of the 0.3-Mev and 1.52-Mev 
gamma components. The content of sodium was less 
than 0.02% in the irradiated material. 

Cylindrically shaped source containers were used, 
1 mm in diameter and with lengths ranging from 5 to 
10 mm. The source was positioned at a distance of 
60 mm from the front of each crystal. 

Data were taken at 30° intervals between 90° and 
270° counter angles. The real coincidence rate was 
normalized to correct for source decay, asymmetrical 
source position, counter solid angles, and instabilities 
of the electronic apparatus. 
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320 kev J-line 
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Fic. 3. Experimental function of the 1.98-Mev beta component 
bremsstrahlung-1.52-Mev gamma coincidences (only given for 
one counter angle in the figure). Q is in arbitrary units. 


8 The sources were kindly provided by AB Atomenergi, Stock- 
holm, Sweden. 
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Ill. RESULTS 


The low-energy part of the gamma spectrum in the 
decay of K® was investigated using single-channel 
differential analyzers. Figure 2 shows the pulse-height 
distribution of the single spectrum with a small bump 
representing a 0.3-Mev gamma transition (triangles). 
The part of the gamma spectrum that is in the energy 
interval 0.2 to 0.4 Mev and coincident with the 1.5-Mev 
line was also investigated. The 1.5-Mev full energy 
photopeak was selected by one of the two single-channel 
analyzers used and the other was sweeping the energy 
range mentioned above. The pronounced peak (dots) 
in Fig. 2 shows a line of 315-kev energy coincident with 
the 1.5-Mev line. This energy value is close to the energy 
difference between the first and second excited levels 
reported by Endt and Braams.‘ The existence of a gamma 
ray of 0.3-Mev energy in cascade with the 1.5-Mev 
line is thus shown. 
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Fic. 4. Experimental and theoretical correlation curves. The 
solid curve represents the least-squares fit to the experimental 
points. The dashed curve is the correlation for the spins 0-2-0. 


The experimental function, which has been used to 
correct the directly measured 0.32—1.52 Mev coincidence 
distribution for 1.98-Mev bremsstrahlung—-1.52-Mev 
gamma coincidences, is shown in Fig. 3. The brems- 
strahlung-gamma coincidence rate is given in arbitrary 
units as a function of the energy. The solid line rep- 
resents the best fitting curve to the experimental 
points. Figure 4 shows the result of the angular correla- 
tion measurement after application of all corrections. 
The solid curve represents the least-squares fit of the 
function W(@)=1+A>2P2(cosé)+A4P,(cosé) to the 
experimental data. The resulting coefficients are 
A,=0.33+0.04 and A4=1.07+0.05. Before the applica- 
tion of the correction of the brehmsstrahlung coin- 
cidences the coefficients are A,=0.25 and Ay=0.85. 
It should be remarked that the measurements are made 
with solid sources. Since the energy of the first excited 
level is so high and since the transition between this 
level and the ground state is probably of E2 character, 
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it is expected that the lifetime of this level is short, 
which reduces the attenuation of the correlation 
because of electric quadrupole or similar interactions 
to a negligible amount. 


IV. DISCUSSION 


If the ground level of 2Ca® is a zero-spin state as it 
should be in an even-even isotope and if the 1.52-Mev 
level is a first excited state*® with the spin 2, then a spin 
of 0 of the 1.836-Mev level is the only low spin value 
compatible with the experimental A» and A. It should 
be pointed out that the experimental correlation 
function is very pronounced compared to most other 
correlations and that the spin sequence 0-2-0 gives an 
uncommon angular distribution. The spin sequence 
0-2-0 has the theoretical coefficients? A2=0.357 and 
A4=1.143 which are in reasonable agreement with 
the experimental values 0.33 and 1.07. We thus 
conclude that the 1.836-Mev excited level in Ca® is a 
0 state (probably 0+) and that the 320-kev line has 
quadrupole (E2) character. 

The known number of low-lying excited states with 
zero angular momentum is very small. There are only 
four cases known where the first state has zero spin 
(O16 10-18 Ca 14.15 Ge72 16 779 15.17-20) and only two with 
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Report ANL-5324 (unpublished). 

10 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
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a second excited state with zero spin (C!,!08 Ge” 18.21), 
O', Ca®, and Zr® have closed shells of both protons 
and neutrons and the other nuclei mentioned have 
closed subshells. Since Ca® has also one closed shell it 
could be expected to have an excited level of zero-spin 
character (even if there is no @ priori reason for that) 
as has been shown experimentally. It would be of very 
large theoretical interest if the 0-0 crossover transition 
could be measured experimentally especially since 
the crossover is competing with a 0-2 transition. Any 
configuration of the excited 0+ level in Ca® has not 
been proposed. Reiner” has given an excellent review 
of low-lying 0+ states reported up to now. 
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Liquid-scintillation counting techniques have been applied to the measurement of the specific activity 
and the beta spectrum of the natural radioactivity of rubidium. The measured Rb* half-life is (47.04 1.0) 
10° yr, and the observed maximum beta energy is 272+3 kev. 





INTRODUCTION 


Nee accurate value for the decay constant of Rb* is 
of considerable interest in the measurement of the 
ages of geologic specimens. From the ratio of radiogenic 
Sr*’ to Rb*’ in the specimen and the half-life of Rb*’ the 
age can be determined directly, and it is believed that 
this method applied to mica provides the most reliable 
ages for common rocks.' Unfortunately, the half-life of 
Rb* is uncertain, and values by specific-activity meas- 
urements ranging from 43 10° to 64 10° years have 
been reported in the literature. A summary of these 
measurements has been given by Aldrich ef al.!?> who 
correlated the ages of minerals from single-mineral 
assemblages as determined by the decay of U**, U*, 
Th”, Rb*’, and K®. They measured the ratios Pb*°*/ 
U8, Pb”7/U, and Sr*?/Rb*’ in each of six samples 
ranging in age from 375 to 2700 million years. A half- 
life of (50+2)X10* years for Rb*’ was found to be 
consistent with the Pb?°*/U88 and the Pb*?/U** ages. 
Recent work by Libby’ using solid-sample beta-counting 
techniques with corrections for self-absorption and 
scattering gave a value of (49+2) X 10° years. 

In the work described below we have employed the 
liquid scintillation spectrometer to determine the abso- 
lute specific activity of rubidium and to obtain the end 
point of the Rb*’ beta rays. The half-life of Rb*’ is 
calculated from the specific activity using the relation- 
ship 7,;=0.693N/A, where N is the number of atoms 
of Rb* and A is the disintegration rate. 

The liquid scintillation counter is particularly useful 
in determining the disintegration rate of low-energy, 
low-specific-activity beta emitters since the radioactive 
substance is dissolved directly in the scintillator. This 
technique eliminates the uncertainty of self-absorption 
and scattering corrections which must be made when 
thick sample counting methods are used. Steyn‘ has 
shown that absolute disintegration rates determined by 
liquid scintillation counting agree with those obtained 
by conventional 4x beta counting of weightless samples 


t Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 L. T. Aldrich and G. W. Wetherhill, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, 1958), Vol. 8, p. 257. 

® Aldrich, Wetherhill, Tilton, and Davis, Phys. Rev. 103, 1045 
(1956). 

5 W. F. Libby, Anal. Chem. 29, 1566 (1957), and private com- 
munication. 

4J. Steyn, Proc. Phys. Soc. (London) A19, 865 (1956). 


for the nuclides Co (0.3 Mev), I (0.6 Mev), and 
P® (1.7 Mev). Results of similar experiments in our 
laboratory confirm the work of Steyn and indicate a 
high degree of reliability for this method of absolute- 
beta counting. 


APPARATUS 


Two liquid scintillation apparatuses are used in this 
work. The first consists of a five-inch Du Mont 6364 
multiplier phototube mounted vertically, an amplifier, 
a single-channel pulse-height analyzer, and a scaler. 
The phototube is enclosed in a light-tight aluminum can 
and covered with a hemispherical reflector [Fig. 1(a) ]. 
The sample cell containing the scintillator is placed 
directly on top of the phototube using a few drops of 
mineral oil to achieve optical coupling. The sides of 
the sample cell are painted with a highly reflecting 
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TABLE I. Standardization of the liquid scintillation counters 
against a 4m 8 proportional counter. 


4x 8 proportional Liquid scintillation counters 
counter 5-inch Tri-Carb 
(counts/min) (counts/min) (counts/min) 


46 800 47 200 
39 400 41 200 
126 000 126 000 
64 500 


Isotope 


47 400 
40 500 
125 500 
64 880 





Pp® (1.7 Mev) 
Cs!87 (0.5 Mev) 
Pm"? (0.22 Mev) 
S*5 (0.167 Mev) 





titanium dioxide paint,® and the cell is covered with a 
reflecting plate. This apparatus is operated at room 
temperature. 

The second apparatus consists of a Tri-Carb Liquid 
Scintillation Spectrometer, model 314.6 This instru- 
ment uses two 2-inch Du Mont 6292 multiplier photo- 
tubes mounted horizontally inside a refrigerated chest 
set to operate at 0°C. The cell containing the sample is 
placed between the phototubes in a Lucite light pipe to 
obtain good optical coupling [Fig. 1(b)]. The pulses 
from the phototubes are then fed into an amplifier, 
a coincidence circuit, pulse-height analyzer, and a 
scaler. Both the low temperature and the coincidence 
circuit act to reduce the phototube noise background of 
the instrument. 

In both cases the scintillator used is a toluene solution 
containing 4 grams of terpheny] and 0.1 gram of 1,4-di- 
[ 2-(5-phenyloxazoy]) |-benzene (POPOP) per liter. The 
latter material is used to shift the wavelength of the 
emitted light into the region of maximum response for 
the photomultipliers.’:* 


EXPERIMENTAL 
Absolute Beta Counting 


Experiments to determine the reliability of the liquid- 
scintillation counter as an absolute beta counter were 
undertaken. Samples of P®, Cs'8’7, Pm'*”, and S* were 
counted in both liquid scintillation counters (Fig. 1) 
under conditions similar to those used for the Rb* 
counting and in a 4m beta proportional counter. The 
samples in the liquid scintillation counters were counted 
at several pulse-height discriminator settings and after 
subtracting off background plots were made of counting 
rate versus pulse height. These curves were then extrapo- 
lated to zero pulse height to obtain the true-disintegra- 
tion rates of the samples. Typical curves for S* are 
given in Fig. 2. The results of these experiments 
(Table I) indicate that the liquid scintillation counter 
behaves as an absolute beta counter at least down to 
a maximum-beta energy of 0.167 Mev. Further work to 
establish the counting efficiency in the lower energy 

5D. L. Horrocks and M. H. Studier, Anal. Chem. 30, 1747 
(1958). 

6 Packard Instrument Company, P. O. Box 428, La Grange, 
Illinois. 

Hayes, Ott, Kerr, and Rogers, Nucleonics 13, No. 12, 38 


(1955). 
8 Hayes, Ott, and Kerr, Nucleonics 14, No. 1, 42 (1956). 
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region is in progress. In order to minimize errors, 
50-microliter samples were taken for each of the above 
measurements and each sample was counted to 0.2% 
counting statistics. The largest error involved was in 
the extrapolation of the integral counting curve. A con- 
servative estimate of the over-all reliability of absolute 
beta counting by the liquid scintillation method would 


be of the order of 2%. 


Rb* Half-Life Determination 


In order to obtain a uniform distribution throughout 
the scintillating solution it is necessary to convert the 
material to be counted into a form which is soluble in 
the liquid scintillator. Ronzio, Cowan, and Reines® 
found that the 2-ethylhexanoic acid (octoic acid) salts 
of metal ions are soluble in scintillator solutions and do 
not cause appreciable quenching. The rubidium salt of 
octoic acid was made by the following technique. 
A slight excess of barium hydroxide was slowly added 
to a hot rubidium sulfate solution which was then 
centrifuged to remove the barium sulfate. The excess 
barium was precipitated as the carbonate by carbon 
dioxide gas and removed by filtration. The filtrate 
containing the rubidium hydroxide was evaporated 
under vacuum to a small volume and contacted with a 
10% excess of octoic acid. The rubidium octoate solu- 
tion was evaporated under vacuum several times with 
absolute ethanol to remove water. The final salt re- 
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Fic. 2. Integral counting rate curves. 


9A. R. Ronzio, Intern. J. Appl. Radiation and Isotopes 4, 196 
(1959). 
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mained as a viscous syrup which was mixed with an 
equal volume of ethanol to convert it to a free-flowing 
liquid. Aliquots of this solution were then added to the 
scintillator solution and counted. Other aliquots were 
gravimetrically analyzed for rubidium content. 

Four sources of rubidium were used for half-life 
determinations. The first was a sample of DeRewal 
International Rare Metals Company rubidium chloride 
which was shown by optical spectrochemical analysis to 
be 98.5% pure. The remaining 1.5% was made up of 
potassium and cesium for which a correction was made 
in the final gravimetric analysis. Since the specific 
activity of K® in natural potassium is only 1.94 d/m/mg 
the correction to the counting rate of the sample due to 
the presence of natural potassium was neglected. The 
other three samples were Fairmount Chemical Com- 
pany rubidium chloride, A. D. Mackay Company 
rubidium nitrate, and DeRewal Company rubidium 
chloride, each of which was further purified by ion- 
exchange separation.” Dowex-50 cation columns were 
used with 0.5N HCl as the eluting agent. The rubidium 
chloride eluate was metathesized to the sulfate by 
evaporation to dryness with sulfuric acid and converted 
to the octoate as described above. 

Aliquots of the rubidium octoate solutions containing 
approximately 230 mg Rb* were added to 10 ml of 
liquid scintillator in the counting cell and allowed to cool 
in the dark for about twenty minutes. This quantity of 
rubidium gave about 12 000 counts/min and quenched 
the pulse-height output of the scintillator by 25%. 
These samples were then counted integrally at several 
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Fic. 3. Kurie plot for Rb*’. 
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pulse-height-discriminator settings down to the region 
of phototube noise. Background counts were taken 
under identical conditions and subtracted from the 
gross counting rate to obtain the net counting rate of 
the Rb*’. The background cell was filled with scintil- 
lator, and a solution of ethanol and octoic acid was 
added until the pulse-height output as measured by the 
Ba®™ electron line was the same for the background 
cell as for the sample cell, i.e., until the amount of 
quenching in the two solutions was identical. The 
observed net counting rates were plotted against pulse 
height and extrapolated through the region of phototube 
noise to zero pulse height to obtain the true disintegra- 
tion rate of the sample. The extrapolation amounted to 
a correction of about 12% in the case of the five-inch 
counter and about 5% in the case of the Tri-Carb 
counter. A typical curve for each counter is given in 
Fig. 2. 

The rubidium octoate solutions were analyzed gravi- 
metrically for total rubidium content by fuming with 
sulfuric-perchloric acid to destroy the organic material, 
taking to dryness in a platinum dish, and weighing the 
rubidium as the sulfate. The number of atoms of Rb*®’ 
present was calculated from the known isotopic abun- 
dance of 27.85%." 


Analysis of the Beta Spectrum 


The differential analysis of the Rb*’ beta spectrum 
was done using the five-inch liquid scintillation spec- 
trometer [ Fig. 1(a)]. The high-voltage and amplifier 
gain were adjusted so that the total spectrum was 
spread over about half of the full discriminator range. 
Differential counts were taken at intervals of 2% of the 
range using a 2% window width from zero up to the 
maximum energy of the 8 rays. The linearity of the 
window width with discriminator setting was checked 
by feeding the pulses from a precision pulse generator 
into the pre-amplifier. Background counts were taken 
under identical conditions using a scintillator solution 
containing octoic acid and ethanol to simulate the 
sample. The position of the Ba!’ electron line was 
used to ensure that the quenching in the background 
cell was the same as in the sample cell and to calibrate 
the pulse-height scale. The discriminator settings were 
converted to energy values using a pulse height vs 
energy calibration curve established with the aid of 
monoenergetic sources." The data were corrected for 
resolution using a second-derivative correction for- 
mula" which has been shown to be applicable to liquid 
scintillation spectrometry.” A Kurie plot" was made of 


1 A. O. Nier, Phys. Rev. 79, 450 (1950). 

2E. P. Steinberg and L. E. Glendenin, Argonne National 
Laboratory (to be published). 

18 G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948). 

4 Tables for the Analysis of 8 Spectra, National Bureau of 
Standards Applied Mathematics Series Report No. 13 (U. S. 
Government Printing Office, Washington, D. C., 1952). 
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TABLE IT. Data for determination of half-life of Rb’’. 








Activity 
((dis/min)/ml] 


Counter 

5-inch 

Tri-Carb 
5-inch 


Rubidium source 


DeRewal RbCl (98.5% purity) 





12400 
12 500 
12 500 


5-inch 
5-inch 
5-inch 
5-inch 
Tri-Carb 


11 800 
12 000 
12 200 
12 000 
12 300 


DeRewal RbCl (Purified by 
ion exchange) 


Specific 
activity of Rb 
[(dis/min)/mg] 


54.13 


Weight of Rb 
(mgRb2SO,/ml) 


~ 365.2X0.985 =359.7 


Half-life 
(10%yr) 


342.5 
341.9 
343.6 


Av 342.7+0.6 


Av 12 060+152 


Mackay RbNO; (Purified by 
ion exchange) 


13 600 
13 650 
13 500 


5-inch 
Tri-Carb 
5-inch 


Fairmount RbCI (a) (Purified 
by ion exchange) 


Av 13 580+57 


12 450 
12 700 


Fairmount RbCl (b) (Purified 
by ion exchange) 


Av 12 580+125 








the final data and extrapolated to obtain the maximum 
beta energy. The Rb*’ Kurie plot is shown in Fig. 3. 

In order to check the reliability of the method, the 
beta spectrum of Ca*® was used as a standard. Normal 
calcium was irradiated with neutrons, purified, and 
converted to calcium octoate. The calcium octoate was 
then dissolved in the liquid scintillator and the beta 
spectrum of Ca* was analyzed under the same condi- 
tions used for Rb*’. 


RESULTS AND DISCUSSION 
Half-Life of Rb* 


From the number of atoms of Rb* (NV) and the 
absolute disintegration rate of the sample (A) as de- 
termined above the decay constant (A) is obtained from 
the relationship 


A=XN. 


The results of these measurements are given in Table IT. 
The average value for the half-life of Rb*’ is (47.0+0.5) 
10° yr. The error given is the mean deviation of the 
five half-life determinations. 

Recent work by Kulp” in which he incorporates a 
few additional points with the data of Aldrich et al. 
gives a value for the Rb*’ half-life of about 48X 10° yr. 


15J. L. Kulp, Lamont Observatory, Columbia University 
(private communication). 


12 300+ 100 


348.6 
345.5 
348.8 


Av 347.6414 


378.0 
377.5 


Av 377.8+0.25 


361.7 
361.3 


Av 361.5+0.2 
Av 55.0+0.6 Av 47.0+0.5 


Beta Spectrum of Rb” 


From the Rb® Kurie plot (Fig. 3) the maximum beta 
energy based on two samples is found to be 272+3 kev. 
A summary of this work compared with the work of 
other investigators is given in Table III. The shape of 
the Kurie plot (Fig. 3) is in good agreement with that 
published by Lewis!'® who used a thalliated rubidium 
iodide scintillation spectrometer. The agreement on the 
end-point energy is within the experimental errors of 
the measurements. The Ca* Kurie plot is shown in 
Fig. 4. The observed maximum beta energy for Ca* is 
2533 kev. The best literature value is 254+3 kev!’ as 
determined by 8-ray spectrometry. 


TABLE IIT. Values of Emax for Rb*’ beta spectrum. 


Emax (kev) Method of determination Reference 


Liquid scintillation spectrometer This work 
Thin-lens 8 spectrometer a 
Proportional counter spectrometer b 
RbI scintillation spectrometer c 


27243 


® See reference 20, 

b See reference 22. 

© See reference 16. 

16 G. M. Lewis, Phil. Mag. 43, 1070 (1952). 

17 Macklin, Feldman, Lidofsky, and Wu, Phys. 
(1950). 
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Fic. 4. Kurie plot for Ca‘. 


A comparison of the Kurie plots for Rb*’ and Ca*® 
indicates that the Rb*’ transition is highly forbidden. 
The Ca* transition is known to be allowed'* and does 
in fact give a straight-line Kurie plot. The Rb® Kurie 
18M. G. Mayer and J. H. D. Jensen, Elementary Theory of 


Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 
1955). 
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plot has a considerable amount of curvature with an 
excess of electrons in the low-energy region. The ft value 
(logft=17.4 for Eo=272 kev and T,;=47.0X10° yr) 
and the known spin and parity change (3, yes) for this 
transition indicate a third forbidden transition.!* Other 
workers, notably Tomazawa et al.!® and MacGregor and 
Wiedenbeck,” have calculated the third forbidden 
(tensor only) correction factor from the expressions 
derived by Greuling. The work of Tomazawa et al." 
was subsequently found to be in error.”” The factors 
developed by MacGregor and Weidenbeck were applied 
to our data without much success. The calculation of 
the third forbidden correction factor with a V-A mixture 
involves several adjustable ratios of matrix elements 
and is exceedingly laborious. This task was not at- 
tempted since the significance of the results seemed 
dubious. 
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The Columbia University hydrogen bubble chamber was used to investigate the r*-p scattering cross 
section in a laboratory energy range from 3.7 to 25 Mev. A total of 950 events were measured, of which 338 
were caused by incident pions that would have come to rest in the chamber. Treating the small p-wave and 
large Coulomb contributions as known, the s-wave phase shift is found to deviate from a linear dependence on 
momentum only by one and a half standard deviations. 





I. INTRODUCTION 


OME attention is still focused on apparent incon- 
sistencies in the parameters of low-energy pion 
physics. In particular, the numerical value of the differ- 
ence of the s-wave pion-nucleon amplitudes (as;—a1)/n 
extrapolated to zero energy is different when deter- 
mined either from a combination of the ratio of negative 
to positive pion photoproduction! and the Panofsky 
ratio’ or determined directly from an analysis of pion- 
nucleon scattering. Although numerous theoretical 
attempts have been made, by relaxing isotopic spin 
conservation®:* or modifying the momentum dependence 
of the phase shifts’? to resolve this and other dis- 
crepancies, it was thought instructive to re-examine 
experimentally the scattering of pions in an energy 
region not previously treated with great statistical 
accuracy.® 
In this paper we will report on a hydrogen bubble 
chamber measurement which will yield values of the 
s-wave phase shift a; at 5 c.m. momenta from 0.2 to 
0.55 p/uc each with an average statistical accuracy of 
13%. In order to extract this data, we will assume a 
knowledge of the p-wave phase shifts, to which, at 
this energy, the experimentally determined cross sec- 
tions are not particularly sensitive. It is worth noting 
that in this region counter experiments are difficult to 
perform because the scattered particles have very 
short ranges. At 24 Mev, the highest point covered by 


* This research is supported by the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Now at Cambridge Electron Accelerator, Harvard University, 
Cambridge, Massachusetts. 

t Now at Brookhaven National Laboratory, Upton, New York. 

1Beneventano ef al., Proceedings of the CERN Symposium 
on High-Energy Accelerators and Pion Physics, Geneva, 1956 
(European Organization of Nuclear Research, Geneva, 1956), 
Vol. 2, p. 259. 

2S. Penner, thesis, University of Illinois, 1956 (unpublished). 

3 Fischer, March, and Marshall, Phys. Rev. 109, 533 (1958) ; 
E. L. Koller and A. M. Sachs, Bull. Am. Phys. Soc. Ser. II, 4, 
24 (1959). 

4 J. Orear, Nuovo cimento 4, 856 (1956). 

5H. P. Noyes, Phys. Rev. 101, 320 (1956). 

6 R. A. Sorensen, Phys. Rev. 112, 1813 (1958). 

™M. Cini et al., Nuovo cimento 10, 243 (1958). 

8 For a summary of experimental data see G. Puppi, 1958 
Annual International Conference on High-Energy Physics at CERN, 
edited by B. Ferretti (CERN Scientific Information Service, 
Geneva, 1958), p. 39. 


this experiment, our experimental values overlap and 
are in agreement with counter measurements.® 


Il. METHOD 
A. Experimental Arrangement 


A momentum-analyzed 60-Mev ++ beam from the 
Nevis cyclotron was degraded in energy and brought 
to rest in a 12-in. diameter, 6-in. deep liquid hydrogen 
bubble chamber.” On the average about 8 stopped 
mesons were photographed per pulse every 2 seconds. 
The collimation of the beam was such that over 90% 
of the flux was located at least 2 cm from the glass 
wall of the chamber with an rms scattering angle of 7°. 
A field of 8000 Gauss at right angles to the average 
beam direction served to identify the particle’s charge. 


B. Event Identification and Measurement 


All tracks having kinks of greater than 30° were 
examined when the film. was reprojected on scanning 
tables. This angle was chosen so that the majority of 
forward Coulomb and -y decay in flight contributions 
were eliminated from consideration. To be accepted as 
a mt-p scattering, an event had to satisfy either/or of 
the following criteria: 

(a) The incoming track scattered at an angle greater 
than 50° projected and there was a visible proton recoil 
of 0.03 cm or longer. This category covers all events 
above 13 Mev and those of energy greater than 5 Mev 
with angle larger than 90°. 

(b) No proton recoil is seen, but the alleged scattering 
is followed by the characteristic decay signature of the 
pion. This is defined to be a visible u*+ of decay angle 
greater than 5° in one of three views and of length less 
than 1.3 cm, followed by a positron whose length is at 
least 0.5 cm. It is clear that the above criteria introduce 
biases. One of these, the 50° angle cutoff, will be dis- 
cussed in detail later. Other biases arising from tracks 
leaving the fiducial region, or not being otherwise 
identified, can be shown by geometric considerations to 
be on the average no greater than a few percent. While 


® Barnes et al., Atomic Energy Commission Report NYO-2170 
(unpublished) ; W. Johnson and M. Camac, Atomic Energy Com- 
mission Report NYO-2169 (unpublished). 

10 F. Eisler ef al., Nuovo cimento 10, 468 (1958). 


749 





FISCHER 


CORRECTED O 
——— MEASURED DIS 





10 ——_— 
PION LAB ENERGY MEV 


Fic. 1. Differential track length distribution of stopping flux. 
it is true that some of these biases could have been 
entirely eliminated by choosing a much smaller fiducial 
region, this would also have eliminated about one-third 
of the events, thereby increasing the already much 
larger statistical error. 

Within the criteria established, each of two inde- 
pendent scanners found greater than 93% of the total 
number of events seen. An examination of events missed 
did not show that the scanning efficiency was either 
energy or angle dependent. A third scanning, specifically 
for low-energy events which might at first be suspect, 
yielded no new results. In this experiment, we have 
therefore regarded the over-all scanning efficiency as 
98+ 2%. 

The projected coordinates, angles and ranges of 
event tracks were measured on a scanning machine and 
transformed to the space variables with the aid of an 
IBM-650 computer. The center-of-mass energy and 
angle were then found from kinematic charts. An event 
is overdetermined when both recoil proton and pion 
ranges are available. Inconsistencies in an overdeter- 
mined event were never more than 5% in energy and 8° 
in angle. 


C. Flux, Intensity, and Energy Distribution 


The total number of pions which stop in the chamber 
fiducial region was determined by direct count on every 
tenth picture. A stopping pion is one which exhibits a 
decay as previously defined. A check on flux count 
showed only two errors of interpretation per one 
thousand tracks. 

The cross section determination requires the knowl- 
edge of the differential track length distribution as a 
function of energy. Expressed differently, one needs to 
know the amount of target thickness within a differ- 
ential energy interval. Once the length distribution of 
an unbiased sample of pion tracks is known by meas- 
uring each track with a curved ruler from the point at 
which it enters the fiducial region to the point where it 
decays, the flux distribution can be calculated. Three 
thousand track lengths were measured in projection 
and related to space lengths by an average chamber 
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magnification." The uncorrected flux distribution, 
shown in Fig. 1, was obtained using the differential 
range-energy relation of Aron, Hoffman, and Williams.'? 
This distribution must be augmented by folding in the 
flux contribution due to pion lengths of pions which 
decay in flight and are not accepted under the counting 
criteria. Such a correction, never exceeding several 
percent, may be made from the known mean lifetime 
of the pion and the uncorrected path lengths. Biases 
due to chamber edge effects enter the flux measurement 
and have been computed. They are significant primarily 
for very long tracks, that is, for incident pion energies 
greater than 23 Mev. 

The operating conditions of the Columbia chamber 
are such that the density of liquid hydrogen is 0.0566 
+0.0003 g/cc. This value was deduced from a direct 
measurement of 1200 muon ranges and a logarithmic 
interpolation of the Aron, Hoffman, and Williams 
relations. 


Ill. ANALYSIS 
A. Projected Angle Bias 


As mentioned before, scatterings with projected labora- 
tory angles y smaller than 50° are not accepted. This 
means that not all scatterings, even if they have a 
space angle @ larger than 50°, are accepted. The proba- 
bility of detecting such a scattering is called the forward- 
angle cutoff bias, W(@), and can be calculated from 
purely geometric considerations provided the dip angle 
distribution of the incident beam tracks is known. To 
illustrate, if we define the polar angle of scattering to 
be 6 and the azimuthal angle ¢, then 


tany = tan cos@> tan50°. 


Assuming that the scattering distribution is independent 
of the azimuthal angle one finds that the acceptance 
region is specified by 


tan50° 
> sing> —, 
tané 


tan50° 


tané 


Accordingly, the acceptance fraction for the case of 


no dip is 
2 tan50° 
WO =~ cos-| —| 
T tané 


This function is the solid line of Fig. 2 now plotted 
against the cosine of the center-of-mass scattering 
angle. 

A more involved type of calculation can be made for 
various angles of dip. The dip angle distribution of 
beam tracks was found to be Gaussian, symmetric 


11 For specific detail of this and other procedures, see E. W. 
Jenkins, thesis, Columbia University, 1959 (unpublished). 

2 Aron, Hoffman, and Williams, University of California Radi- 
—_ Laboratory Report UCRL-121 (2nd rev.), 1949 (unpub- 
lished). 
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about zero degrees, with a standard deviation of 7°. 
Therefore, the weighted function W(@) shown by the 
dotted line was used. 


B. Maximum Likelihood Phase Shift Analysis 


The expression for the center-of-mass «+-p differ- 
ential scattering cross section as a function of the three 
T= phase shifts is*3-™4 


do 
és | 
dQ 


ail ig 
a3+ (2a33-+a31) cos? ————— | 
1—cos6| 


+ (a33—«a31)? sin, (1) 


where a; is the phase shift for the s-wave and a33 and a1 
are p-wave phase shifts for /=3 and 3, respectively. 
The Coulomb parameter, a, is given by a= e?/hv, where 
v is the relative velocity of the particles. 4 is the reduced 
wavelength of the pion. This expression is valid for non- 
relativistic pion velocities and small phase shift angles. 
The w*t-p events measured in this experiment form a 
continuous rather than discrete distribution in energy 
and angle. The most efficient use is made of this type 
of data by performing the analysis by the maximum 
likelihood method. 

Following Anderson, the probability for finding an 
event in this experiment within an angular interval 
Ax;= 27 sin6;A@; and a momentum interval An;, where 7; 
is the pion momentum in the center-of-mass system in 


—_o —— — _ 
' 


1,0 








ee Ses ae 
4 


I 
+.3 +2 


Fic. 2. Probability of detecting an event at forward angles, W (6). 


137.. Van Hove, Phys. Rev. 88, 1358 (1952). 

4 F, T. Solmitz, Phys. Rev. 94, 1799 (1954). 

15H. L. Anderson and W. C. Davidon, Nuovo cimento 5, 1238 
(1957). 
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units of m,c, is 
do; Z 
—f(ni)W (x) AxAni, 
dQ 


where W (x;,) is the 50° cutoff bias, f(n;) is the corrected 
flux distribution of Fig. 1 in the proper units. The 
probability for not finding an event is one minus the 
previous expression. The probability for finding a given 
distribution of V events having ;, ; is the product of 
finding N events in the interval Ax;, An; times the 
probability of not finding these events in all other 
intervals: 


N do; 
L=]] al CW ad aaiAne 
+ Gis 


x= (1-= — F(n)W (x;)Ax sam), (3) 


which, in the limit of small intervals becomes 
N do; 

L=][ —f(ni)W (x)dxidn; 
i dQ 


xew(- Sf som (=). (4) 


It is more convenient to work with the logarithm of the 
likelihood. By performing the angular integration and 
dropping constant terms, we have 


ate? In x)— J evasion, (5) 
i=1 


” 


where ot is the total weighted cross section from 
50° to 180°. 

The above formula has been programmed for an 
IBM 650 computer. All events were grouped into five 
momentum intervals. Although it is possible to solve 
for all three phase shifts simultaneously, at these low 
energies the contribution of the p-wave to the cross 
section is very small. We therefore assume the p-wave 
phase shifts known from higher energy experiments? 
to be 


a33= 0.210n and a31= — 0.04277}. 


Within each of the five momentum intervals the s-wave 
phase shift was assumed to have linear momentum de- 
pendence. The results quoted in the next section are 
the maxima of the likelihood calculations. 

In our experiment, the likelihood functions were 
found to be approximately Gaussian in shape, there- 
fore, the logarithm of these functions will be parabolic. 
The error quoted for the phase shifts is then the half- 
width of the parabolic curve at an ordinate differing 
from the maximum by 0.5. This error is clearly one 
standard statistical deviation in the phase shift but is 
related to the number of experimental events only by 
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TaBLE I. Experimentally determined s-wave amplitudes. 





No. of 
Momentum y events 
0.20-0.27 45 
0.27-0.34 69 
0.34-0.41 100 
0.41~-0.48 94 
0.48-0.54 30 


S-wave nuclear 


% Stat. % Other 
amplitude as¥/n 


aa/n error errors 
—0.069 
—0.087 
—0.106 
—0.112 
—0.107 


—0.076 +0.019 
—0,094 +0.012 
—0.112+0.014 
—0.118+0.011 
—0,112 +0.020 


the phase shift’s functional dependence on the cross 
section. A concerted effort was made to keep the other 
errors, both systematic and random, to a small fraction 
of the statistical error. 


IV. RESULTS 


Table I shows results of the computation in column 3. 
Column 4 denotes the above-mentioned statistical error. 

Van Hove" has shown that the phase shifts defined 
by formula (1), to which we have fitted out data, are 
not strictly nuclear in nature. A pure nuclear phase 
shift is defined as one which describes the scattering in 
the absence of the Coulomb field. At low pion energies 
especially, the s-wave amplitude a; is modified by 
Coulomb effects, a modification in addition to the pure 
Coulomb term a/(1—cos@). This arises from the diminu- 
tion of the pion wave function near the origin by the 
repulsive electric field. We have chosen to correct our 
experimental numbers using the model of Van Hove. 
Within a radius ro, the Coulomb potential has been 
assumed to be negligible compared to the nuclear 
potential. Outside this radius, the wave function is 
dependent on a point Coulomb potential. By matching 
the wave function at ro, a functional relation is estab- 
lished between the experimentally determined phase 
shift as the Coulomb increment to this phase shift, and 
the nuclear phase shift a3¥ by 


a3= az" +alC+log(2kro)—Ci(2kro) cos(2a3”) 
+si(2kro) sina; |, 


where C is Euler’s constant=0.5772, k is the pion wave 
number, Ci is the cosine integral, and si is the sine 
integral. 

Coiumn 6 lists the corrected phase shift values with 
their total error. The radius ro used for the correction 
was assumed to be 0.7X10~-" cm. This value is the 
radius at which the Coulombic potential is thought to 
be modified.’* If we use the Compton wavelength of 


TABLE II. Experimentally determined p-wave amplitudes. 





Incident 
energy 
(Mev) 


No. of 
events an/n 
175 —0.06 +0.07 
250 —0.046+0.036 0.213+-0.043 
95 —0.061+0.042 0.190+0.050 


~ 0.20840.051 








16. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 
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the pion h/m,c=1.4X10-* cm, then the numbers of 
column 6 should be increased by 4%. 

As a check on our method, we used a value for a3 of 
—0.103n and the usable remainder of the 950 measured 
events to determine the p-wave amplitudes. These 
events were caused by high-energy pions that would 
not have come to rest in the chamber and are therefore 
unrenormalizable to the flux by our technique. Never- 
theless, they have an angular distribution from which 
the information may be extracted by an analogous 
likelihood calculation. Table II shows the results of 
this procedure. Because two variables are involved, the 
errors quoted are related to the size of a skew error 
ellipse. Coulomb corrections have not been made. The 
value of a33 so obtained, when plotted on a Chew-Low"” 
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Fic. 3. A plot of the s-wave phase shift a; against c.m. mo- 
mentum. The solid circles are obtained from the present work; for 
other points, see reference 8, p. 43. 


basis yields a number for the unrenormalized coupling 
constant f?=0.081+0.007 for wo= 2.17. 


V. DISCUSSION 


In Fig. 3 our experimental values for the s-wave 
phase shift have been plotted. We have tried to fit this 
data to the functional dependence, a;¥=0.11y, given 
by Orear.‘ A x? test of the data does not exclude such 
a functional dependence. If a linear relationship were 
to be assumed, a best straight-line fit to our data would 
be a3” =0.104+0.006n. 

We have also compared our data to an assumed 
functional dependence a3” =0.089nw, w being the total 
energy of the r+-p system excluding the proton rest 


“a G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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energy. A x? test shows that such a nonlinear relation- 
ship is as valid as the linear fit. Our data suggestsa 
falling off from linearity at low energies. Nonlinearity in 
the opposite direction is clearly excluded. Theoretical 
support to a possible nonlinear phase shift dependence 
has been given by Cini ef al.,? who have shown from 
dispersion relations that crossing symmetry implies 
that (a:—a3)/n must be an odd function of w. 

At present the experimentally measured value of 1.5 
+0.1 for the Panofsky ratio is in disagreement with 
the value 2.5+0.4 calculated from a linearly extrapo- 
lated value (a;—a3)/n=0.27, the photoproduction cross 
section on hydrogen of (1.43+0.06)X10-*8 cm? and 
the r*+/m- production ratio of 1.30-+0.05 in deuterium. 
In order to retain the validity of the pion-proton dis- 
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persion relations with a fixed value for f?=0.08, a 
change in the magnitude of the zero-energy value of 
a3/n requires an equal change in the magnitude of a,/n. 
A reduction of the zero-energy extrapolation of a3 by 
a slight amount would, therefore, go far to remove the 
present internal disagreement among the parameters of 
low-energy pion physics. 
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The interaction of x* mesons with protons at an energy of 500 Mev has been studied in a hydrogen bubble 
chamber. Phase-shift analyses with S and P waves were made, and a near degeneracy was found between 
the Fermi and Yang solutions. When D waves were included, an additional ambiguity was found. The 
D-wave phase shifts are small, but they have a considerable effect on the other phase shifts. The cross section 
for single pion production is 2.85+0.5 mb. The ratio (p+0)/(m+-+) is 1.5_0.5*!-5. The cross section leading 


to p++ — was found to be of the order of 30 yb. 


I. INTRODUCTION 


HE angular distribution of pion scattering by 
protons has been extensively studied at energies 
below about 310 Mev.!.? Experiments using hydrogen 
diffusion chambers were performed at 395 Mev* and 
in an energy range centered on 500 Mev.‘ Recently, 
preliminary results of the interactions of negative pions 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t Part of this article based on a dissertation submitted in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy at Yale University. 

t Now at Brookhaven National Laboratory, Upton, New York. 

§ Much of this work was done while the author was a National 
Science Foundation Predoctoral Fellow, and a guest of Brook- 
haven National Laboratory. 

1 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 
(1956) ; 105, 724 (1957). 

2 Mukhin, Ozerov, Pontecorvo, Grigor’ev, and Mitin, Pro- 
ceedings of the CERN Symposium on High-Energy Accelerators and 
Pion Physics, Geneva, 1956 (European Organization of Nuclear 
Research, Geneva, 1956), Vol. 2; V. G. Zinov and S. M. 
Korenchenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 335, 1607, 
1608 (1957) [translation: Soviet Phys. JETP 6, 260 (1958)]. 
Also, N. A. Mitin and E. L. Grigor’ev, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 445 (1957) [translation: Soviet Phys. JETP 5, 378 
(1957) ]. 

3R. Margulies (private communication). Experiments were also 
performed at 258 and 294 Mev. 

4 Blevins, Block, and Leitner, Phys. Rev. 112, 1287 (1958). 


in a propane bubble chamber have been reported.® 
Angular distributions for positive and negative pion 
scattering from protons near 1 Bev have been obtained 
as a by-product of experiments on strange particle 
production.* Measurements of the total cross section 
for positive and negative pions up to 1.5 Bev have been 
published.*~® 

The ambiguities which formerly existed in the phase- 
shift analyses of the pion elastic scattering at moderate 
energies have now been satisfactorily resolved.” For 
the positive pion scattering, at least, the agreement of 
all the experiments up to 500 Mev with the dispersion 
relations! is satisfactory. The principal questions to be 
answered by experiments on the r++ interactions 
around 500 Mev are: the behavior of the S- and P-wave 
phase shifts,” the question of the presence of the D-wave 


5 Crittenden, Scandrett, Shepard, Walker, and Ballam, Phys. 
Rev. Letters 2, 121 (1959). 

6 J. K. Kopp and A. Erwin, Phys. Rev. 109, 1364 (1958), and 
a paper (to be published). 

7S. Lindenbaum and L. Yuan, Phys. Rev. 92, 1578 (1953). 

8 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 


® Burrowes, Caldwell, Frisch, Hill, Ritson, Schluter, and 
Wahlig, Phys. Rev. Letters 2, 119 (1959). 

10H. Chiu and E. Lomon, Ann. Phys. (N.Y.) 6, 50 (1959). 

1R. M. Sternheimer, Phys. Rev. 101, 384 (1956). See also 
reference 8. 

2 Drell, Friedman, and Zachariasen, Phys. Rev. 104, 236 (1956). 
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Fic. 1. The experimental arrangement at the Cosmotron. 


phase shifts,? and the cross section for, and details of, 
production of additional pions by the incident pion.‘ 
Several calculations of the cross section for the last 
process have been made, but rather disparate 
results were obtained. Most of them employ the Chew- 
Low method, which has also been established for this 
purpose from dispersion relations.'* 

It seemed worthwhile to secure improved statistics 
with a positive pion beam of well-defined energy, near 
500 Mev, using a liquid hydrogen bubble chamber. 


Il. EXPERIMENTAL ARRANGEMENT 


Three bubble-chamber experiments, in addition to 
this experiment, were performed simultaneously, using 
the same target. The arrangement is shown in Fig. 1. 
The 3-Bev proton beam of the Cosmotron was brought 
out of the machine within a time of a few microseconds, 
with the aid of the rapid beam ejector.'* The protons 
struck a polyethylene target 1 in. wide and 20 in. long. 
Particles emerging at about a 7° angle to the proton 
beam were focused by a pair of 12-in. aperture quad- 
rupoles (adjusted for the 1-Bev pion beam) and de- 
flected by a 36-in. long analyzing magnet. Positive 
particles, deflected through 41°, passed through a 4-in. 
diameter channel in a lead collimator set in the concrete 
shielding wall and into the bubble chamber. By means 
of current-carrying wire measurements, it was found 
that the central momentum of the beam was 635 Mev/c 
with a spread of +3%. 

The hydrogen bubble chamber used in the experiment 
measured 6 in. (in length) by 2? in. by 3 in. and was 
built by the Brookhaven Cloud Chamber Group.” No 
magnetic field was used. About twenty-five beam 
particles were visible in each photograph. The ratio of 


3 E. Kazes, Phys. Rev. 107, 1131 (1957). 

4S. Barshay, Phys. Rev. 103, 1102 (1956). 

16 J. Franklin, Phys. Rev. 105, 1101 (1957). 

161. Rodberg, Phys. Rev. 106, 1090 (1957). 

17M. Nelkin, Phys. Rev. 104, 1150 (1956). 

18 Tsellner, Khrustalev, Serebriakov, and Leznov, Report of the 
Joint Institute of Nuclear Research, Laboratory of Theoretical 
Physics, Moscow, 1958; (translation: Atomic Energy Commission 
Report AEC-tr-3540). 

”D. C. Rahm, Bull. Am. Phys. Soc. 2, 6 (1957). 

* Bolze, Morris, Rahm, Rau, Shutt, Thorndike, and Whitte- 
more, Rev. Sci. Instr. 29, 297 (1958). 
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minimum-ionizing particles to protons was found. to 
be 1.1/1. 


III. SCANNING AND MEASUREMENT 
OF THE EVENTS 


A. Scanning 


About twenty thousand pictures of good quality 
were scanned, by looking along each track in two views 
of the chamber, and recording any deviations or 
scatterings. 

It has been found that, in propane, the true bubble 
density along a track varies as 1/8?, where B is the 
velocity of the particle.” In the present experiment the 
protons should have a bubble density of about 3.3 
times that of the pions, if the same law holds for 
hydrogen. This was found to be the case, as will be 
discussed below. 

This difference in bubble density causes the pions 
and protons to have a quite different appearance in the 
photographs. The scanners were told to record all 
events, and to indicate whether these events were 
thought to be caused by incident pions or protons. A 
physicist examined all the events. All the events which 
the scanners considered pions and in addition all events 
which the physicist considered pions or doubtful, were 
then measured. (Of the events measured, about 1% 
were found to be protons.) 

About one-half of the pictures were scanned twice, 
by different scanners. The efficiency was found as a 
function of the scattering angles in the usual approxi- 
mation where the probability for one scanner to find 
an event which the other missed is considered to be 
(efficiency of the first) X (1— efficiency of the other). 


B. Measurements 


The polar angle # and the azimuthal angle ¢ for the 
secondary tracks in each event were measured by 
reprojecting the two stereoscopic photographs of the 
chamber through the same lenses used to take them 
upon a screen mounted in gimbal rings. The accuracy, 
for a typical event, was about 3° in @, and 3° in ¢. Since 
the photographs were taken in liquid hydrogen, with 
index of refraction 1.085,” but reprojected in air, the 
measured angles had to be used to calculate the true 
angles. The resulting corrections were generally rather 
small, never exceeding 2.3°. 

Estimates of the bubble density were made at the 
time of measurement. Since the bubble density was used 
to analyze the events which were possible examples of 
pion production, more accurate values were needed for 
these events. In pictures with such events, measure- 


21 Willis, Fowler, and Rahm, Phys. Rev. 108, 1046 (1957). 

#1. Stevenson, University of California Radiation Laboratory 
Report UCRL 4310-03 M13A (unpublished). The operating point 
of the chamber was at a vapor pressure of about 59 psia. Note 
added in proof.—It has been found [R. R. Ross, UCRL4320-12M4 
(unpublished) ] that a more accurate value of the index is 1.097. 
This would change the average pion scattering angle by about 0.1°. 
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ments of the lengths of the gaps between bubbles were 
made by means of a scale in a microscope eyepiece, for 
two minimum-ionizing tracks, as well as for the tracks 
involved in the event. 

Very short gaps are missed; therefore we choose a 
length xo, such that a gap of length x» would surely be 
recorded. If NV is the number of such gaps, of total 
length >> «; (x; measured between the estimated centers 
of the bubbles defining the gap), then the true bubble 
density as given by the maximum likelihood method 
may be shown to be 


m=N/(>. x:— Nx). (1) 


On measuring all the tracks in a group of photographs, 
it was found that the values for m in each photograph 
fell into two groups corresponding to minimum ionizing 
tracks and protons, and that the ratio of the values of 
m for these groups was consistent with m« 1/6, The 
values of m for tracks in an event were normalized by 
means of the minimum-ionizing tracks, corrected for the 
foreshortening due to projection upon the film plane, 
and used to determine the values of 6 according to Eq. 
(1). For minimum-ionizing tracks several centimeters 
long, the standard deviations of the m value distribution 
was about 20%. 

C. Criteria of Acceptance 

There were two reasons for setting rather strict 
conditions for acceptance of events in this experiment. 
The scattering cross section rises by an order of magni- 
tude as the energy of the pion decreases to the resonance 
energy, and beam pions which interact in the nuclei of 
the chamber wall or collimator probably tend to emerge 
near this energy. Clearly, it is important to be sure that 
a scattered pion is a beam pion, and that the tracks will 
be of sufficient length to make accurate measurements. 
Moreover, it is desirable to make restrictions which 
will ensure a high scanning efficiency. 

The following were the criteria for the acceptance of 
an event: 


1. Figure 2 shows the distribution of the angle ¢ for 
elastic scattering events. The plane perpendicular to 
the optic axis corresponds to ¢=90°. The interval of 
around 0° shows a significantly smaller scanning 
efficiency. Scattering events in this interval were not 
used in the analysis. 

2. The direction of the incoming particle was required 
to be within 2° of the average beam direction. 

3. The vertex of the event had to be 2 cm or more 
from the beginning of the visible region, along the beam 
direction, but more than 1 cm from the outgoing end. 

4. It was required that each outgoing track from an 
event be at least 1 cm long, if it did not stop. (Because 
of the finite cross section of the chamber, this condition 
introduces a small bias as a function of the angle 6,. 
This bias was computed to be negligible except for the 
interval 6,> 150°, in the center-of-mass system.) 
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Fic. 2. The number of elastic scatterings found as a 
function of the azimuthal angle ¢. 





5. Events classified as elastic scatterings were re- 
quired to fit the kinematic relations for the correct 
momentum within errors of 2}° in the angles. This 
excludes events of pion energy below about 400 Mev. 

6. If the scattering angle is so small that there is no 
visible recoil, the scanning efficiency is small, and there 
may be confusion with -u decays. For this reason, only 
events with 0,>9° in the laboratory were used. 


The application of these criteria reduced the number 
of events from about 600 to 265. 


IV. RESULTS 
A. Elastic Scattering Angular Distribution 


A total of 228 elastic scattering events was found 
which satisfied all the criteria outlined above. They 
were divided into eight 20° intervals in 6, (the pion 
angle in the center-of-mass system), including angles 
from 13.7° to 170°. When determined in the way 
described in III, the efficiency for finding these events 
proved to be 0.82 for the interval 13.7< 6,< 30°, 0.96 
for 30°<6,< 150° and 0.89 for 150°<6,<170°. The 
number of events was divided by the efficiency, and also 
by the geometrical factor mentioned in Sec. III, which 
is 1.07 for the 6,=160° interval, and approximately 
1.00 for the other intervals. 

A preliminary phase-shift analysis was made by the 
method described below, excluding the interval 6,= 20°, 
and the resulting curve used for two purposes. The first 
interval was corrected for the number of events missing 
due to the small-angle cutoff, at 6,=13.7°. Also the 
Coulomb interference with this preliminary set of phase 
shifts was computed.” This had the effect of raising 
the differential cross section in the 20° interval by 7% 
for that set of phase shifts. Since the effect is small and 


3 F. Solmitz, Phys. Rev. 94, 1799 (1954). 
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Fic. 3. The angular distribution for elastic scattering. The 
curve P includes powers of cos#, up to cos*#,, curve D includes 


powers up to cos‘,. 


not highly sensitive to the phase shifts, the Coulomb 
interference may be taken into account with good 
accuracy by multiplying the number of events in the 
20° interval by 0.93. The resulting differential scattering 
cross section is shown in Fig. 3. The errors shown are 
the standard deviations due to statistics only, except 
for the 20° point, where the error has been increased 
somewhat, because of the various corrections made. 
The absolute cross-section scale was determined in 
the following manner. The contamination of muons 
and electrons in the pion beam was not well known; 
therefore it was thought more advisable to use the 
published information on the total cross section than 
to rely on the value obtained in this experiment, which 
is presented in the Appendix. The values of the total 
cross section from counter work® at 450 and 550 Mev 
were interpolated to give a value at E,=500 Mev: 


Srotal = 20.0+2.5 mb. 


The ratio of elastic to inelastic events determined in 
this experiment was used to obtain the total elastic 
cross section 

oe = 17.243 mb. 


A least-squares fit of the curves 


- 

da/dQ=> a, cos"6,, (2) 

n=O 

to the experimental points was made, with weights 
inversely proportional to the errors. Values of 2, 3, and 
4 were used for N. The total elastic scattering cross 
section obtained by integrating the curve was set equal 
to 17.2 mb. The a, and the diagonal elements of their 
error matrix are given in Table I. The curve for V=2 
is labelled “P” on Fig. 3, that for WN =4 is labelled “D”’. 


TABLE I. Coefficients in do/dQ=2% a, cos"6,, in mb/sterad. 








ao a a: ai 





0.14 2.36+0.20 
2.66+0.15 0.711+0.23 
0.18 2.62+0.34 0.549+0.35 0.218+0.50 


0.585 +0.06 


2.274 
0.482+0.05 1.98+0.11 
1.914 


0.446 +0.05 
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B. Phase-Shift Analysis 


None of the previous experiments, up to 525 Mev, 
has been found to require the introduction of D-wave 
phase shifts.‘ It should be noticed that the coefficient 
of cos*#@, may be zero. Therefore an analysis first in 
terms of S- and P-wave phase shifts will be made, and 
then the effect of the D waves discussed. 

The differential cross section is given by 


do/dQ=*(| fal?+| fs|?), (3) 


where 4 is the wavelength of the pion in the center-of- 
mass system and 


fa=as+ (api+2aps) cos6 ; 
+ (2ap3+3aps) (3 cos*?@—1)/2, (4) 


fa=(ap3—ap.) sinbe'*+ (aps—ap3)3 cos6 sinbe'*, — (5) 


where 
any = (npze**44 —1)/2i. (6) 


In order to conform to the general usage, the phase 
shifts azz will be identified by indices representing 
twice the isotopic spin and twice the total angular 
momentum. With a positive pion and a proton we have 
only a $ isotopic spin state. To avoid ambiguities the 


TABLE II. S- and P-wave phase shifts. All n,7=0.981. 


as ais 


—29.0° 163.0° 
—29.0° 137.3” 











S-wave phase shift is written as, and the D-wave phase 
shifts 533 and 635. The nz are the absorption coefficients, 
in terms of which the pion production cross section is 


Tinel= WA > 1,7 ((2J+1)/2]A—n2*). (7) 


It is not possible to evaluate the nz, from the data 
in this experiment, but a constraint is placed on the 
nis by Eq. (7). Various assumptions which satisfy Eq. 
(7) were investigated, and it was found that it is not 
possible to produce substantial changes in the phase 
shifts by changes in the nz, consistent with Eq. (7), 
hence most of the computations were done by assuming 
all nz equal, which, with the ojnei found in this experi- 
ment, makes n,y=0.98. (The effect of an extreme 
assumption may be seen in solution “a” and “b” of 
Table III.) The phase shifts obtained when 63;=635=0, 
and when the coefficients for V =2 in Table I were used 
are given in Table II. There are two sets, I and II, 
corresponding to the Fermi-Yang ambiguity, but they 
are almost degenerate, and it is difficult to determine 
with certainty which set corresponds to the Fermi 
solution at lower energies. Figure 4 shows a3; from the 
S- and P-wave analyses of the scattering at intermediate 
energies, as a function of 4°, where 4 is the meson 
momentum in units of the meson mass in the center-of- 





rt*—p 


mass system. ‘The straight line is an extrapolation of the 
low-energy dependence found by Chiu and Loman,! 
a31:—9.1° 4. The points at the higher energies seem to 
fall near this line, as does our solution I, which is some- 
what more likely, therefore, to correspond to the Fermi 
solution. 

When an attempt is made to find solutions including 
D waves, the large errors in a; and a, must be taken into 
account. To present a summary of the many fits ob- 
tained with different values of a3 and ay, it is convenient 
to show the solutions as labelled points on a plot of 63; 
and 635 (Fig. 5). Reference may then be made to Table 
III to find all the corresponding phase shifts and the 
values of a; and ay. There are many possible D-wave 
solutions, but effort has been concentrated on the one 
which most nearly resembles the S- and P-wave 
solution. There is one solution of this sort which gives 
values of a; and ay most nearly equal to the values of 


P 
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Fic. 4. Results for a3; of analyses at lower energies where the 
Yang and Fermi solutions are distinct. The line is the low-energy 
dependence suggested by Chiu and Lomon." 


Table I, solution “a.” The value of a4 is not equal to 
the experimental value but it is well within the error 
given in Table I. The solutions obtained by changing 
a; and a, by approximately the error listed in Table I. 
are given in Table III. 

The fact that the spin flip scattering is very small, 
and that it may result from both the P and D waves, 
is responsible for double solutions, such as “f” and “‘g.” 

The D-wave phase shifts of Table III seem rather 
small compared to the results of Mukhin at 307 Mev,? 
but are in agreement with Margolis’ and Blevins ef al. 

C. Dispersion Relations 

The dispersion relations for the real part of the 
forward scattering amplitude derived from the require- 
ment of causality by Goldberger, Miyazawa, and 
Oehme™ require knowledge of the r+—p and r—p 


* Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 
(1955). 
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AT 500 MEV 








Fic. 5. A plot identifying the various phase-shift solutions given in 
Table III by the two D-wave phase shifts, 533 and 435. 


total cross sections at all energies. Sternheimer! has 
used the experimental cross sections and assumptions 
about the behavior at high energies to evaluate 
Re[_f(0°) ]. He has also obtained Im[/(0°)] from the 
optical theorem and the same total cross sections, 
finally giving curves of (do./dQ) (0°). It is found that, 
at 500 Mev, this quantity is mostly due to the 
Re[_ (0°) ] and varies quite rapidly with energy. The 
value at 500+15 Mev is 


=5.2+0.8 mb/sterad. 


The value given by the fit corresponding to curve “P”’ is 


do 
—(0°)=5.2+0.5 mb/sterad. 


dQ 
and that given by curve “D” is 
da 


— (0°) =5.85+0.6 mb/sterad. 
dQ 


Either fit agrees satisfactorily with the prediction. 


D. Single-Pion Production 


Thirty-eight events were found for which the meas- 
urements were consistent with the reactions 


mt+pontattat (nt++) 
>ptartt+r (p+0). 


These events were recognized by their lack of co- 
planarity and failure to fit the elastic-scattering 
kinematics. The measurements of the velocity of the 
secondary particles were used to calculate the mass of 
the neutral particle, for a given assumption of the 
masses of the emergent particles. The measured 
velocities were changed, within their errors, to produce 
a fit. Somewhat more than a quarter of the events were 
found to fit both final-state assignments, 
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TaBLE III. S-, P-, and D-wave phase-shift solutions. All 
nis =0.981 except for solution “b’’, which corresponds to solution 
“a” except ns =0.816, the other nz7= 1.00. 


a 
(mb 
sterad) 


a3 
(mb/ 
ai asi an baa bas sterad) 


0.55 
0.55 


1$7.3° 
160.4° 
159.0° 
156.5° 
161.8° 
—7.5° 155.3° 
—17.9° 161.4° 


— 0.004 
0.01 
0.07 

—0.05 

—0.26 

—0.24 

—0.26 


0.3° 
—0.2° 
—1.0° 
is 
2.0° 
—4.6° 
—3.7° 


—2.0° 
—2.0° 
—2.0° 
—2.0° 
—5.0° 

3.0° 

s S 


—27.3° 
— 30.8° 
— 30.0° 
—25.5° 
—29,3° 
—24.2° 
— 29.5° 


—15.0° 
— 20.5° 
— 16.0° 
—15.0° 
—19.0° 





To obtain the ratio of elastic to inelastic events, the 
number of elastic events must be corrected for the 
excluded region of @. Since the inelastic events do not 
in general lie in a plane, there is no excluded region of 
@, and the scanning efficiency may be different. On the 
basis of the limited statistics in the rescanning (three 
events), the scanning efficiency seems to be about 90% 
of that for the elastic events. 

Applying these corrections, the result is 


O1x/Cwtai = 0.143 +0.0235, 


OF, SINCE Gtoru1= 20.042.5 mb, from Sec. IV A, 


o17=2.8540.5 mb, and o,,;=17.2+3 mb. 


The single-pion production cross section agrees approxi- 
mately with the calculation of Kazes." 

The center-of-mass momentum and angle for each 
particle for the 16 cases of +0 and the 11 cases of 
n+-+ identified with reasonable certainty, are shown 
on the scatter plot Fig. 6. For the ambiguous cases, 
points plotted for both assumptions appear in Fig. 7. 
It should be noticed that most of the ambiguous cases 
involve a slow track and a very fast one. In such cases, 
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Fic. 6. A scatter plot showing the center-of-mass angle and 
momentum of each particle from a pion production event identified 
as to charge state. The points indicate the type of particle, and the 
final charge state, as shown in the legend, 


zt 
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it is difficult to determine whether the heavy track is a 
pion or a proton. However there is only a narrow mo- 
mentum band such that a pion has a high bubble 
density but has a range long enough to escape from the 
chamber. (None of the particles stopped.) It seems 
somewhat unlikely to find so many events in such a 
small phase space. Probably, then, no more than half 
of the ambiguous events are n+-+, but they could be 
all p+0. These considerations may be combined with 
the expected statistical errors to give the charge-state 
ratio: 


(p+0)/(n++) =1.5_9 51? . 


which is to be compared to ~~0.6 predicted by the most 
recent meson-theory calculation.” The isobar model, 
which is expected to be valid only for higher energies, 
predicts 6.5 for this ratio.*® 

A close comparison of Figs. 6 and 7 shows that if the 
ambiguous events are actually all of one of the two 
states, or if they are mixed so that not all of one state 


+i nen) 
© **(p+0) 
**(ne+) 


7° (p +0) 


Fic. 7. A plot corresponding to Fig. 6 for the ambiguous pion 
production events, where each particle is plotted twice, for the two 
possible interpretations of the event. 


comes from a small area of Fig. 7, the general features 
of Fig. 6 are hardly affected. It is then possible to draw 
conclusions from Fig. 6 with as much confidence as the 
limited statistics will admit. The only feature, however, 
which may be considered striking is the division of the 
a+ from n++ into a fast and a slow group. This feature 
is also present in the data of Blevins ef al.‘ Another 
characteristic of their data which they point out is a 
pronounced backward peaking of the neutrons. This 
can also be seen in Fig. 6, but it is not statistically 
significant. 


E. Multiple Pion Production 
One event found was an example of 


rt+p— ptattatto@r. 


One of the x* stopped and decayed. This event was not 


25S. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 1874 
(1957), 





xrt+—p 


in the restricted region of the chamber, and therefore 
it is to be compared with about 600 other pion events. 
The cross section for this reaction is, then, about 30 ub. 

Two other inelastic events were found which would 
only fit single-pion production if the momentum were 
raised several hundred Mev but, they could fit the 
reactions 

rt+p—n+at+art+r, 

or 


at+p— ptatt+e+s*. 
V. DISCUSSION 


The S- and P-wave phase shifts at 500 Mev show 
reasonable continuations of the lower energy results 
and are little affected by the absorption due to inelastic 
processes. It is interesting to note that the S-wave 
phase shift, in all the various D-wave solutions, seems 
larger in magnitude than the value given by the Orear 
extrapolation,” 

a3;= —6.3° %, or as;=—18.2° at 500 Mev. 


This effect has been predicted by Drell et al." 

The best fits to the data seem to give rather small 
D-wave phase shifts, particularly in the light of the 
result of Mukhin ef al.? who conclude that 


535 =— 0.275, 


for the data around 300 Mev. If the same energy 


dependence could be assumed at as high an energy as 
500 Mev, we would conclude that 


|835| <0.08%). 


It has been suggested that their result is a statistical 
fluctuation.‘ 

The present data are in agreement with the dispersion 
relations as evaluated by Sternheimer." It has been 
pointed out® that it will be difficult to verify them with 
any accuracy at energies much higher than this, 
because the Re[_f(0°) ] soon becomes small compared 
to Im[_f(0°) ]. 

The calculation of Kazes" seems to be in approximate 
agreement with the results for the cross sections for 
n+-+ and p+0. An interesting momentum distribution 
of the pions from the former reaction has been pointed 


26 J. Orear, Phys. Rev. 96, 176 (1956). 
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out. Only weak support can be given the suggestion 
that the pion production proceeds through a “stripping” 
of a virtual pion, resulting in a backward peaking of the 
nucleons.‘ 

The cross section for multiple pion production has 
been found to be very small but finite at this energy. 
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APPENDIX. MEASUREMENT OF THE 
TOTAL CROSS SECTION 


The rolls of best quality were selected for an attempt 
to determine the total cross section. These rolls contain 
about one-third of the events. The minimum ionizing 
tracks in every tenth picture were counted. The path 
length thereby determined had to be corrected for the 
percentage of beam tracks not satisfying the criteria 
listed in Sec. III, found to be 30%. The number of 
events was corrected for the scanning efficiencies given 
in Sec. IV and for the events discarded because one 
track was too short (12%). The contamination of 
electrons and muons in similar beams was reviewed,’ :* 
and the fraction of minimum ionizing tracks which 
were pions was taken as 0.86. The density of liquid 
hydrogen at the operating point is” 0.62 g/cm*. The 
resulting value for the cross section is 


OT total > 17.0+3.4 mb, 


where about one-half of the error results from un- 
certainties in the corrections which had to be applied. 
This value is consistent with the counter measurement. 





PHYSICAL REVIEW VOLUME 


116, 


NUMBER 3 NOVEMBER 1, 1959 


Panofsky Ratio for Negative Pions Absorbed in Hydrogen* 


E. L. Kotter anp A. M. Sacus 
Columbia University, New York, New York 


(Received June 11, 1959) 


The ratio of mesonic to radiative capture of stopped negative pions in hydrogen, i.e., the Panosfky ratio, 
provides a useful link in analyzing the results of photoproduction of pions and pion-nucleon scattering. 
Previous measurements of the Panofsky ratio indicate possible systematic errors in the experimental tech- 
niques. The ratio has been remeasured using (a) a lead glass Cerenkov counter of improved resolution to 
measure the total energy of the gamma rays (+16% for the 129-Mev gamma rays measured in this experi- 
ment), (b) time-of-flight measurement of the 180 degree recoil neutrons to determine the shape of the 
pulse-height spectrum of the high-energy gamma ray, and (c) a collimator of variable dimensions to test 
the possible effect of degradation of the high-energy gamma rays in the collimator. The value obtained for 
the ratio is 1.46+0.10, in good agreement with the Liverpool experiments. 


I. INTRODUCTION 


HE Panofsky ratio of the probabilities of mesonic 
to radiative capture of a negative pion from the 


K shell of a +p system, 
P=rate(x-+p — n+7°)/rate(x-+ p — n+y) 


(we shall call these Processes I and II, respectively), 
provides an interesting link between the results, 
extrapolated to zero energy, of pion-nucleon scattering 
and of the photoproduction of pions.':? The difficulties 
in interpreting and extrapolating the scattering and 
photoproduction data have been examined by several 
authors.?~* In addition, however, the various published 
measurements®” of P statistically 
incompatible. 

The experiment described below, for the remeasure- 


seem to be 


ment of P, was designed to reduce possible systematic 
errors in previous measurements by using: (a) a lead- 
glass Cerenkov counter of improved resolution to 
distinguish between the monoenergetic 129-Mev gamma 
rays from Process II and the flat spectrum of 55- to 
83-Mev gamma rays from the decay of the neutral pion 
in Process I, (b) a time-of-flight coincidence measure- 
ment of the 8.8-Mev neutrons in Process II to determine 
carefully the shape of the pulse-height spectrum of the 
129-Mev gamma rays, and (c) a collimator of variable 
dimensions to define the solid angle for acceptance of 
gamma rays. 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
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II. EXPERIMENTAL METHOD 
A. General 

The experimental arrangement used in this experi- 
ment is shown in Fig. 1. The ‘85’”-Mev pion beam 
emerging from a hole in the eight-foot thick iron 
shielding of the cyclotron was further analyzed by a 
double-focusing magnet and then passed through a 
hole in an additional eight feet of iron shielding. The 
beam, defined by counters No. 1 and No. 2, was then 
incident on the liquid hydrogen target cup. Sufficient 
polyethylene absorber was placed between the beam- 
defining counters to slow down the pions to a point 
corresponding to a maximum in the ratio of hydrogen 
to background “‘stoppings.” A “stopping” is defined as 
a coincidence between counters No. 1 and No, 2 in 
anticoincidence with No. 3 (i.e., 123), and hence, 
includes such events as large-angle scatterings in No. 2. 

The Cerenkov counter, No. 5, was positioned directly 
behind the collimator at 90 degrees to the incident beam. 
Counter No. 4 was placed in anticoincidence with No. 
5 to eliminate charged particles passing through the 
collimator. Recoil neutrons of Reaction II, collinear 
with the 129-Mev gamma rays, were detected on the 
opposite side of the target in counter No. 7, a large 
cylinder of plastic scintillator. Here again a counter, 
No. 6, was put in anticoincidence to prevent the 
counting of charged particles. 


B. Target 


The liquid hydrogen was contained in the target cup 
of the metal Dewar previously described by Bodansky 
et al. The cup, 3.1-inches diameter by approximately 
5.5-inches height, was made from stainless steel tubing 
turned to an 0.004-inch wall thickness. Surrounding 
it was an 0.001-inch aluminum radiation shield and the 
0.007-inch aluminum foil which served as a vacutim 
wall. 


4 Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 
(1954). 
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Fic. 1. Experimental arrangement. 
LEAD GLASS 
CERENKOV COUNTER 


REMOVABLE RINGS 


C. Collimator 


There are two methods available for restricting the 
solid angle acceptance of gamma rays to the central 
portion of the face of the Cerenkov counter, each of 
which is recognized as a potential source of systematic 
error. One method, used by Cassels ef al.,° is to convert 
the gamma rays in a piece of lead in front of the lead- 
glass and demand the coincidence for a_ resulting 
electron between the Cerenkov pulse and that of a thin 
beam-defining scintillator placed between the converter 
and the lead-glass. This method has the advantages of 
eliminating the difficulties of a collimator and of pro- 
viding an extra coincidence to reduce background, but 
it has the disadvantages of requiring a calculation of 
the relative efficiency of the system for different energy 
gamma rays and of reducing the over-all conversion 
efficiency as compared to the lead-glass itself. The other 
method is to allow the gamma rays to convert directly 
in the lead-glass and use a collimator to define the solid 
angle. This method, used by Fischer ef al.,!° suffers from 
the possibility of introducing degraded gamma rays 
from the edges of the collimator. 

The latter method was also used in the present 
experiment, with the added provision of being able to 
change the collimator apertures in order to check their 
effect. The collimator, coaxial with counter No. 5, 
consisted of a large iron cylinder, 20 inches long, with 
a 5-inch hole bored through it, into which were placed 
removable brass and iron rings. The iron and brass 
rings, ten in number, had either a 3-inch or 33-inch i.d. 
as indicated in Fig. 1 and a thickness of slightly less 
than 1}-radiation lengths. 


COLLIMATOR 


63 
YE THYLENE 
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K—ALTERNATE POSITION: COUNTERS (6) (7) 
) QD 


D. Counters 


The pertinent specifications of the counters are 
contained in Table I. The plastic scintillator used in 
counter No. 2 was thin so as to reduce the number of 
particles which stopped in No. 2 or underwent large 
angle scattering, and hence, did not count in No. 3. 

The gamma-ray spectrum was measured with a large 
lead-glass Cerenkov counter, a diagram of which is 
shown in Fig. 2. The lead-glass (Schott SF1-FA:” 
p=4.46 g/cm’, n=1.72 for the sodium D line) had a 
radiation length of 2.18 cm and a critical energy for 
electrons equal to 16.6 Mev. According to the curves 
of Kantz and Hofstadter," the counter should contain 
better than 85% of the shower arising from 129-Mev 
gamma rays impinging on it within a 3-inch diameter 
aperture. However, the largest single factor limiting 
the resolution of the counter was not the lack of shower 
containment but the attenuation of light in the lead- 
glass. In order to offset this, all sufaces of the glass were 


TABLE I, Description of counters. 


Size of plastic 


scintillator® Phototubes 


1-RCA 6810A 
1-RCA 6810A 
1-RCA 6810A 
1-RCA C7225 
1 
1 
1 


Counter 


5 in.X5 in. X } in. 

$ in. X23? in. X } in. 
10 in. X10 in. X4 in. 
83-in. diam X $ in. 
7.3-in. diam X 8.2 in. 
81-in. diam X 3 in. 
73-in. diam X6 in. 


Dumont K1328 
-RCA 6810A 
-RCA 7046 


“IO Un & Go to | 





* The scintillator material for all counters except No. 5 was styrene 
terphenyl and tetraphenylbutadiene. Counter No. 5 consisted of a piece 
of Schott SF1-FA lead glass. 


2 Obtained from Fish-Schurman, New Rochelle, New York. 
18 A. Kantz and R. Hofstadter, Nucleonics 12, No. 36 (1954). 
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Fic. 2. Lead-glass Cerenkov 
counter. (a) SF1-FA Pb glass 
7.3-in. diameterX8.2 in. (b) 
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polished and the glass was placed in a paraffin oil bath 
which acted as a light pipe. The light was then viewed 
by a Dumont K 1328 phototube having a minimum 
useful photocathode diameter of 14.5 inches. The oil 
container consisted of a truncated hollow cone of copper, 
the inner surface of which was plated with silver and 
then polished. The end of the container through which 
the gamma rays entered was sealed with a thin Lucite 
disk and an O-ring and then covered with a foil of 
aluminum, while the K 1328 phototube was mounted 
with a V-ring gasket directly on the other end. The tube 
and oil container were then enclosed in two nested 
mu-metal shields, each 0.033 inch thick and separated 
by 3s inch, and three concentric iron cylinders each § 
inch thick and separated by an } inch copper sheet. 
This magnetic shielding was more than sufficient to 
eliminate any magnetic field effect in the counter. 
Counter No. 7 was used to detect the 8.8-Mev 
neutrons mainly by means of the recoil protons whose 
energy spectrum extended uniformly from zero to a 
maximum of 8.8 Mev. In order to reduce spurious 
coincidences, the gain of the counter was adjusted in 
the following way so that it registered a pulse only for 
protons with an energy of approximately 3.5 Mev or 
more. The counter was placed in the incident pion 
beam with the 8} inches of polyethylene absorber 
removed. The 85-Mev mesons then lost approximately 
48 Mev in the 6-inch thick plastic scintillator. After 
introducing an attenuation factor of 16 before the 


0.040-in. copper plated with 
0.005-in. Ag and polished. (c) 
Dumont K1328 (16-in.) multi- 
plier phototube. (d) Minimum 
useful diameter=14.5 in. (e) 
Oil taps (2). (f) Thin Lucite 
disk. (g) 0.002-in. aluminum 
foil. 





variable delay line (see Fig. 3), the high voltage of the 
photomultiplier was then adjusted to count in co- 
incidence 50% of the incident pions at the proper 
delay. When the counter was moved back into position, 
this attenuation factor was eliminated so that (using 
a crude estimate of the nonlinear light output of the 
scintillator) protons above 3.5 Mev were counted. 

The pulse from the neutron counter was also required 
to satisfy a time-of-flight criterion. By using a 7046 
RCA phototube, which has a 5-inch diameter photo- 
cathode but a small spread in electron transit time, 
pulses were obtained with a fast enough rise time to 
make the time of flight distinction through a delay 
coincidence with the pulse from the 6810A phototube 
of counter No. 2. The gain and timing of counters 4 and 
5 were also checked by placing them in the direct beam, 
but, in this case, detecting the contamination of 175- 
Mev electrons. 


E. Electronics 


A block diagram of the electronics is shown in Fig. 3. 
The positive signal from the Cerenkov counter went 
through a pulse stretcher, a cathode follower, and into 
a Hamner nonoverloading amplifier, the output of 
which went to the signal input of the Penco 100-channel 
pulse-height analyzer. Clipped signals from all counters 
were fed into a multichannel Garwin circuit," which 


4R. L. Garwin, Rev. Sci. Instr. 24, 618 (1955). 
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Fic. 3. Block diagram of the 
electronics. HAMNER 
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formed 123, 1245, and 1267 coincidence-anticoinci- 
dences with a resolving time of 10~° second. These 
three output pulses from the Garwin circuit were passed 
into an EFP 60 discriminator and pulse shaping circuit 
and then into a second coincidence circuit with a 
resolving time of 10~7 second. The output of this circuit, 
which triggered the 2-microsecond gate of the pulse- 
height analyzer, was chosen to give either the double 
combination 123-1245 or the triple combination 123- 
1245-1267. In the former case, the “total spectrum”’ 
of gamma-ray pulses coincident with a stopped pion 
was analyzed, while in the latter case the additional 
demand of a delayed pulse in counter No. 7 (and the 
absence of a similarly timed pulse in counter No. 6) 
produced the “neutron gated” spectrum of the mono- 
energetic gamma rays from Process II. 

The amplifier gain and bias on the pulse-height 
analyzer were adjusted so that the 100 channels covered 
input pulses with a range of 5 to 53 volts. Any pulse 
larger than 53 volts produced a “surplus” tally that 
was counted on an external scaler. The total ‘stored 
counts,” “gates,” and output of each coincidence- 
anticoincidence were also scaled for each run. 


III. EXPERIMENTAL RESULTS 
A. General 


The data of this experiment come from two series of 
runs, one series, “rings in,” taken with the set of col- 
limator insert rings having inner diameters of 3 and 
34 inches as indicated in Fig. 1, and the other, ‘rings 


out,” taken with no rings in the 5-inch diameter hole 
of the collimator. (The distance from the center of the 
target cup to the far end of the collimator is 26 inches.) 
In each series there is one total spectrum, two neutron- 
gated spectra for the distances from the front of counter 
No. 7 to the center of the target cup of 14} inches and 
253 inches, and separate background runs for each type 
of spectrum. 

The background in the total gamma-ray spectra 
arises primarily from accidental coincidences between 
123 pulses from real mesons and the high singles rate 
for counts above a low-energy threshold in the Cerenkov 
counter. In addition, there are some gamma rays from 
pion interactions in the metal parts of the target. 
Neither of these types of background can be measured 
effectively by taking runs with the hydrogen target cup 
empty, since this eliminates most of the real 123 counts 
and also reduces the number of pions stopping in the 
target walls. As an alternative, it was necessary to 
measure the accidentals separately and to estimate the 
effect of the target walls from runs with additional 
absorber placed before the empty target. The error in 
the final estimate of the background contributed a 
significant fraction of the total error in the value of P. 
In the neutron-gated spectra, the substantially smaller 
background has been measured in the same way. 

After the background has been subtracted from each 
spectrum, the final resolution of the remaining gamma 
rays in the total spectrum into two groups corresponding 
to the gamma rays from mesonic and radiative capture 
is accomplished by using the detailed information on 
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the shape of the higher energy peak from the neutron- 
gated spectrum. The possibility of a systematic col- 
limator effect arises in this procedure, since although 
the neutron counter geometrically intercepts essentially 
all of the neutrons associated with (i.e., at 180 degrees 
to) the 129-Mev gamma rays passing through the 
collimator apertures, neutrons will not be counted for 
many of the gamma rays that strike the front edges of 
the collimator. If any of these gamma rays contribute 
to the total spectrum, the procedure for resolving the 
two groups is in error. To investigate and correct for 
such a collimator effect, the various combinations of 
neutron counter position and collimator rings were 
taken. 


B. Hydrogen Spectra 


The total spectra from the hydrogen-filled target cup 
for collimator rings in and out are shown in Figs. 4(a) 
and 4(b). The spectrum for rings out, including approxi- 
mately 52 000 gamma rays, was taken in ten 30 minute 
runs in which a total of 30X10® 123 stoppings were 
recorded. For rings in, the number of gamma rays 
counted in the same period is down by about a factor 
of two because of the smaller solid angle subtended. 
The number of counts per 123 stoppings in the lower 
channels, just above the artificailly set threshold of the 
pulse-height analyzer, is essentially independent of the 
collimator rings, since they are almost entirely ac- 
counted for by accidental coincidences. 
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The neutron-gated spectra for collimator rings in and 
out, for each of the two positions of the neutron counter, 
are shown in Figs. 5(a), (b), (c), and (d). Defining the 
resolution as the half-width at half maximum intensity 
divided by the pulse height of the peak, one finds +16% 
for the two spectra with rings in and +18% for the 
spectra with rings out. The difference is an indication 
of the effect of allowing the 129-Mev gamma rays to be 
incident over a larger area of the face of the Cerenkov 
counter. In a previous run, where the Cerenkov counter 
was calibrated in a beam of 137-Mev electrons defined 
by two one-inch diameter scintillators, the resolution 
was +14%. 

Comparison of the neutron-gated spectra with the 
high-energy peaks of the total spectra indicate an 
approximate efficiency of 35% for counting the 8.8-Mev 
neutrons in counter No. 7 with the phototube gain 
adjusted as described in Sec. I-D. It is not necessary 
to know the neutron detection efficiency in this experi- 
ment, however, since only the shape of the neutron- 
gated gamma-ray spectra and not the absolute rates 
are used in computing the Panofsky ratio, P. An 
attempt was also made to use another lead-glass 
counter (of poorer energy resolution) in place of the 
neutron counter, No. 7, to gate the gamma-ray spec- 
trum in counter No. 5 with prompt coincidences from 
the other gamma ray from the decay of the 7° from 
Process II. In this case, however, the shape of the 
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Fic. 4, Total pulse-height spectrum in Pb glass. (a) Collimating rings in. (b) Collimating rings out. 
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Fic. 5. Neutron-gated pulse-height spectrum in Pb glass. (a) Neutron counter at 25} in. and collimating rings in. (b) Neutron counter 
at 254 in. and collimating rings out. (c) Neutron counter at 144 in. and collimating rings in. (d) Neutron counter at 144 in. and colli- 


mating rings out. 


spectrum of the lower energy peak depends on counting 
all of the gamma rays in the second lead-glass counter 
with equal or known efficiency. The spectrum measured 
in this way gave the qualitative check of picking out 
the lower peak, but because of the uncertainty in the 
energy dependence of the efficiency in this poorer 
Cerenkov counter, the data were not used in the final res- 
olution of the two groups of gamma rays to determined 
FP, 

The effectiveness of the delayed coincidence with the 
neutron counter in picking out the high-energy gamma 
rays alone depends, of course, on the efficiency of the 
timing circuit in rejecting the prompt coincidences 
caused by the other gamma rays from the decay of the 
x. With counter No. 7 at 25} inches, the 8.8-Mev 
neutrons, with B=0.137, have a time-of-flight 14.6 
musec longer than that of the prompt gamma rays. 
The distribution of angles betwee. the pairs of 7° 
gamma rays extends from 180 degrees to 157 degrees, 
so that counter No. 7 is geometrically less efficient for 
intercepting the second 7° gamma ray associated with 
a gamma-ray count in the Cerenkov counter than for 
intercepting the 180-degree neutron from Process II. 
Nevertheless, the accuracy of the method described in 
Sec. III-D for calculating P depends on the rejection 
by time-of-flight of those gammas which are counted 
in the neutron counter. The efficiency of this rejection 


was checked by taking careful delay curves when 
counter No. 7 was in the direct pion beam, and also by 
taking neutron-gated spectra with several values of 
delay for counters No. 6 and No. 7. 

A delay curve for counter No. 7 in the direct beam 
is shown in Fig. 6. For neutron-gated spectra with the 
neutron counter at 254 inches, 22.5 mysec of delay were 
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TaBLE II. Comparison of shapes of neutron-gated spectra with 
several values of delay for rings in and neutron counter at 144 
inches. 


Number of counts in 


A 
iSvto25v 35vto45v 


No. 123 
3X 10° 124 0 
3X 10° 37 137 
12 10° 66 555 
3X 10° 17 103 


Delay in mysec 
—12.5 
—17.5 
—20 

—22.5 


removed from counters No. 6 and No. 7, while 20 mysec 
of delay were removed when the neutron counter was 
at 14} inches. Even though these values did not give 
peak detection efficiency for the neutrons, it was felt 
that they were safer for rejecting prompt events. As 
indicated in Fig. 6, for —20 mysec of delay no prompt 
events were recorded in the direct pion beam. The data 
for Fig. 6 were recorded in ten 15-second intervals with 
the peak detection efficiency (0 delay) corresponding 
to 3200 127 coincidences. 

For more direct data on the time resolution under 
running conditions, Table II gives the total number of 
counts in two regions of one of the neutron-gated 
spectra for four different delays in counters No. 6 and 
No. 7. The counts in the region of pulse heights from 
35 to 45 volts were presumed to be entirely from 
neutron-gated coincidences, and it is noted that there 
are no counts in this region when the delay is set at 
+12.5 musec. The counts in the 15- to 25-volt region 
are presumed to be mostly from x° gamma rays when 
the coincidence delay is adjusted for prompts, and it 
is noted that the number of counts in this region 
declines sharply for delayed coincidences in counter 
No. 7. In particular, the number of counts appears to 
level off within the poor statistical accuracy of the 
points at — 20 and — 22.5 musec of delay. If the counts 
in the lower pulse-height region were from prompt 
gamma rays, the ratio of counts in the lower region to 
those in the upper region, given in the last column of 
Table II, would be expected to decrease with further 
decrease in delay. If, on the other hand, the remaining 
counts in the low pulse-height region were from neutron- 
gated gamma rays which had been degraded in energy, 
probably in the collimator, the ratio would be expected 
to level off as is observed. It is to be noted that the data 
in Table II are taken from neutron-gated spectra with 
rings in and counter No. 7 at 145 inches, for which case 
any degrading in the collimator is expected to be the 
greatest. 


C. Background 


The large number of counts in the lower channels of 
the total spectra in Fig. 4 can be accounted for mostly 
by random single counts in the Cerenkov counter from 
general radiation in the experimental area, gated by 
accidental coincidences with real pion “‘stoppings.” 
Comparing the spectra of 4(a) and (b), it is noted that 
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while the gamma-ray peaks are reduced by approxi- 
mately a factor of two when the collimator rings are 
inserted ; the rates in the lowest channels are unaffected. 
The magnitude of the background points out a dis- 
advantage in using the large photomultipliers in the 
Cerenkov counter, since the large variation in electron 
transit time prohibits the use of a very fast coincidence 
to reduce accidental background. 

Two methods were employed to determine the 
accidental background, both of which yielded essen- 
tially the same results. One method was to plug the 
hole in the collimator with 6 inches of lead, leaving 
everything else undisturbed. The other was to insert 
an additional 80 feet of RG63/U signal cable between 
counters No. 4 and No. 5 and the coincidence circuit, 
leaving the hole unblocked. The accidental background 
which has been plotted in Figs. 4(a) and (b) is the 
average of the “lead” and “delay” background for the 
indicated number of 123 counts. The accidental back- 
ground in the neutron-gated spectra, much lower as a 
result of the additional coincidence requirement, was 
obtained in the same way. 

When the accidental background is subtracted from 
the raw data in the total spectra, (and to a smaller 
extent in the neutron-gated spectra also) there is still 
a slight rise for decreasing pulse heights in the lowest 
channels. This effect depends on the presence of liquid 
hydrogen in the target cup, but it seemed unlikely that 
the spectrum of those gamma rays from pion capture in 
hydrogen which might be degraded in the collimator 
would have a peak at the lowest energies. Therefore, it 
was postulated that the effect arose from additional 
pion stoppings and interactions in the metal parts of 
the target, caused by the introduction of the hydrogen. 
An estimate of this background was obtained by running 
with the target cup empty and additional absorber of 
several thicknesses placed in front of the target. 

The additional background subtraction was then 
made, so that the final corrected spectra (raw data 
minus total background), shown as the solid lines in 
Figs. 4 and 5, are consistent with a leveling off of the 
curves in the low channels. The largest number of counts 
subtracted for this additional background amounted to 
3% of the total number of counts in the final spectrum 
of Fig. 4(b). In the case of the neutron-gated spectra, 
the height of each level agreed with that obtained from 
the 15- to 23-volt region of the appropriate curve, in 
which region each of the spectra is apparently flat. 


D. Calculation of the Panofsky Ratio 


In order to obtain the Panofsky ratio from the final 
corrected spectra, each neutron-gated spectrum is 
normalized to the corresponding total spectrum to 
determine the total number of 129-Mev gamma rays 
which Process II contributes to the latter. This is done 
by selecting a region of pulses for which it is assumed 
from the known resolution of the pulse-height system 
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that there is at most only a small contribution to the 
total spectra from the low-energy gamma rays of 
Process I. By choosing this region as that above 37 
volts, it is possible to meet this criterion and still 
provide a sufficient number of counts to prevent 
limiting the statistical accuracy of the result. For the 
four neutron-gated spectra, the ratio, 7, of counts 
below 37 volts to those above are 0.749+0.075 and 
0.787 +0.037 for collimator rings out at neutron counter 
positions of 144 and 25} inches, respectively, and 
0.827 +0.093 and 0.724+0.049 for collimator rings in 
at the same positions. The errors given include sta- 
tistical counting standard deviations and an estimated 
50% uncertainty in the background correction, com- 
bined in quadrature. 

A value for the number of 129-Mev gamma rays in 
the total spectrum is then obtained by multiplying 
(1+r) from each neutron-gated spectra by the number 
of counts above 37 volts in the total spectrum for the 
same collimation. In the rings-out case this latter 
quantity was corrected by approximately 14% to 
account for those gamma rays from Process I which 
gave pulses greater than 37 volts. For the rings in case 
no correction was needed. The remaining counts in the 
total spectrum are then considered as gamma rays from 
m® decay, and the Panofsky ratio, P, is determined. In 
this way, each of the neutron-gated spectra leads to a 
separate value of P. For collimator rings out, P= 1.50 
and 1.46 from the data with the neutron counter at 
144 and 253 inches, respectively, while P=1.40 and 
1.49 from the corresponding data with the collimator 
rings in. 

Before determining final values of P and its error, it 
is noted that the above ratios for the four geometrical 
arrangements may indicate a small collimator effect, 
attributable to the fraction of the 129-Mev gamma rays 
incident on the inner surfaces of the collimator which 
may be finally counted in the Cerenkov counter. The 
fraction of these gamma rays also included in the 
neutron-gated spectra increases as the neutron counter 
is moved closer to the target and the collimator aper- 
ture is reduced. From numerical calculations averaged 
over the region of the target in which pions stop, it is 
found that the geometrical efficiency of the neutron 
counter for gamma rays passing through the collimator 
aperture ranges from 77% for the case of rings out and 
253-inch neutron counter position to essentially 100% 
for the case of rings in and 14}-inch position. For those 
gamma rays which pass through the 5-inch collimator 
aperture but hit the last two collimator rings when 
they are inserted, the neutron counter will intercept 
96% of the accompanying neutrons at 14} inches, but 
only 68% at 253 inches. Within the statistical accuracy 
of the data, therefore, the 9% higher ratio of low to 
high pulse heights in the neutron-gated spectrum for 
collimator rings in and 14}-inch position, may be 
attributed to the increased detection efficiency for 
neutrons accompanying gamma rays which pass 
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TABLE III. Summary of experimental results for Panofsky ratio. 








Experimenters P 


Panofsky et al.* 0.94+0.30 
Lederman et al.» 1.10-+0.50 
Cassels et al.° 1.50+0.15 
Kuehner et al.4 1.60+0.17 
Fischer et al.¢ 1.87+0.10 
This paper 1,460.10 











* See reference 6. 
b See reference 7. 
¢ See reference 8. 
4 See reference 9. 
¢ See reference 10. 


through or are scattered from the collimator rings. The 
effective degradation of the gamma-ray energy may be 
a real loss in the collimator or a loss in pulse height 
caused by detection in the outer edge of the lead glass. 
Because of the lack of statistical accuracy, it is not 
possible to demonstrate conclusively whether this small 
effect is real, but the estimate of uncertainty in the 
final value of P has been increased to allow for the 
possibility of this systematic error. 

The final value of P is then taken as the average of 
the four determinations given, and the error is taken 
as the combination in quadrature of three parts: +2% 
from the combined statistical standard deviations of 
the total and neutron-gated spectra used, +4.5% to 
allow for a 50% uncertainty in the hydrogen-dependent 
background correction to all spectra, and +5% from 
the possible collimator effect and the error introduced 
in normalizing the neutron-gated spectra. The result is 


P=1,46+0.10. 


Table III shows a listing of the previously published 
experimental results, indicating agreement of the 
present result with those of the Liverpool groups. 


IV. DISCUSSION 


The original suggestion®! that, from considerations 
of detailed balancing, the Panofsky ratio allows a 
comparison between the results of low-energy charge 
exchange scattering and photomeson production, has 
been discussed by many authors.?~*7 In this com- 
parison, the Panofsky ratio may be expressed as 

3 


P 900 on hom hom ; , 
2P/ R o(y+p-n+n*) 


a(r-+p > n+7n°") 


where P, and P,- denote the center-of-mass momenta 
of the photon and negative pion, respectively, 


R=o(y+n-— ptr)/c(yt+p— n+r*), 


(obtainable in principle from experiments of photo- 


15R, E. Marshak, Phys. Rev. 82, 313 (1951). 

16H. L. Anderson and E. Fermi, Phys. Rev. 86, 794 (1952). 

17H. A. Bethe and F. deHoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2, p. 99. 
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meson production in deuterium), and all cross sections 
are extrapolated to zero pion energies. 

Using the simplest assumptions of (a) the constancy 
with pion energy of the charge exchange scattering 
amplitude, (a;—a)/7=0.28, and (b) a linear extra- 
polation of the photoproduction data, along with a 
value of R=1.34, the resultant value of P is found to 
be 2.5+0.4,!* in poor agreement with the measured 
values given in Table III. Cini, Gatto, Goldwasser, 
and Ruderman‘ have shown, however, that, by modi- 
fying the extrapolation procedures, a lower value of P 
is obtained. In particular: (a) an extrapolation of low- 
energy charge exchange data by use of an s-wave 
effective range type approximation, inferred from 
dispersion relations, reduces the zero-energy amplitude 
to 0.24 (thus lowering the cross section by 20%), and 
(b) an extrapolation of o(y+p— +7*), taking into 
account the contribution of the direct interaction term, 
increases the cross section at threshold by 15%. The 
resultant value of P is 1.43. 

There is at present no further experimental check of 
the validity of these extrapolations. In particular, it 


8G. Puppi, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Infor- 
mation Service, Geneva, 1958), Session 2, p. 49. 
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has been pointed out” that the experimental data of 
Adamovich et al.” on o(y+d— p+p+77), combined 
with Baldin’s calculation,? are not consistent with the 
threshold parameters of Cini e/ al., and that the extra- 
polated curve for o(y+p—>n+7*) does not fit the 
published experimental data at higher energies. Never- 
theless, although further experimental data are needed 
for a decisive conclusion, it appears that there is no 
longer an obvious inconsistency among the results. 
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A general method for determining parities and coupling constants of strange particles directly from 
angular distributions is described. A reasonably detailed discussion is given of what can be gleaned by this 
method from the processes of associated production by photons on nucleons and by pions on protons, and 
from the absorption and charge exchange scattering of charged K mesons on nucleons. If the relative parity 
of K* to K® is odd then strange particle parities may be obtained from all these processes, while if this 
relative parity is even only photoproduction processes may be used to determine parities. Once these relative 
parities have been determined then coupling constants may be obtained from all the processes. 


1. INTRODUCTION 


T present it is impossible to give a useful approx- 
imate solution to the field equations which 
correspond to a given strong-interaction Hamiltonian 
for the strange particles. Thus it is not very easy to 
choose that interaction for the strange particles which 
best fits the experimental data, from the many that 
satisfy the usual selection rules. In particular it has not 
been easy to obtain unambiguous values for the relative 
parities of the strange particles, where these are defined,' 
or for their coupling constants, using a suitable strong 
interaction. 
It may be useful to approach these problems from 


1P. T. Matthews, Nuovo cimento 6, 642 (1957). 


a more general viewpoint. It is possible, as has been 
argued quite suggestively by Landau and others? 
that there may be a fundamental inconsistency in the 
concept of a point interaction. We will be well-advised 
at present to obtain results which depend as little as 
possible on the point interaction concept, but exist in 
the general framework of quantum field theory which is 
being developed at present by Wightman and others. 
Such results may easily be particularized to the case of 
any renormalizable point interaction which we venture 
to consider. More generally they will have a validity far 


* Landau, Abrikosov, and Khalatnikov, Doklady Akad. Nauk 
S.S.S.R. 96, 261 (1954). 

3A. S. Wightman, Phys. Rev. 101, 860 (1956); and lecture 
notes at the Lille Conference, 1957 (unpublished). 
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exceeding such particular results as are obtained by 
present approximation procedures applied to point 
interactions. 

In this paper we will consider the problem of how to 
obtain the relative parities and coupling constants of 
the strange particles from experiment, using only the 
general formalism of quantum field theory as described 
in reference 3. 

Our general method uses analyticity properties of 
scattering and production amplitudes in the momentum 
transfer variable which were first suggested by Chew‘ 
for nucleon-nucleon scattering and are very similar to 
corresponding properties used in the dispersion rela- 
tions. Only a heuristic proof of these properties has 
been given so far, and from this we expect that a 
rigorous proof can be given. Our method has already 
been applied to pion-nucleon interactions to obtain an 
estimate of the coupling constant‘ and the charged and 
neutral pion parity,® and to associated production by 
pions to give tentative values for the relative parity 
of K+ to K°, of K+ to (AV), and of A to 3, and some 
imprecise inequalities between coupling constants.® 
A reasonably detailed discussion of the theoretical 
foundation of our method is given in these references, 
so we will only give a brief sketch of the main idea 
here. The main purpose of this paper is to discuss those 
experiments which appear, from our viewpoint, to be 
particularly useful to us for obtaining parity and 
coupling constant values for the strange particles, and 
also which seem reasonably feasible for present or 
planned apparatus. 


2. THEORETICAL DISCUSSION 


Let us consider associated production by pions as a 
typical process. We denote by hk, g, ~, p’ the pion, 
K-meson, nucleon, and Y-particle four-momenta respec- 
tively. We neglect spin and isotopic spin variables, 
which are unimportant for the present discussion. The 
associated production amplitude is a function M,(W,A*) 
of the invariants W=—(k+p)? and A’=(k—g)*. To 
obtain some understanding of the behavior of M; as a 
function of A’, for fixed W, we relate associated produc- 
tion to the annihilation process VN+Y—2+K. If 
k, q, p, p’ are the pion, K-meson, nucleon, and anti-Y- 
particle four-momenta, then the annihilation ampli- 
tude is a function M,’(W’,A”) of the invariants W’ 
=— (p+ p’)? and A”= (p—k)?. Since the production and 
annihilation processes are related by the transformation 
p'— —p', k— —k, then 


M,(W’',A”)=M,(—A”, —W’). 
From the analyticity behavior of M,(W’,A”), for fixed 
A” in W’ we obtain analyticity behavior of M,(W,A*) 


4G. Chew, Phys. Rev. 112, 1380 (1958); Moravcsik, Taylor, 
and Uretsky, Phys. Rev. 113, 689 (1959). 

5 J. G. Taylor (to be published). 

6 J. G. Taylor Nuclear Phys. 9, 357 (1959). 
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Fic. 1. Diagram for the process 
giving the Born term singularity 
at cos@=ao, in associated produc- 
tion by pions, enhancing forward 
K-production. 


in A?, for fixed W. But the analyticity behavior of M» 
in W is just that investigated and used (though in our 
case not rigorously proved) in dispersion relations, so 
we obtain the analyticity behavior of M, in A*. In the 
center-of-mass system we denote by 6 the angle between 
the pion and K-meson directions, and then M, is 
analytic in the cut cos# plane, with simple poles at 
cos6=ay= (2kogo—m,”)/2kg and cosd=Bo=(—my” 
+my*+mx*?—2qopo)/2kq, arising from intermediate 
states composed of a single K-meson or a single Y’ 
particle, respectively, and branch points from cos @=a, 
= (kogotmmx)/kqg to +2 and cosd=8,=[— (my: 
+m,)?+my’?+mx*—2qopo]/2kq to —~ arising from 
intermediate states with at least one pion and one K 
meson, or one pion and one Y’ particle. ma is the rest 
mass of the particle a. 
We expect to be able to write 


g(W,cosé) 
M,(W, cosé) =————+ { (W,, cos8), (1) 
(ao— cos) 


where the dispersion relations for M2(W’,A’) imply 
that the first term on the right-hand side of Eq. (1) is 
the renormalized Born term corresponding to the 
process of Fig. 1, so that g(W,cos@) is known, and 
J (W, cos@) has no singularity at cos#=ap. For high pion 
energies ao is close to 1, so the replacement of (ao 
—cos#)-! by the first few terms of its expansion in 
powers of cos@ will be a poor approximation, especially 
near cos6=1. Though a; is also close to unity for high 
pion energy, the contribution from the branch line 
from a, to + is not expected to give its major 
contribution at or very close to a, unless fortuitous 
cancellation occurs. It seems reasonable, then to 
replace {(W, cos@) by a polynomial in cos@ of not very 
high degree. 

Expressions for the production amplitude similar to 
Eq. (1) have been written down many times in the 
past, on the basis of perturbation theory. Our heuristic 
derivation of this equation is much more general than 
this, and in fact no specific interaction scheme is needed 
at all, let alone the use of perturbation theory. Of course 
we haven’t rigorously proved the analyticity properties 
which we have conjectured so far, using similar proper- 
ties and tools to those used in proving the dispersion 
relations.’ This is very likely to be because our present 
methods are inadequate. Our conjecture seems reason- 


7 Bogoliubov, Medvedev, and Polivanov, Institute for Advanced 
Study lecture notes (unpublished); Bremermann, Oehme, and 
Taylor, Phys. Rev. 109, 2178 (1958). 
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able from the heuristic argument we have given already, 
so the lack of proof need not prevent us from having 
reasonable faith in our conjecture.* 


3. METHOD 


We will use the representation of Eq. (1) to discuss 
what can be gleaned about parity and coupling con- 
stants from the differential cross sections for associated 
production by photons on nucleons and pions on 
protons and from the absorption and charge exchange 
scattering of charged K-mesons on nucleons. We can 
write the cross section for these processes, neglecting 
spin, as 


8 W, cosé) |? 
(ao—cos@)* 
g(W, cos6) f(W, cos@) 


Re —— 


(ao—cos6) 


+ | f(W, cos@)|?, (2) 


where K(W) is a known function of the energy W. 
The other Born term with singularity at cos@=£» is 
not written explicitly in Eq. (2), though it will be 
necessary to discuss it explicitly in cases when the Born 
term with singularity at cos#=ay is zero due to charge 
or strangeness conservation. 

Let us return to discussing the associated production 
of A hyperons by pions on protons. The only term 
which is known completely on the right-hand side of 
Eq. (2) is the first. This is explicitly, after summation 
over the A and proton spins, 


K(W) | g(W, cos6) |? 


mr’ {PGP 
= —_———————(o' po—kq cosbmymy), (3) 
2k*q( pot ko)? 
where f,, G, are the rationalized renormalized coupling 
constants for the interactions with energy densities 
2mx foxoxd, and iGYsTYdx, and the plus or minus 
sign occurs in Eq. (3) according as ['=1 or ys, i-e., 
according as K* is a scalar or pseudoscalar. To separate 
it from the other term in Eq. (2), we consider the 
function 


F (cos6) = (ao— cos0)? (da /dQ). (4) 


From Eqs. (2) and (3) and the discussion of the last 
section on the position of the singularities of {(W, cos6), 
we see that 

mk fP7G? 
—_—————[_(my+my)?— mx’ ]}. 


4k*q( pot ko)? 


F (ao) = (5) 


Thus if F(ao)¥0 we can conclude that the relative 
parity p(K) of K* to K° is odd, assuming conservation 
of parity in the KXKw interaction. If F(ao)=0 we 


* Note added in proof.—The analyticity properties have been 
proved, under certain mass restrictions, by J. Gurson and J. G. 
Taylor (submitted to Nuovo cimento). 
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cannot conclude anything about (XK), nor use this 
pole term further, so it will be necessary to use the 
pole term at cos#= 8». Let us assume, for the sake of 
argument, that F(ao)#0. If F(ao)>0 then the Kt 
parity is even, while if F(@o)<0 the K* parity is odd 
(we assume A, p, 2 have even parity’). Thus from the 
sign of F(ao) we may fix the parity of K+. The value of 
F (ao) may now be used to evaluate the product /,G,. 

If we use the pole at cos@#=£o, and hence consider 
the function 


G(cos@) = (By—cos6)?(do/dQ), (6) 
then the sign of the residue G(@o) does not enable us to 
distinguish between alternative parity assignments. 
It will be necessary to obtain the correct parity assign- 
ments from the sign of F(ao) or by some independent 
method, and then we may obtain the product of 
coupling constants from the value of G(8o). 

Thus the main point of the method is to evaluate 
F (ao), G(8o) from the values of F(cos@), G(cos@) as 
obtained from Eqs. (4) and (6) and the experimental 
values of do/dQ in the physical range |cos@|<1. In 
Table I we have listed various parities and products of 
coupling constants which may be obtained from values 
of F(ao) and G(®») for the reactions of associated 
production of hyperons by photons and charged pions 
on protons, negative K-meson absorption on protons 
and K-nucleon charge exchange scattering. In order to 
make certain entries on the table completely clear, 
certain remarks need to be made. These remarks need 
to be discussed in association with the main practical 
problem with which we are faced in applying this 
method: How do we obtain the values of F(ao) and 
G(Bo)? This will be discussed in detail in the next 
section. 

4. EXTRAPOLATION PROCEDURE 


The first thing that may be done is to estimate 
qualitatively if there is any peaking in do/dQ which may 
be regarded as due to the Born term. In columns 2 and 
6 we have noted processes for which the contribution 
from the pole term at cos#=ap or fo is linear in cos6. 
If we find that F(cos@) or G(cos@) are appreciably 
linear near cos#=1 or cos#= —1, respectively, then we 
may suspect that this linearity is caused mainly by the 
corresponding pole term. This approach was used in 
reference 6, though the results obtained from such evi- 
dence were only put forward as being tentative, and 
were mainly intended to show what results might be 
obtainable with more reliable data. It has recently been 
pointed out® that such an approach may lead to very 
fallacious results, and so while such linearity may be 
used to show that the Born term might be contrib- 
uting importantly, so that such an angular distribution 
would be useful to consider in more detail, we certainly 
wil] not use linearity or other possible shapes of F (cos@) 
without a further detailed analysis. 


~ 8G, Feldman and T. Fulton, Phys. Rev. Letters 3, 64 (1959). 
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This further detailed analysis will be along lines 
similar to those used in obtaining the value of the 
pion-nucleon coupling constant in photoproduction.‘ 
We will assume that F(cos@) is well represented by a 
polynomial in cos@ of order r in the physical region. This 
assumption is certainly correct for the pole term 
contribution while our discussion of f(cos@) in Sec. 2 
shows that we expect this to be correct for the remaining 
contribution to F(cos@). A fit by the method of least 
squares of this polynomial to the experimental values of 
F(cos@) in the range |cos@| <1 is then achieved. The 
value r required to obtain a best fit of the polynomial 
over this range is then obtained by a statistical analysis. 
A unique value of r is difficult to obtain by this method 
alone, so we may also use physical arguments to fix the 
value r on angular momentum grounds. It is to be 
expected that a small range of values of r fitting both 
criteria will exist. We then choose the least of these 
values of r, assuming they give roughly the same values 
for F(a) or G(8o), since the error in F(a) rapidly 
increases with r. 

In order to obtain the most accurate values of F (ac) 
or G(Bo) we must consider the various factors which 
determine the size of the error: 


(1) r increases with the energy of the incoming 
particle, so that not too high an energy is desirable. 

(2) ao and Bo decrease with energy, so that the dis- 
tance of extrapolation is smallest for a high energy. 

(3) The actual values of F(ao) and G(8o) for given 
parities and coupling constants, decrease with increasing 
energy so that the relative error in the extrapolated 
value of F(a) and G(8») will also increase for given 
error in da/dQ. 


Thus factors (1) and (3) work against (2). As in the 
case of photoproduction, it seems most accurate in 
most cases to work below energies for which D waves 
(other than from the pole term) will be important in 
the final state, though this is not so for the pole term at 
8 for which D waves need to be tolerated. 

For reactions (1) to (4), pion laboratory momenta of 
1.3 to 1.4 Bev/c would seem most desirable. At such 
energies we will use a quartic polynomial for F'(cosé), 
though possible interference terms with D waves could 
be taken account by a fifth order polynomial. The value 
of a for these energies is between 1.6 and 1.4. It does 
also seem useful to extrapolate at about 1.9 to 2.0 
Bev/c since the residue F (ao) is only one third of its 
value at 1.4 Bev/c while ao has decreased to 1.2. At 
this energy we expect F(cos@) to be of sixth order. 

It is possible that p(A) is even, so that the pole 
term at ao will vanish. We then will have to consider 
the pole term at 8o and the function G(cos@) defined by 
Eq. (6). As we have already remarked the value of 
G(8o) will only give us information on coupling constants 
but none about parities. Since Bo is larger than ap it 
will be necessary to choose higher pion energies to 
perform the extrapolations. For reactions (1) to (4) 
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a possible energy for this would seem to be 2 Bev. No 
higher than D waves would be expected from all but 
the pole term at Bo at this energy, so that a sixth order 
polynomial for G(cos@) could be chosen for the extra- 
polation, with Bp>= —1.8. This value of Bo is still some 
way from the physical region, so that accurate data 
will be necessary, especially in the backward direction. 
We note that a power series expansion in cos@ about 
the origin for the scattering amplitude minus the pole 
term at Bo is not expected to converge at cos#=ay due 
to the singularity of the pole term at a» there. A more 
accurate way of obtaining G(8o) from G(cos@) would be 
to expand G(cos@) about cos#= —0.5, for 2-Bev pions. 
The pole term at cos@= 8» would lie inside the circle 
of convergence of radius 1.5, while the points cos@=ao 
and £; lie on the circumference of this circle. 

The pole term at a in reactions (5) and (6) are very 
similar to the meson current term in pion photoproduc- 
tion which was used in reference 4 to obtain a value 
for the pion-nucleon coupling constant. The value of 
the residue at ao is 


qi 1 — a’) 
K (poke)? 


F (ao) = he f?L(mymy)*— mx? | 


where ao= qo/g is the reciprocal of the K-meson velocity, 
e is the charge of the A meson, and the positive or 
negative sign occurs for scalar or pseudoscalar K* 
mesons. Data at 1.0-Bev photon energy have been 
used to obtain F(a). However, at this energy ao= 2.6, 
while since the Born term contribution to F(cos@) is 
cubic in cos@ then at least a third order polynomial will 
be necessary to perform the extrapolation to ao. This 
gives rise to a large error in F(a). One way to avoid 
this would be to use 1.3-Bev photons, with ao=1.3 and 
a fourth or fifth order polynomial for F (cos@). This may 
not be impossible with present machines. The main 
advantage of this process over the others discussed in 
this paper is that the presence of the pole term at ao 
is independent of the requirement that p(K) is odd. 

The pole term at o in reactions (5), (6), and (7) will 
be very difficult to use at present, since even at 1.3 
Bev, Bo=—3.5. It will be necessary to go up to a 
photon energy of above 2.0 Bev, with Bo>—2, using 
a sixth or higher order polynomial for G(cos@), before 
reliable values are expected to be obtained. 

The pole term at ap in reactions (8) to (11) may be 
best determined at 700 Mev/c incoming K-meson 
momentum, since then ap is about 1.6, while a poly- 
nomial of order 5 should suffice for F(cosé). The pole 
term at cos#=8» will require a K-meson momentum of 
at least 1 Bev/c, for which Bo>—2, with at least a 
sixth order polynomial for G(cos@). 

In reactions (12) and (13) the pole term at a» should 
be important even at low energies. For example, for a 
K-meson momentum of 350 Mev/c we have that 
ay=1.23, while at 750 Mev/c we have ao=1.05. At 
Letters 2, 352 (1959). 


9M. J. Moravesik, Phys. Rev 
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the lower of these energies we may expect only S waves, 
other than from the pole term, with a second order 
polynomial for F(cos#), while at the higher energy a 
fourth order polynomial is to be expected. The pole 
term at Bo may be used at or above 2-Bev K-meson 
energies when ap is less than 2, and G(cos#) may be 
represented by a sixth order polynomial or higher, 
expanded about cos# near —0.5. 


5. CONCLUSION 


If charge conjugation is valid, and we do not consider 
the cascade doublet, there are four possible independent 
parities of the strange particles which may be deter- 
mined from experiment. We are free to fix the parities 
of p, m, A, say, by some convention, and then the parities 
of 2+, 5°, K+, K® can be determined from experiment. 
From Table I and the discussion of Secs. 3 and 4 a 
reasonable way to determine these parities would seem 
to be as follows. The value of p(K) (K* to K® parity) 
is first determined from associated production by pions 
on protons or the absorption of K~ on protons (proc- 
esses 1, 2, 3, and 11, of Table I), the latter process 
constituting the most reliable test for p(K). If p(K) 
is even then we may obtain parities by our methods 
only from associated production by photons on nucleons, 
and we see from Table I that only two of the remaining 
three parities may be so determined. If p(K) is odd 


we may also use the other processes of Table I with 
singularity at cos?=ap, and so obtain all three remaining 
parities. 

The situation in the case of the coupling constants 
is more complicated. If we assume only charge sym- 
metry then there are eleven possible coupling constants 
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to be determined. We cannot determine the three 
couplings of #® to A°A°®, £°S° and E+S- by our methods, 
so we are left with eight constants to determine. 
We may obtain the two couplings of K+ to A°p and 
=°p directly from associated production by photons, 
whatever the value of p(K). If p(K) is odd we may also 
determine the coupling of K® to 5+p, and the (K+K°r) 
coupling constant, from the singularities at cos#=ap. 
The use of the singularities at cos#= 8» is more difficult 
since a higher energy is necessary than in the case of ao 
to get Bo close to the physical region. However, if this 
proves possible we see that we may also determine the 
two couplings of r+ to 3°S+ and A°S+ and the anomalous 
magnetic moments of = and A°. There are also processes 
involving pion, photon, and K-meson interactions with 
neutrons which may be used to obtain parities and 
coupling constants for strange particles. These will not 
be discussed here (other than K_ charge-exchange 
scattering) since there does not seem to be any possibil- 
ity of obtaining accurate data for them at present. 
The use of hyperon-baryon scattering in this context 
has been discussed recently.” 

We have not given any detailed discussion of the 
dependence on cos@ of the remainder of the amplitude 
apart from the Born terms at ao and {». This discussion 
will be needed, at least for the two-particle intermediate- 
state contributions, since these contributions may be 
varying quite rapidly with cos@ near cos6=ao, Bo. Not 
till this discussion has been given will an accurate 
method for extrapolating to the poles be obtained. It 
is to be hoped that such a discussion will be given soon. 


10S. Barshay and S. L. Glashow, Phys. Rev. Letters 2, 371 
(1959). 
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The analytic properties of partial wave amplitudes in meson-nucleon scattering are investigated on the 
basis of the Mandelstam representation and an integral representation is set up for them which explicitly 


exhibits those properties. 


INTRODUCTION 


METHOD for the separation of partial waves 

from nonforward relativistic dispersion relations 
has been put forward by Capps and Takeda.’ The 
scattering amplitudes in the integrals are expanded in 
terms of Legendre polynomials which are analytically 
continued into the unphysical region. Each partial 
amplitude is then related to two integrals involving 
infinite series of partial amplitudes, which are con- 
vergent at low energies. 

We have considered a different approach to this 
problem which consists in deducing the analytic 
properties of the partial amplitudes and establishing a 
representation for them, based on those properties. In 
order to investigate the analytic properties of the partial 
amplitudes it is necessary to know the analytic structure 
of the scattering amplitudes as functions of two vari- 
ables, the energy and momentum transfer. A full 
representation of these amplitudes has been proposed 
by Mandelstam? and is used here. The main result is 
that the partial amplitudes are analytic functions of 
the energy throughout the complex plane except for 
cuts along the real axis and a cut along a circle with its 
center on the negative real axis. 

Integral representations are obtained by applying 
Cauchy’s theorem to suitable combinations of pairs of 
partial amplitudes with the same total angular mo- 
mentum but opposite parities. The integrals along the 
real axis depend on the imaginary part of the function 
considered and one can apply the unitarity condition 
in the physical region. The meaning of the unphysical 
region as well as the integral along the circle are 
discussed. 


1. THE COVARIANT AMPLITUDES. MANDELSTAM’S 
REPRESENTATION 


The matrix element of the S-matrix for 
nucleon scattering may be written in the form’: 


meson- 


* This work has been done under the auspices of the Brazilian 
Research Council. 

t On leave of absence from Centro Brasileiro de Pesquisas 
Fisicas, Rio de Janeiro, Brazil. Present address: Palmer Physical 
Laboratory, Princeton University, Princeton, New Jersey. 

1R.H. Capps and G. Takeda, Phys. Rev. 103, 1877 (1956). 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958). 

* For an expression of the Feynman amplitudes in terms of 
Heisenberg operators see F. E. Low, Phys. Rev. 97, 1392 (1955); 
M. L. Goldberger, Phys. Rev. 97, 508 (1955); and Lehmann, 
Symanzik, and Zimmermann, Nuovo cimento 1, 205 (1955). 
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Sji=8pi— (Qe) 48“ Potq2— pr— 0(— hind? ——-) 
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X F 5r(poge,q1)- (1.1) 


where i, g: are the initial momenta of the nucleon and 
the meson, respectively, p2, g2 the final momenta and 
r,s the spin states of the incoming and outgoing 
nucleon. The isotopic spin coordinates of the nucleons 
and the mesons have been omitted. 

Due to conservation of total momentum, out of the 
four momenta there will be only three independent 
vectors which determine the kinematics of the process. 
We choose the combinations: 


pry Q=2(qit4q2), 
= 3(p2— pi) = 3(g1— 2). 
With these vectors one can form the invariants: 
—-M’*—-K?, @=-—m’—K’, 
P.K=Q0-K=0, 


Kt=—i, Pt= 


P.Q=-y, (1.3) 


so that there are only two independent invariants. 
We introduce an invariant matrix SN in spin space 
related to the Feynman amplitude F,,(p2q2,p191) by 


F .,(p2g2,P1g1) = Us (p2) Mu, (pr), (1.4) 


where u,(p;) and &,(p2) are Dirac spinors. 
Assuming parity conservation and making use of the 
Dirac equation, one can reduce SM to the form’: 


m=—-U+QI, (1.5) 


where U’ and V are functions of the invariants v and 4, 


and Q=7,Q,. 
To fix our ideas consider the processes : 

VitKi— Not Ko, (1) 

Vit, me No+K,, (IT) 

VitN.— Ko+K,. (IID) 
The Feynman amplitudes for these processes are 
obtained from the same Green’s function taken in 
different and nonoverlapping domains of the variables 
v and ¢, which of course have different physical meanings 
for each of them. The physical regions for the respective 


4A. Salam, Nuovo cimento 3, 427 (1956). 
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processes are 


v>vr, t<0O, (I) 
t<0, (IT) 


‘>4M?, (III) 


Vv < = TT, 
y? < vr’, 
where 
vr=[(M?—1/4) (m*—1/4) }}. 


Mandelstam assumes that the Green’s function is 
analytic in both variables except for poles on'the real 
axis and cuts along certain hyperplanes.? The poles 
arise from the bound states of the system, and the 
location of the cuts is determined by the threshold 
energies for the allowed virtual transitions. It is then 
convenient to introduce the new variables s and & 
which are the square of the energy in the center-of-mass 
system for the processes I and II, respectively. They 
are related to v and ¢ by 


3 (s—M?—m’*)=v—Ht, 
3 (8— M?— 


(1.6) 
(1.7) 


The corresponding variable for process ITI is ¢ and there 
exists the relation: 


s+5+1=2(M?+m?’). 


The square of the momentum transfer between = 
mesons or nucleons in the first two processes is —¢; i 
process III it is —§ between the nucleon N, and she 
meson K», and —s between N, and Kj. 

On the basis of Mandelstam’s assumptions one 
obtains for each of the covariant amplitudes a repre- 
sentation of the form: 


m?) = —v—H. 


(1.8) 


argy" 


Y=A,2 My?—§ § 


vod, Sse 


(M+m) 


a ed 
(M+m) 
+— ip a i) dt' 


(my + 24) 
1 2(8 
+ v——. (19) 


(My +z) 


Ai(s',8’) 
“@ —s)(8 — 8) 
Aj; (s’ st) 
(s'—s)( t'—1) 
Ars(3" i’) 


(s’—8)( t 1) 


In this case the conservation laws and in particular 
the conservation of strangeness and parity allow for 
bound states only in process II, corresponding to the 
\ and = particles. The energy thresholds for the three 
processes correspond to transitions into the virtual 
intermediate states (K+.V), (V+), (#+7), respec- 
tively. The bound-state contributions exactly coincide 
with the first Born approximation in the conventional 
perturbation theory. 


PROPE RIES! OF 


PARTIAL AMPLITUDES 

From the reality of the absorptive parts of the 
amplitudes for the physical processes I-III, it follows 
that all the weight functions are real in the respective 
domains of integration. Although it is irrelevant for 
our present purpose, we must point out that the repre- 
sentation (1.9) as it stands is incorrect for the amplitude 
U’. In fact, from perturbation theory one obtains that 
for large s’ and & and fixed ?¢’, A,3 and Ag; do not 
approach zero as required for the convergence of the 
integrals. Therefore one has to make subtractions which 
give rise to another single integral of the form: 


1 e a;(t’) 
-f t-———, 
T 2u)? -t 


(2 


2. THE SCATTERING MATRIX IN THE 
CENTER-OF-MASS SYSTEM 
The covariant transition matrix is related in the 
c.m. system to the scattering matrix by 
W 


a, (k’)Mu,(k) = 4r—au,' (0) fu,(0), (2.1) 
M 


where wu,(0) are orthonormal eigenstates of yo 


[-your(0) = u,(0) ] and 
k+M 


a u,(O 
[2M(E+M)}} 


Here (kE,k) and k’(E,k’) are the four-momenta of the 
incoming and outgoing nucleons in the c.m. system and 
W=v/s is the total energy. 

The matrix f may be written in the form: 

f=fit(o-e’)(@-8) fo, 

where e’ and e are unit vectors in the direction of k and 
k’, respectively, and 
h=LSrtPul’—frPiiy), fe=LUr—fir)Py. (2.4) 
The fi* are amplitudes for transitions in given states 
of total angular momentum j=/+$ and orbital angular 
momentum /. For K-nucleon scattering below the 
threshold for pion production the amplitudes f,;* have 
the form 


u,(k) = 


(2.3) 


fi*=exp(ié,*) sind*/k, 
where the phases 6,* are real functions of k. For §-. 
nucleon scattering as well as for K-nucleon scattering 
above that threshold the phases are complex. 

From (1.5), (2.1), and (2.2) one obtains the following 
relations between the covariant amplitudes U’, V and 


fi, fa® 


4x fy = 


E+M 
——[U+(W-—M)V]], 
2W 


E-—M 


4a fo= [-—U+(W+M)I (2.6) 
W 


5 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1377 


(1957). 
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and hence 


1 W+M W-M 


U= —-——hr 
4 E+M E-M 


? 


1 1 1 f 
fe V =—— f,-+-—— 2. 

4 E+M E-—M 
One can see that 


fi(-W)=—f2(W), (2.9) 


which is a consequence of invariance under Schwinger’s 
space-time reflection. 

The partial wave amplitudes may be projected out 
of fi; and f,. One obtains 


1 + 

fr = f (fiPit foPigi)ds. (2.10) 
? 
- | 


Then from the relation (2.9) it follows that 
fit(—W)=— fur (W) 


3. THE ANALYTIC PROPERTIES OF THE 
PARTIAL AMPLITUDES 


(2.11) 


We investigate now the analytic properties of the 
partial amplitudes as defined by (2.10) as functions of 
the variable 


w=}(s—M*—m?’). (3.1) 


They are derived from the representation (1.9) for U 
and V, setting 


{= —2k?(1—:), (3.2) 


and varying z from —1 to +1. 

Let us first consider the Born approximation, f;*+”. 
In the K-nucleon scattering the poles of U and V give 
rise to branch lines of f;*(w) in the intervals of the 
real axis along which 

wytw—k(1—z)=0, 
that is [— 2, —}(M?+m?) ] and (—wy’, —wy), where 
wy =3(My?— M?—m’), 
—wy’ =43{[(M?—m’)?/My* |—M?—m’}. 
On the other hand, in K-nucleon scattering the Born 
approximation vanishes for all amplitudes except the 
S and P, states in which there remain poles at w=wy. 

Let us now consider the singularities of f;*@ = fi* 
— fi*™. They lie on the lines of the complex w-plane 
defined by 
(3.3) 
(3.4) 


(3.5) 


s'—s=0, 
s/—3=0, 


'—1=0, 


where s’, 8’, and ¢’ are parameters assuming values 
within the intervals of integration in (1.9). 
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For K-nucleon scattering § and ¢ are expressed in 
terms of w and z by means of (1.8), (3.1), and (3.2). 

Equation (3.3) defines a cut on the positive real axis 
in the interval (mM, +). 

The solutions of Eq. (3.4) for a fixed value of 3’ and 
—1<z<+1 are real and lie in the intervals [—«, 
—3}(M?+m’)] and (—@”, —a’), where 


ow’ =}(3’— M*—m?’), 


1p (M?—m?)? 
4 — 1. 
? z/ 
As & varies from (My+y)? to + © these intervals cover 
a branch line from — © to 


oo=4[(My+nu)?—M?2—m?]. 


Therefore Eq. (3.4) defines a cut on the negative real 
axis in the interval (— ©, do). 
Equation (3.5) is equivalent to 


= —1/2(1—2), 


where the right-hand side varies from — © to —y?. As 
k? varies from —« to —M?, w describes two branch 
lines on the real axis along (—*”,—M?*) and 

—4}(M?+m’), —M?*]; as k* varies from — M? to —m?, 
w goes from —M? to —m’ along two branches (above 
and below the real axis) of a circle in the complex plane, 
with center at w= —}(M?+m?’) and radius }(M?—m?’) ; 
as k varies from —m? to —y’, w describes two branch 
lines on the real axis along (—m?, —we), (—m?, we) 
where —w, and w» are the roots k’+y?=0 (see Fig. 1). 

One can use these analytic properties to obtain a 
representation for the partial amplitudes in the form of 
dispersion relations. It is convenient to introduce the 
combinations : 


(3.6) 


1 e . 
= Cfit+fur) 
W 


1 +1 
= f (ht f)(PtPusds, (3.7) 


-1 


1 +1 
¢l =f furd=; f (fi— fo) (Pi-— Pi4s)dz, 
-1 


which are symmetric functions of W. Recalling that 
git behaves like k?!~(w?—m?M*)' as k?— 0, and 
applying Cauchy’s theorem to ¢i*(w’)/(w’—w) 











Fic. 1. Complex w plane, showing the singularities of the 
partial amplitudes in the K-nucleon scattering. 





ANALYTIC PROPERT PES 


X (w’—m?M?)' for the contour shown in Fig. 1, one 
obtains 


git (w) = gi* (w) 


1 f°” w’—m?M?\! da’ 
Pe ee cians ed 
T “mM w”? — mM? w’ “= 


1 rf” w—m'?M?\! dw 
+- Img:* (w’) 
TY» wo? —mM?7 w'—w 


1 w*— mM? \! du’ 
~~ f oi" (w’) ) ’ 
rvs wo? — mM MP7 w’—w 
where ¢;“? (w) is the Born approximation corresponding 
to the first term in (1.9) and g,° = g)— g;". 


From the representation (1.9) one obtains, for w in 
the interval (— ©, we) 








(3.8) 


+1 
im f A (w,2) Pi(z)dz = Re[J12(w) +1 13(w) ], (3.9) 
1 


where: 


1 
Ina)=— f Ao(8,t)P1(z)dz, 
(—2 <w<—a) (3.10) 
(1 +2y2/k2) 
Iala)=+ f A3(t,s) Pi(s)dz, 
=a 


(3.11) 


| — 0% <w<a,, 


—W1)<W<we. 


The lower limit of integration in (3.19) is 7= —1 when 


1 /(M?—m?)? 
w.<u<-( - -—n'), 
2\ (My+u)’ 


and Zo= 1-- (wo+w)/k?, for w outside that interval. The 
+ sign in (3.11) is taken in the region outside the circle 
where dk?/dw>O and the — sign is taken inside it, 
where dk?/dw<0. All these limits and intervals can be 
better visualized by an inspection of Fig. 2. 

The functions A2(8,/) and A3(é,s) are the absorptive 
amplitudes for processes II and III as defined in refer- 
ence 2. The following discussion is based on the proper- 
ties of these functions as described by Mandelstam.? 

The functions A2(8,/) and A3(¢,s) are real in the 
respective intervals w.<w<—@ and —w;<w<w», 
where they coincide with the imaginary part of the 
amplitudes for processes II and Iil. For w<w, the 
branch lines arising from (3.4) and (3.5) overlap and 
these functions may become complex. The overlapping 
along the interval (—@0, —w:) is actually ficticious 
since it would occur from processes like those shown in 
Fig. 3, which are forbidden on account of conservation 
of strangeness and isotopic spin. The branch lines of 
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Fic. 2. Diagram of the (v,K?) plane. The hyperbola represents 
the curve v?=v7’ or equivalently k?= K*. The 4 entero regions for 
processes I, II, III are shaded. We have marked values of w on 
the » axis recalling that w=» for K?=0. 


graphs with K-mesons in the intermediate states, 
already start outside that interval. 

When w is in the interval (— ~, we), Img;*® (w) is 
given by the right-hand side of (3.9), provided the 
following modifications are introduced in (3.10) and 
(3:27) 

(i) Replace P; by $(Pit P41); 

(ii) replace A; by 

A += (1/W?)H(—MU;+ eV), 
A-=(1/W)H[—EU.4+M(W-E)V;]. (3.12) 


At this point we assume charge independence and 
introduce the column matrices in isospin space: 


U° yo 
U= , V= ; 
U! y} 
whose elements correspond to transitions in states of 


isotopic spin 7=0 and T=1, respectively. Isotopic spin 
has been taken into account in (3.12), where 


lyj-1 3 
H= ( ) 
a 


is a matrix in isospin space.® 


Fic. 3. The graphs shown here are forbidden because of 
conservation of strangeness. 


6D. Amati and B. Vitale, Nuovo cimento 7, 190 (1958). 
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The function ¢;*(w) in the last integral of (3.8) is 
also given by J;;+, where A; has been replaced by A ;+*. 
If the integration around the circle S follows the external 
lines in Fig. 1 the + sign must be taken above and the 
— sign below the real axis. 

The method described in this section applies equally 
to process IT and pion-nucleon scattering. But then the 
functions go* (S and P; waves) have a pole at W=0, 
and an arbitrary parameter, the S-wave scattering 
length, is conveniently introduced by means of a 
subtraction at w= mM, where the P; scattering ampli- 
tude vanishes. The fortuitous absence of this pole in 
K-nucleon scattering is due to conservation of 
strangeness. 


FINAL REMARKS 


The objective of setting up dispersion relations for 
partial amplitudes was to establish an integral repre- 
sentation of functions of a single variable f;*(w), for 
which the unitarity condition takes on, in the physical 
region, the simple form: 


n Pa| fr"|?, (3.13) 
where the index m refers to all allowed channels, com- 
patible with conservation of energy and p, is a phase 
space factor; in the elastic channel p,=k. 

In our integral representation there exist, however, 
regions of frequencies where the unitarity condition 
has no simple form. If we attempt to apply the unitarity 
condition for all w’ in order to obtain an integral 


Im fi(w) = 
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equation, we find that the equations for partial ampli- 
tudes of different angular momentum and corresponding 
to processes I, II, and III, in different states of isotopic 
spin are all coupled. Moreover, in the region w’<w, and 
along the circle S the unitarity condition can only be 
obtained by means of analytical continuation. 

In the interval w.<w<—mM the variables s and / 
in (3.10) are in the physical region for process II. One 
can re-express Uy and V2 in terms of the imaginary 
parts of the scattering amplitudes and expand in partial 
waves. This expansion is also valid in the unphysical 
region —mM<w<—a, that is (My+u)’<8 
<(M+m)*. Only the virtual states (Y+7) and 
(A+22) contribute to the amplitudes in this region, 
and we conjecture that the unitarity condition takes the 
form (3.13) except for a factor (—1)'. 

We remark that if all graphs in perturbation theory 
involving closed baryon loops and four-meson primary 
interactions are neglected, then from Eq. (3.5) only a 
cut along (—©,w,) survives. However, there is no 
reason to believe that those graphs are unimportant. 
It seems, therefore, that in order to make use of these 
relations as dynamical equations one has to introduce 
some approximations, replacing the integrals in the 
unphysical regions by simplified expressions. 

ACKNOWLEDGMENTS 


The author expresses his gratitude to Professor R. E. 
Peierls for his interest and continual support in this 
work. He is also very much indebted to L. Castillejo 
for enlightening dicussions and most helpful criticism. 


NUMBER 3 NOVEMBER 1, 1959 


Completion and Embedding of the Schwarzschild Solution 
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An analytic manifold is found, the most important properties of which are that it is complete and that it 
contains the manifold of the Schwarzschild line element. It is thus the complete analytic extension of the 
latter. The manifold is represented as a Riemannian surface in a six-dimensional pseudo-Euclidean space. 
The subspace dg=dd=0 is visualized as a two-dimensional Riemannian surface in a 3-dimensional hyper- 
plane in the six-dimensional space. Although the manifold admits groups of motion isomorphic to the real 
3-dimensional rotation group and the one-dimensional translation group, it is impossible to introduce a 
global time-coordinate in such a way that the latter is realized as translations in time. Hence in any global set 
of coordinates the gravitational field is nonstationary, although it can be made stationary for r>1 to any 
desired approximation. The question of what happens to small test bodies reaching the Schwarzschild 


critical radius is discussed. 


STATEMENT OF THE PROBLEM 
, I ‘HE Schwarzschild line element! is 


r 


1 For a derivation see, e.g., H. Weyl, Space, Time, and Matter 
(Dover Publications, New York, 1950), p. 252. We have put 
2mx=1, where m is the mass and « is the gravitational constant. 


The coefficient of dr? becomes singular at r=1, but it 
has long been known that this is due only to the choice 
of coordinates. The proof of this statement may be 
based on the fact that the Petrov curvature scalars have 
no singularity at r=1,? but it is perhaps more convincing 
to refer to the fact that the equations for the geodesics 
show a singular behavior only at r=0. For a motion in 


2 —. Finkelstein, Phys. Rev. 110, 965 (1959). 
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the plane d=7/2, we have, using a dot to denote 
differentiation with respect to proper time’: 


(2) 


(3) 


Here k* is essentially the energy, and / the angular 
momentum, of a small test body moving along the 
geodesic. It is noted that the smallest value of r at 
which 7 can vanish when & is real is 1. Hence any 
geodesic which is not entirely outside r=1 must begin 
or end (or both) at the origin. Equation (2) shows that 
a small test body reaching the origin from a finite 
distance does so in a finite proper time. The relation 
between the Schwarzschild time ¢ and the proper time 
7 is given by‘ 


(1—1/r)P= (1—-1/r) (FP +r7 e+. (4) 


where e=+1 (—1) for a time-like (space-like) geodesic 
and «=O for a null geodesic. Equation (4) shows that 
{—++ for a motion along a geodesic approaching 
r=1. Hence it is impossible to describe such geodesics 
in terms of functions r(7) and ¢(r). This state of affairs 
is expressed by the statement that the coordinate 
system in which the Schwarzschild line element takes 
the form (1) is incomplete. The Schwarzschild manifold 
exists for 0<r<, but the coordinate patch extends 
over the interval 1<r<~ only.® 

The aim of our work is to exhibit a completion of the 
manifold defined by (1) for r>1. It will then be possible 
to show all possible geodesics in one single picture. This 
was also the program of a recent effort by Finkelstein.’ 
The relation of our manifold to that of Finkelstein will 
be shown. 

Our method is to avoid the use of coordinates by 
embedding space-time in a pseudo-Euclidean space of 
6 dimensions. One of the purposes of this note is to 
demonstrate the usefulness of this method in general 
relativity. 

EMBEDDING OF V, IN S 


The possibility of embedding the line element (1) 
for r>1 in a flat space of six dimensions was first 
demonstrated by Kasner,® who also showed that an 
embedding is 5 dimensions is impossible.’ Kasner’s 
embedding is given by 
ds?=dZ+dZ2—dZ;;—dZe—dZ;-—dZ¢, (3) 
Z,=(1—1/r)! sint, Z3= f(r), (6) 


Ze=r cosv, (7) 


Z,= (1—1/r)! cost, 


Zs=rsin’ sing, Zs=r sin’ cosg, 
3 See, e.g., reference 1, p. 256. 
4 Equation (4) is just the normalization of the proper time 
interval, ds?/dr? = e= g, ;t'2’. 


5A familiar instance of the use of an incomplete coordinate 


system is the “paradox’”’ of Achilles and the Tortoise. 
6 EF. Kasner, Am. J. Math. 43, 130 (1921). 
7, Kasner, Am. J. Math. 43, 126 (1921). 


SCHWARZSCHILD 


SOLUTION 


where 


1 
tap/ary'=(— +1) 1 (8) 
4r 


If one tries to eliminate the coordinates, Eq. (8) must 
be solved for r as a function of f=Z;. This is possible 
only for r>1. Hence this embedding may not be 
extended to r<1. Another shortcoming of (6), (7) is 
that Z,; and Z, are periodic functions of ¢, so that the 
embedding identifies distinct points of the original 
manifold. This suggests replacing the trigonometric 
functions by hyperbolic functions. If we write 


ds*=dZ~—dZ2—dZ7—dZ2—dZ;—dZ,, (9) 


Z,=2(1—1/r)! sinh(t/2), 


Z.=2(1—1/r)' cosh(t/2), (10) 


Z3=g(r), Zy=rsind sing,::-, (11) 


we find 


(dg/dr)?= (r°+r+1)/r°. (12) 


It is now possible to eliminate the coordinates, but it is 
simpler to eliminate /, 3, and ¢ only. We get 


4 5 
A= +(4- +2) : 
r 


Z3= + faretre pyr, 


(13) 


(14) 


Z@tZlgt+Ze=r’. (15) 
In principle (14) may be solved for r(Z3) and the result 
used to eliminate r from (13) and (15), but it is simpler, 
and quite harmless,® to retain r as a parameter. The 
surface defined by (13)-(15) is analytic not only in the 
original interval 1<r<, but in the whole interval 
O<r<«. Hence it is an analytic continuation of the 
Schwarzschild line element. It is still not complete, 
since it will become clear later that there are geodesics 
which pass through Z.=0. But if we adjoin the other 
branch of (13) we get a manifold which is complete and 
analytic everywhere except at r=0. Hence the analytic 
completion of the Schwarzschild line element is repre- 
sented as the surface 


Z/—Z/=4(1-—I1/r), 


Z3= + faretrtiy I (16) 


Zetlet+Ze=r. 


In addition to completeness and analyticity we note 
the following properties of the surface (16). It admits a 
group of motions which is isomorphic to the real rotation 
group (rotations in the Z4, Zs, Zs hyperplane), as well 


8 Because Z; is a monotonous function of r 
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Fic. 1. The surface defined by Eqs. (18), showing the subspace 
d3i=dg=0 of the completed Schwarzschild manifold as a 2- 
dimensional surface in a pseudo-Euclidean space. Of the co- 
ordinate directions Z, is time-like, Z_ and Z; space-like. 


as a one-parameter translation group (imaginary ro- 
tations in the Z;, Z2 plane). The existence of the latter 
corresponds to the stationary character of (1). It is also 
invariant under space reflection (Z4, Zs, Zs— —Zu, 
—Z;, —Zs), under time reflection (Z,;—> —Z,), and 
under the reflection Z, + — Zz. [Of course it is possible 
to square (14) to obtain an additional reflection 
invariance, but this is meaningless since there are no 
geodesics connecting dZ;/dr>0 and dZ;/dr<0.] The 
manifold (16) contains two Schwarzschild inside regions 
and two outside regions. Time-like geodesics connect 
the two inside regions, but not the two outside ones. 


THE SUBSPACE dd =dy=0 


For the further investigation of the complete mani- 
fold (16) it is convenient to be able to draw a picture of 
the manifold. We therefore specialize to the subspace 
di=dg=0. This is entirely sufficient for discussing the 
penetration of geodesics into the interior. The line 
element is then 

ds*= (1—1/r)d?— (1—1/r)“dr’ 
=dZ;—dZ;—dZ;?, (17) 
where 


Z2—Z2=4(1—-1/n), 
(18) 


Za f artery i 


This surface is shown in Fig. 1. The lines of constant r 
are also lines of constant Z;, and are approximately 
equidistant in the Z; (vertical) direction. The two 
separate parts of the surface for which r<1 (r>1) are 
two Schwarzschild interiors (exteriors). 

Figure 2 shows the projection of the surface in the 
Z,, Zz plane. Some light cones are shown. They may be 


determined quite simply from 
dZ2—dZ2?=dZZ= (PF +r+r+1)dr/r, 
ZdZ.—Z,dZ,= 2dr/r*, 


dZ,/dZ,=a, 
(21) 


We may now discuss the introduction of coordinates 
in this subspace. The obvious choice is to take Z; as 
time coordinate and Z2 as space coordinate. This is a 
perfectly well-behaved set of coordinates from a 
mathematical point of view. However, one should like 
to retain r as space coordinate, because the term 
r’(d#’+sin*dd¢"*) in the line element identifies r as the 
physical radius. In choosing a time coordinate one is 
interested in the following features. (a) The coordinate 
system should be pseudo-Galilean at infinity (i.e., as 
r—+ «), (b) The metric tensor should be independent 
of time. The first requirement causes no difficulty in 
principle, but we shall show that no global time co- 
ordinate satisfying (b) exists. 

Schwarzschild’s time is defined in the top quadrant 
of Fig. 2 by 


14+2,/Z2 
alll J 


We see that ¢ tends to — (+) infinity near the left 
(right) line r=1. The only redefinition of the time 
which does not introduce time explicitly into the com- 
ponents of the metric tensor is that obtained by adding 
a function of r to ¢. Hence we would have the time 


1441/2: 


nimmi mammeee [5 


ee ee a 


(23) 


But now it is clear that no choice of /(r) can make T 
finite both at Z;= Z» and at Z;= — Zz, since r and hence 


Y2 1 23e0:r oo321 Y2 


Fic. 2. The projection of the surface in Fig. 1 in the Z,, 
Z: plane. This projection is one-valued, 
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f(r) has the same value at Z;3=+Z2. This means that 
the largest portion of the complete manifold for which 
a global time can be defined, of which the metric tensor 
is independent, is one of the halves bounded by either 
Z,=Z, or Z;= —Z». With the choice f(r) = (r—1)— we 
have 


14+Z,/Z: 1 
T (24) 


T=t—In(r—1). (25) 
This time is that introduced by Finkelstein,’ it is a time 
coordinate for the left and the top quadrants in Fig. 2. 
It is clear why Finkelstein’s coordinate system is in- 
complete. Geodesics can enter the interior in a finite T 
only if dT/dr is negative. 

One may ask whether a definition of global time may 
be found such that the field is approximately stationary. 
This may be accomplished for example by taking 


1+2,, ‘Z> r"—Z1/Zo 
~ 1—Z4/Zer"4+Z1/Ze 


eT ; (26) 


By taking n large enough this 7 may be made to differ 
arbitrarily little from ¢ when r>1. The definition (26) 
suffers from other shortcomings which may, however, 
easily be overcome. However, the pursuance of this 
point is not interesting. 


DO GEODESCIS PENETRATE r=1? 


We know by Eq. (2) that if *(7) is continuous then 
r(r) passes with no difficulty through the value r=1, 
and in Fig. 2 we may draw such geodesics and see that 
the impossibility of drawing them in the ¢, ¢ plane is 
due only to an unfortunate choice of time coordinate. 
It is possible to draw a static picture of the Schwarz- 
schild world consisting of two outside regions joined at 


SCHWARZSCHILD 


SOLUTION 781 
r=1 and no inside ones.’ There are also embeddings of 
space-time which end at r=1, notably the Kasner 
embedding.* Other embeddings which end at r=1 have 
been found by Fierz.!° These surfaces are perfectly 
continuous and geodesics reaching r=1 apparently 
pass into the other world. It is only by demanding that 
* be continuous at r= 1 that our interpretation becomes 
the only one possible. However, since no correlation 
exists between geodesics going in through r=1 and 
those coming out, the question is meaningless from a 
physical standpoint. The reason why there can be no 
correlation between outgoing and ingoing geodesics is 
that all geodesics going in (out) end (begin) at r=0. 
Hence, contrary to the situation of classical mechanics 
in which the last term in (2) is absent, the geodesics 
that reach r=0 are not proper limits of geodesics that 
do not. Finally, it may be pointed out that the singular 
character of the surface r=1 is a feature intimately 
connected with the nondefiniteness of the space-time 
metric. Because of the need to choose a six-space 
signature with at least one plus sign, the concept of 
nearness is not immediately connected with the line 
element. The lines r=1 are, in fact, always lines of zero 
length. 
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9 This is the Flamm paraboloid [L. Flamm, Physik. Z. 17, 448 
(1916) ]. 
10M. Fierz (private communication). 
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The observables for the reaction u~ +) 


>n+v+y are calculated for a general (pnyv) coupling including 


all terms of order (u/M/) and leading terms of order (u/M)*, where uw is the meson mass and M the nucleon 
mass. The nucleon anomalous magnetic moments are handled by the inclusion of a simple Pauli term and 
all other virtual pion effects are omitted here. The («4/M/) terms change the radiative capture rate by as 
much as 30%. Parity-nonconserving effects are decreased only slightly. 


HE interest in radiative muon capture arises from 
the fact that only limited information about the 
coupling constants is available from the ordinary cap- 
ture.' Unlike 8 decay, in which the relativistic electron 
momentum distinguishes between S and V and between 
A and T couplings, the ordinary capture proceeds from 
a state in which the muon is essentially at rest; there- 
fore, to make these distinctions, terms of order v/c in 
the nucleon must be measured.’ In addition, it is 
extremely difficult to observe parity nonconservation 
via the correlation between muon spin and neutron 
momentum, because (1) the residual polarization of the 
muon after cascading down to the 1s state is at most 
about 20%, and (2) the asymmetry is very small for 
A—V or A+V couplings. 
Explicit expressions for observations on the processes 


w+pnty (1) 
and 


wo t+p—ntvt+y (2) 


have been given by Huang, Yang, and Lee.’ They 
consider only diagram (la) for process (2); it then 
follows from Cutkosky’s theorem‘ that the spectrum, 
circular polarization, and the angular correlation (with 
respect to the neutrino) of the photon are the same as 
in the nonradiative emission of a positive lepton in the 
extreme relativistic limit (v—>c). For diagram (la), 
it is also easy to show that the asymmetry of the 
photons with respect to the muon spin is determined 
by their circular polarization, so that if the muon 
polarization is known, the asymmetry measurement is 
an alternative to the circular polarization measurement. 
Thus, reaction (2) proves valuable for making the 
distinctions which are hard to make using (1). However, 
(1a) is not the only diagram by means of which reaction 
(2) proceeds. As pointed out by Obayashi and Sakita,® 

* Aided in part by the U. S. Atomic Energy Commission. 

t Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the Carnegie Institute of 
Technology. 

1 A good review is given by H. Primakoff, Revs. Modern Phys. 
31, 802 (1959). 

?L. Wolfenstein, Nuovo cimento 7, 706 (1958); Shapiro, 
Dolinsky, and Blokhincev, Nuclear Phys. 4, 273 (1957). 

‘Huang, Yang, and Lee, Phys. Rev. 108, 1340 (1957). 

*R. Cutkosky, Phys. Rev. 107, 330 (1957). 

*H. Obayashi and B. Sakita, University of Nagoya, 1955. We 
do not know whether this has been published. We are grateful to 


the nucleon current contributions, even though of order 
u/M, can be quite important because of the large 
anomalous magnetic moments of the nucleons. It is 
these contributions which are calculated here. 

We assume the same local weak interaction as in 
reference 3, with left-handed neutrinos, and treat the 
nucleons as simple Dirac particles with anomalous 
magnetic moments included by means of a Pauli term. 
The processes considered are shown in the four Feynman 
diagrams of Fig. 1. In the results we include all terms 
of order u/M (u=muon mass, M=nucleon mass), 
including those in the density of states. We also include 
the biggest terms in (u/M)?, those arising from diagrams 
(1c) and (1d) including the interference between them. 
These are included in order to illustrate the effects of 
(u/M)* terms, although some terms only slightly smaller 
may have been ignored. 

The square of the matrix element for reaction (2) 
summed over initial proton and final neutron spins is 
proportional to 


Art+Bre- k+Crb,- k+Drb,-o+Exo- kp,-k 
+FreX py R+A t—Bye- k-C1p,: k+Dip,-o 
+E,o-kp,-k-F eX B,-k, 


where R, Z refers to the circular polarization of the 


Fic. 1. Feynman dia- 
grams for processes con- 
sidered in this paper. The 
interactions are A : —ey*A,; 
B: +ey"A,;C: — (upe/2M) 
XoF,,; D: —(une/2M) 
Xo""F yy. 


p/ Mid) pt 


Dr. Y. Yamaguchi for showing us this paper and to Dr. H. 
Hasegawa for translating it. 
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photon. Here, the caret indicates a unit vector, @ is the 
expectation value of the muon spin, p, is the neutrino 
momentum, and k is the photon momentum. 

For each coefficient A, B, C, etc. we write 


Ar,p=Ari?+Am; Brrp=Bri+Bn, 


where the subscript m refers to the “pure magnetic- 
moment terms,’ ’ diagrams (1c) and (1d), which do not 


Ar =3/Ca|?+ (Cy |?+ | Cvt+Ca|2((k|/M)+/Cr— 
—Cy*(Cy—Ca) ]- 


Ctc., 


“ice /M)— 
(u/M) )(up—H 
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distinguish between Z and R. The relation between the 
photon circular polarization and its asymmetry with 
respect to the muon spin, which holds for all but the 
pure magnetic terms, is expressed by 


Art=Bru™, Crir©=Drr+Er,™. 
The relations between the coefficients and the coupling 
constants are then: 


— (u/M) Re[Ca*(Cs—Cr+3Cv—3Ca) 
n) Re(Ca*C r+Cy *Ca)+ (u/M) (uptun)2 Re(C. Ca) 


De® = (u/M) Rel Ca*( Cs—Cp) ]+ (u/M) (up—sn) Re(C ec r)+(u/M) (up+un) Re(Ca*Ca), 


Er®=/Cy!? —|IC al?+ 'Cv+Ca|?(| p»|/M)+| |\Cv—Ca [?(|k| M )+ (u/M)(|Cv |? —|Ca|?) 
— (u/M) (up—pn) Re(Cv*Ca) — (u/M) (uptun) Re(Ca*Ca), 
FR” = (u/M){Im[C4*(Cs—Cr) ]+ (4p—un) Im(Ca*Cr)+ (uptun) Im(Ca*Ca)}, 
AL =3)Crl?+|Cs|?-+Re[Cr*(2Cr-+Cs+Cr) (|| /M)—Re[Cr*(—2Cr+Cst+Cr) (| p.|/M) 
— (u/M) Re[Cr*(Cst+Cp—4Cr—Cy —Ca) +Cs*(2Cr+Cvt+Ca) | 
— (u/M) (up—un) Re(Cr*Cr+Cs*Co)+ (u/M) (upt+un)2 Re(Cr*Ca), 


D, = (u/M){ReCr* 


(2Cr+2Cy+2CatCst+Cp) J+ (up— 


Mn) Re(Cr*Cr)+(uptun) Re(Cr*Ca)}, 


Ex = —|Cr|?+|Cs|?—Re[Cr*(2Cr+Cst+Cer)](| p.|/M)+RelCr*(—2Cr+Cs+Cr) ](|k|/M) 


— (u/M){ReL (C 
{O= 
/4M?){ (up—pn)?|Cr|?+ 
4M?){((upt+un) 


+[2(uptun)? 
P+ (up—sn)?]|Ca|?— (up— 


A m 
Bn 
Ca oak 


4M? nthe — (up— 


Mn)?|Cr ‘7, 
sel: ICe|?, 
n) (itpt+Hn)2 Im (Cr*Ca), 


where wv, and yu, are the anomalous proton and neutron 
magnetic moments in units of nuclear Bohr magnetons, 
respectively, and 


Cr= 


My 4M? ‘yl Mn) 
/4M*) )(Up— 


(u, 
(u?, 
(uw? 
(ut 4M”) {[ (upt+un) 
(u? 
= (u° 
= (u’, 


Cs+Cv, Cg=CatCr. 


We note that in the “pure magnetic terms” only those 
with a factor (up—y,)? have any appreciable magnitude. 

In order to carry out integrations over the spectrum 
it is necessary to express each of the coefficients A pr, 
Ar, Br, etc. in the form 


A=A°+(|k{ 
where the third term is the term in A proportional to 
p,|, the second is the term proportional to |k|, and 
A® stands for all the other terms. For the observations 
discussed in reference 3 we find: 
1. The capture rate for reaction (1) is? 


l= A*t/2r’a', 


M)A*+(|p,|/M)A®, 


Teoap 
with 
g=(|C 3|Ca|?)(1—24/M)+ (A/M){ |\Cy—Ca!? 
—Re[Cr*(—2Cr+Cst+Cp+3Cy—3Ca) 

+Ca*Cp—Cs*Cy ]}, 


Cs*+Cr*) (2Cr+Cv+Ca) 
M) Im{(Cr*(2Cr+Cst+Cp+2Cy ae )]+ (up—u 


J+ (up—un) Re(Cs*Co)+ (uptun) Re(Cr*Ca)}, 
n sity *Cr)+ (uptun) (Cr*Ca)}, 


+ (up—Hn 7] Ce}*), 
Mn) a )2 Re(Cr*Ca)}, 
(up—Hn) (up tun) 2 Re(Cr*Ca)}, 


whase ais s the Bohr radius of the mesonic 1s oxbit and 


A is the energy available, which is equal to uw if the 
binding energy and proton-neutron mass difference are 
ignored. 
2. The capture rate for reaction (2) yielding right 
(R)- or left (Z)-handed photons is 
Trad R.L = (anr,t/12ré)Teap, 
where a= 1/137, 
nr,t=Ar,r[1— (94/5M) ]+ (4/M)[3A R,1?/5 
+2Ar.z* ‘5—2dCr,1° 5], 
\=-+1 (right-handed photons), 
= —1 (left-handed photons). 
3. The angular correlation between the y rays and 
the neutrino is given by 
1+ cos#+ x cos’é, 
where 
ym= (Cr°—C 1°)[1— (9A re 
+(A/M) )[3(Cr?— )/5+2(Cr*—C_*)/5 
—6(A r°+A 1°)/5], 


xm= — (64/5M)(Cr°—C.°), 
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TaBLe I. Observables in radiative muon capture 
for different couplings. 


A-V or 
A+V 


A+) 
(u/M =0) A-V 


0.89 
0.99 2.79 


4.00 3.55 3.10 

4.00 4.89 2.74 . 

0 —0.060 —0.073 0.81 —0.41 
x 0 0 0 —0.127 0.050 
trad '/[ reap (a/129) } 1.0 1.38 0.88 1.11 1.15 
nL 0 0.066 0.066 0.033 0.033 
B(=B) 1.0 0.97 0.95 0.93 0.98 


with 
m=nr+n1—xm/3. 
4. The circular polarization of the y ray is 
p= (nR—ML), (nrtn1 E 


5. The angular correlation between the y ray 
the direction of muon spin is 


1+ B cos#, 


where B= in this approximation. 

Numerical results for various combinations of V and 
A couplings are shown in Table I. The first column 
indicates the results for (V—A) or (V+A) if all (u/M) 
terms are set equal to zero. The quantities &, nz, and 
nu are to be multiplied by |Cy/? or |C4!*. We see that 
the nucleon current contributions can contribute as 
much as 30% to the relative probability of radiative 
capture and make an important difference between 
A+V and A—V couplings, as already noted in reference 
5. In spite of this, the parity-nonconserving effects 8 
and B differ from the maximum 1.0 by only about 5%. 
The reason for this is that the terms of order (u/M) 
represent either interference between diagram (1a) and 
the others or nucleon recoil corrections to diagram (1a) ; 
since diagram (la) yields only right-handed photons, 
all interference terms in the intensity must also corre- 
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spond to right-handed photons. Thus it is only terms 
of order (u/M)* representing the square of the sum 
diagrams (ib) through (1d) that reduce the circular 
polarization 8 below unity. Similar arguments hold for 
B. Since we have calculated only some of the (u/M)? 
terms, the magnitude of the deviation of 8 and B from 
unity is not given accurately; however, it is certainly 
small. 

Application of these results is limited by the following 
observations: 


(1) The present results hold for reaction (2), whereas 

actual experiments are contemplated using complex 
nuclei. We believe that the present results may serve 
as a guide as to the magnitude of nucleon current 
effects in the case of complex nuclei, but that there may 
be appreciable uncertainties in the calculation for this 
case. 
(2) Effects of virtual pions have not been included. 
It has been noted':? that some reduction of the parity- 
nonconserving effects may arise from the induced 
pseudoscalar interaction. This reduction’ is also very 
small, although somewhat greater than that found here. 
Definite conclusions about virtual pion effects, however, 
require inclusion of the currents of the virtual pions 
and of the nucleons. These effects are now being 
studied. Preliminary results indicate that when these 
currents are included, the reduction of the parity- 
nonconserving effects and the change in the photon 
spectrum may be appreciable. 

6 Our results are not true even for capture in hydrogen, since 
we have not included the consequences of the hyperfine coupling 
of the muon and proton, which polarizes the proton spin relative 
to the muon spin. The results given here hold strictly for capture 
by an unpolarized proton at rest, which we may consider as a 
model for a proton inside a spin-zero nucleus. The consequences 
of the hyperfine coupling on radiative capture in hydrogen have 
been discussed by Dye, Sen, Ho, and Tzu, Sci. Sinica (Peking) 
8, 423 (1959). 

7 J. Bernstein, Phys. Rev. 115, 694 (1959). 
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